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Abstract

We study the contact line dynamics and free surface profile of a viscous
gravity driven flow over both flat planes and topographies of wedges and
steps. The boundary integra method is used to solve the full Stokes
equations. For a moving contact line, we obtain fully developed steady
solutions with an overhang and a prediction of the apparent contact angle as
functions of Caand contact angle ¢. Flow along downward facing surfaces
was found to lead to drips. Finally, Stokes flows over sharp steps were found
to agree with lubrication theory for small Ca, and deviate only dlightly from
the topography at high Ca.

1. Introduction

Coating flows have a wide application in integrated circuit fabrication,
manufacturing of mechanical and optical storage devices and photographic
films. In fast or ‘high speed’ coating, athin layer of viscous liquid spreads on
a substrate due to body forces. In such flows, which typicaly have high
capillary numbers, viscous stresses can become comparable to capillary
stresses. Lubrication theory fails for high capillary number, and the full
Stokes equations must be used. We develop a boundary integral approach and
solve several time-dependent flow problems involving combinations of
contact lines and topography.

2. Problem definition and numerical method

We study two dimensional motion of a viscous fluid over topography in the
presence of an externa body force as shown in Figure 1. The substrate is a
flat plane, a wedge, or a step which makes an angle a with the body force.
The liquid contacts the wall with a fixed contact angle ¢ and matches to a

paralel flow far from the wedge. Length, velocity and pressure are scaled



with the parallel flow thickness b, the mean inflow velocity
U= pgb®sin@)/u and o /b, respectively.

Figure 1. Schematic of flow over topography

We consider the problem to be governed by the full Stokes equations subject
to the usua boundary conditions of no dlip at solid boundaries, appropriate
inflow and outflow conditions, and a dip condition at the contact line, if
present. At the free surface, the normal and tangential stress balances apply,
together with the kinematic condition. Our problems are governed by one
dynamic dimensionless group, the capillary number, Ca=ut/oc and a
number of geometric parameters. In the case of the dynamic contact line
problems we use numerical slip on the order of the grid spacing.

Our approach to the numerical solution of these free and moving boundary
problems relies on the use of boundary integral techniques [1-3]. Asiswell-
known, because of the linearity of the Stokes equations, the field equations
can be transformed to integral equations for the flow variables (stream
function and vorticity in this case) on the boundary. Collocation of these
equations at discrete points, (none of which are placed at either geometric
singularities or on the contact line), results in a set of linear algebraic
equations.

In the case of the moving contact line problems, these equations are solved at
a given time step subject to al the dynamic boundary conditions of the
problem. This results in knowledge of the velocities of al materia points,
which are then advected over a small time step using Euler’s method. In the
case of steady flow over topography, the flow equations are solved subject to
the tangential stress condition and the kinematic condition. Iteration of the
boundary location is accomplished by using the normal stress condition as a
two point boundary value problem for the interfacial position. For further
details, see Kelmanson [1], Pozrikidis [2], Goodwin and Homsy [3] and
Mazouchi [4].



3. Results: dynamic contact lines
31 Flat substrates

Figure 2 shows atypical time evolution of aprofile (Ca=0.1, ¢=90") inthe
fixed Eulerian frame. Initially the flat profile moves in the opposite direction
of the body force, since the surface tension force pulls the contact line
upward against the body force in order to develop a ridge by collecting the
liquid from downstream. Then the film moves down due to gravity and the
ridge evolvesinto its steady fully developed shape, which has an overhang.
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Figure 2: Time evolution of a moving contact line

Figure 3 illustrates the map of our simulations in the (Ca, ¢) plane. The filled
circles show the cases for which the profile has afully devel oped steady state
solution without an overhang in front, while the unfilled circles show the
existence of stable solution with an overhang. By increasing Ca, the
overhang limit moves back towards smaller contact angles due to viscous
bending of the interface at finite Ca. The map aso has regions where we
could not capture any fully developed steady solutions.
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Figure 3: Map of solutionsfor flow over plane surfaces



Figure 4 shows a magnified region around the contact point. It can be seen
that the slope of each profiles remains constant over a reasonable distance
and then quickly takes on the prescribed value of the contact angle at the
contact point. The apparent contact angle ¢, can be defined from the slopein

this region. Figure 5 shows the behavior of ¢, versus Caand ¢.
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Figure 4: Apparent contact angle Figure 5: Apparent contact angle vs. Ca

3.2 Flow Over aWedge

Figure 6 shows typical results for a flow over a right angle wedge. Due to
gravity the liquid moves down and slowly turns the corner after which it is
forced sideways by the ridge pressure (which is the only driving force in
horizontal direction). Approximately at t =140, when the contact point
reaches the “run out” length J,, =121, the negative pressure formed at the
contact point forces it to move back gradually and finally the liquid bulge
grows and drips. Further results are given in Mazouchi and Homsy [5,6].
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Figure 6: Time evolution of flow over awedgefor ¢=60 ,Ca=0.1.



4. Results: flow over downward facing steps

Our main motivation to study flow over topography is to scrutinize the free
surface response to etch pits typified by a downward facing step. The profiles
for a step with depth D =0.5 at different Ca are presented in Figure 7. For
larger Ca the profile closely follows the topography while for smaller Ca, a
capillary ridge appears on the profile which moves upstream and becomes
broader as Cadecreases. Lubrication theory predicts self-similarity of the
profiles when x/Ca"?is used as the horizontal length scale [7]. In Figures 8,
we compare our scaled Stokes flow results with lubrication theory.
Surprisingly, lubrication theory seems to be vaid for smal capillary
numbers, Ca <107, in spite of the fact that the substrate is not a small sloped
topography. As discussed in [8] the Stokes flow solutions show a posteriori
that even for sharp topographies, the interface slope is small when Cais
small, a result that could not have been anticipated from lubrication theory
alone.

Figure 9 illustrates how the ridge height increases and asymptotically reaches
the one predicted by lubrication theory, valid as the capillary number goes to
zero. Also of interest is the sharp decrease in h,, -1 with increasing Ca.
Our results suggest that this quantity goes to zero exponentially with
increasing Ca, corresponding to a solution in which the free surface
conforms closely to the topography.
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Figure 7: Steady flow over astep
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Figure 8: Scaled free surface profiles
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Figure 9: Size of theridge vs.Ca
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