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tive d’une poutre encastrée-likg, en utilisant un algorithmede contréleoptimal contraint. En
outre, I'effetdesvariationsdela tempéature surla performancalel’amortissemenéstétudié.

ABSTRAT. A new finite elementis formulatedand usedfor the analysisof sandwith damped
beamswith laminate piezoelectricfaces. The viscoelasticdampingof the core is accounted
for using three models,namelyGolla-Hughes-Mcavish, AnelasticDisplacementields and

Iterative Modal Strain Eneigy. Sincethefirsttwo modelsincreasemud the systendimension,
a modal reductionis proposed. The reducedmodelsare then applied to the analysis of

active constained layer dampingtreatmentsof a cantilever beam,usinga constainedinput

optimal control algorithm. Furthermog, the effect of tempeature variations on the contol

performances studied.
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1. Introduction

Sincethe beginning of the nineties,therehasbeenan increasinginterestin hy-
brid active-passie dampingtechnologiesusingpiezoelectricandviscoelastiomate-
rials in a singletreatmentThis is mainly dueto the complementaritiesf suchdam-
ping treatmentsPassve dampingis known to berobustandreliablebut performance
is generallylimited by weight and dimensionconstraints While active control al-
lows to overdampsomeselectednodeswith very small actuatorsOne suchhybrid
dampingtreatmentis obtainedby replacing,or augmentingthe constraininglayer
of a passve constrainedayer damping(PCLD) treatmentby a piezoelectricactua-
tor. This mechanismthe so-calledactive constrainedayerdamping(ACLD), allows
to increaseactively the viscoelastidayer shearstrainand, consequentlythe enegy
dissipation.Review on active constrainedayer dampingtreatmentcanbe foundin
[BEN 993 INM 97]. The performancenf sucha treatmenis theresultof a compro-
mise betweenincreaseof viscoelastiadissipationandlossof actuationtransmissibi-
lity. Thus,it is highly dependenbn viscoelastiamaterialstiffnessand dampingpro-
perties which dependstronglyon temperaturandfrequeng. Hence modelingthese
dependenceis very importantfor the controlsynthesisLesieutreandhis co-workers
[LES 95, LES 961 andHughesandhis co-workers[GOL 85, MCT 93] proposedhe
so-calledAnelasticDisplacemenFields(ADF) andGolla-Hughes-Mc@vish (GHM)
models,which arebasedon the introductionof internalvariablesto accountfor vis-
coelasticrelaxationand,thus,dampingbehaior. They wereshavn to be superiorto
theModal StrainEnegy (MSE) methodproposedn [JOH 81], althoughthey aremore
complec andmuchincreasdhe systemdimensionsothata modalreductionis requi-
red.Both ADF andGHM modelsparametersreevaluatedirom materialsproperties
at a given constanttemperatureLesieutreand Govindswamy [LES 964 presented
an extensionof the ADF modelcapableof predictingself-heatingandtemperature-
dependencef viscoelasticmaterialsin simple sheay however leadingto nonlinear
equationsof motion. GHM modelwas appliedto ACLD treatmentsmainly by In-
manandhis student§PAR 99|, who alsostudiedits modelreduction,andLiao and
Wang[LIA 97]. Ontheotherhand,Friswellandinman[FRI 98] proposedhe useof
aniterative versionof the MSE method,in conjunctionwith a complex-basednodel
reduction,as an alternatve to internal variablesapproach.They also presentedhe
effect of temperaturevariationsof viscoelastiomaterialon the control performance.
Also to accountfor viscoelasticdamping,PlouinandBalmés[PLO 98] proposedan
augmentedeal-basednodal reductiontechnique however the systemdimensionis
doubled.

Piezoelectrichree-layersandwichbeamfinite elementmodelswerepresentedn
previousworks[BEN 97, BEN 99h. They areextendedhereto treatsandwichdam-
pedbeamawith laminatepiezoelectridacesandviscoelasticore.Finite elementim-
plementationof ADF, GHM and MSE viscoelasticmodelsis also given. A model
reductionof the ADF andGHM augmentedystemss proposedThen,theresulting
reducednodelsareappliedto theanalysisof ACLD treatment®f a cantilever beam,
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usingaconstrainednput optimalcontrolalgorithm.Finally, the effect of temperature
variationson the control performances studiedandatemperature-dependectntrol
synthesigs analyzed.

2. Finite e ement formulation

A sandwichheammadeof viscoelasticoreandlaminate elasticor piezoelectric,
facesis consideredThe latter are modeledusing classicallaminatetheory whereas
theface/coreficesystemis modeledusingclassicathree-layeisandwichtheoryand
thekinematicsdescriptionproposedn [BEN 994. All layersaresupposegerfectly
bondedjn planestressstateandhaving the sametrans\ersedisplacementThedefor
mationof the facesheetsobeys EulerBernoulli theory whereaslTimoshenlo oneis
usedfor thecore.Piezoelectridaminaesof the facesarepoledthrough-thicknesand
subjectedo transerseelectricalfields. Other non-piezoelectridayersare assumed
insulated The parameters, b andh denotdength,width andthicknesonstantand
the subscriptsa;, bj andc relateto the j-th laminaeof the uppera andlower b faces
andto thecore,respectiely.

2.1. Displacement and strain interpolations

Assuminglinear through-thicknessixial displacementgor the multilayer faces
andcore,andenforcingcontinuity conditionsbetweernayers,onemay write the fol-
lowing axial displacementsxpressions

G=u+(z—2z)Bi;Wi=w,; i=ahbc [1]
where

Bo=—W ; k=a(+),b(=) ; U= U+ dw ; Bo= i + AW

Uc=u+
k he

NI <

and

d=Taglh; A=Tgfh . z=0; z=+M"; he=3]"hy

n andm arethe numbersf sub-layersf the uppera andlower b facesrespectiely.
o' statesfor 0 e /Ox.

Thesandwichbeamdisplacementfl] areentirelydefinedby themeanu = (u, +
up)/2 andrelative 0 = u, — U, axial displacementsf the facesheetsnid-planesthe
trans\ersedeflectionw andits derivativew . Hence usingLagrangdinearshapeunc-
tions for the axial meanandrelative displacementsind Hermite cubic onesfor the
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trans\ersedeflection,leadsto a finite elementwith four degreesof freedom(dof) at
eachnode.Theinterpolationof the generalizedlisplacements = col(u, G, w) may
thenbewrittenas

d=Nge [2]
where
1-¢ 0 0 0 ¢ 0 0 0
N = 0 0 0 1-¢ 0 0 0 3
0 1-382428% (8-2824+8)Le 0 0 32-283 (-&2+&)Le O

is theinterpolationmatrix with § = x/Le andLe, the elementength.qe is theelement
dof vectorgivenby

Je = COI(U_]_,W]_,V\/]_,Gl,lJ_Z,WZ,\A/Z,GZ) [3]

wherecol( ) is usedto definecolumnvectors.Using[1] and[2], the displacements
of thefacesuy = col(uk, Bk, w) andthecoreuc = col(uc, B¢, W) arethendiscretizedas
follows

where
1 i} 0 1 0 di
0| ik=al.b) 1,8
Rk = _ 01 k=a(+),b(-); Rc= = Z\Z
0 0 0X 0 he )\ax
0O O 1 0 O 1

Hk = RkN, Hc = R¢N arethefacesandcoredisplacemenbperatorsyespectiely.

Fromtheusualstrain-displacememelationsandusing[1], axialandshearstrains
of thefacesandthe coremaybewritten as

e =&+ (z—2)g ; esc=€3; i=abc [5]

wheremembrane™, bendingeP andsheare$ strainsare

=

=7+ ;sE:—V\/’;sQ"=tT+dvx/’;£2:E—c+>\V\/’;s§:h£c+()\+1)vxl

N

Using[2] and[5], thestrainsof thefacesey = col(l',eR) andthecoree. = col(e, e, £5)
arethendiscretizedasfollows

e&=Lkd=Bkge; & =Lcd=Bc0e (6]
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whereByx = LkN, B = L¢N arethestrainoperatorgor thefacesandthe core,respec-
tively, and

0 02
0 .10 x 0 da—)g
™ 53y 19 0
Lg= | 9%  20x o | ik=a(+),b(-); Le=|0 == A—
0 0 _& hclax ax26
0 he ()\+l)a—x

2.2. Reduced constitutive equations

Thepiezoelectrienaterialsareassumedinearorthotropicwith materialsymmetry
axesparallelto thoseof thebeam.Their elastic,piezoelectrianddielectricconstants
aredenotedby cj, @ ande (i,] = 1,...,6;1 = 1,2,3). All layerswill be conside-
red piezoelectricwherepiezoelectricconstantsare setto vanishfor elasticandvis-
coelastidayers.Thethree-dimensiondinearconstitutve equation®f anorthotropic
piezoelectridayercanbereducedo

01 = C11€1— €31E3 ; Osc = CEgse ; D3 = €581 + €53E3 [7]
where 2 %2
. Ci3 .
Cli=Ci— 2, &) = 31— —€33; €h3= €33+ —=
C33 C33 C33

This reductionis detailedin [BEN 97]. o1 and o5 are axial and shearcomponents
of stressandD3 andEz aretrans\erseelectricaldisplacemenandfield. From [7],
one may notice that the piezoelectriceffect couplesthe axial strain and trans\erse
electricalfield. Thisis thecorventionalpiezoelectriextensionactuationmechanism.
Its comparisorwith the shearactuationrmechanisntanbefoundin [BEN 00].

Theelectricalfield Ezy; is assumedonstanandinducedby adifferenceof poten-
tial Vi; appliedonthek;-th piezoelectrisub-layeysuchthat

Eax, = —Vi; /Py (8]

2.3. Element stiffness matrix

Thevirtual work of electromechanicahternalforcesof the kj-th facepiezoelec-
tric laminaeis

SHy; = /Q (8€1kO1k; — OFak;Dax;) dQx; ; kj=a,...,an,b1,...,.bm  [9]
k

i
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Introducing[7] and[8], thevirtual work 6ij canbewritten, for agivenvkj, as
5ij = 6ijm — 6ijem [10]

where

*Kj #Kj ij
6ijm = /Q 551k011 €1k koj ; 6ijem= —/Q 581k%1 h_ koj
kj kj k]

The term —eglka. /hx. may be consideredas a piezoelectricstressinducedby the
appliedelectricalfield on the kj-th piezoelectridaminae.Consequentlythe second
termof [10] will be consideredsthevirtual variationof thework of electricalloads
anddetailedin the next section.

Integrating through-thicknesshe mechanicalinternal virtual work 8Hy;m, and
using[5] and[6], the discretizationof dHy;m leadsto the following elementaryvir-
tualwork

BHE m = 80K Qe [11]
with Kﬁj beingthe elementarystiffnessmatrix of thek;-th facelaminae,

Le wki [ Ax; I_k
KE] =/o BID"J Bk dx; Dy = Cry [rkjJ |k;] 2

Akj , I_kj andlkj arethecrosssectionareaandfirst andsecondnomentof inertiaof the
kj-th sub-layerface respectiely. Theelementanstiffnessmatrix of thefacesheetss
thenobtainedby addingeachlaminaestiffnesscontribution

b nm
Kf=73 3 Kg [13]

k=aj=

Thestiffnesscontributionof theviscoelasticorecanbefoundfrom its mechanical
internalvirtual work, which is composeaf axialandshearstrainscontritutions,

6Hcm = /g:z (681(;0-1(; + 6850050) dQc [14]

Integratingthrough-thicknesthis expressiorandusing[5], [6] and[7], its virtual
variationdHcy, maybediscretized|eadingto its elementcontribution

OHS, = 80K Eqe [15]
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wherethe elementanstiffnessmatrix of the coreis
Lo cifAc O 0
KS = / BIDBsdx; De=| 0 ¢Sl O [16]
0 0 0 keCi:Ac
ke is theshearcorrectionfactor

The elementarystiffnessmatrix of the sandwichbeamfinite elementis obtained
by summatiorof thefacesheetaindcorecontributions

Ke=K¢+KE [17]
It isworthwhileto noticethateachfacesub-layeistiffnessmatrix[12] is composed

of membranendbendingstrainsanda membrane-bendingouplingterm,dueto the
distancebetweerthe mid-planof eachsub-layerandits correspondindayetr.

2.4. Element piezoelectric loads vector

Using[5]—[8], the elementcontribution to the virtual variationof the generalized
piezoelectridoadswork Hy;em [10], inducedby the appliedelectricalfield, may be
discretizedfor thekj-th facepiezoelectridaminae as

6le-em: qu FEje [18]

wheretheelementar)equ'valentpiezoelectridoadvectorF‘k*je is

Le Vie e [A
Flie= _/o B Digep, dX: Dije =631 [rkjj] [19]
]

The appliedgeneralizegiezoelectridoadsvectorof the elements the sumof those
of eachfacesub-layer
b nm

=3 Y Fe 120]

k=aj=1

2.5. Element mass matrix

The elementarymassmatrix of the sandwichbeammay be obtainedfrom the
virtual variationof theworks of inertial forces which are,for thek;-th facesub-layer
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andthecore,

8Ty, = — / i, (Bl + Bw) Ay, ; BT, = — / e (Btictic + Bw) dQc  [21]
ij QC

wherep statedor thevolumic massdensityande statesfor 0 e /ot.

Integratingthrough-thicknesgxpression21] andusing[1] and[4], elementary
contritutionsof ESTkj anddT; arediscretizedas

8T = —8a{ M e ; 8T = —34LMEde [22]

with Mg andM¢ beingthe elementarymassmatricesof the k;-th facelaminaeand
thecore,respectiely,

Le Le
Mg :/O HY 1 Hic dx Me:/o HI 1 cHe dx [23]
where _
Ag 1y O Ac 0 O
ij = pkj ij ij 0 v le=pc 0 Ic O
0 0 A 0 0 A

The elementarymassmatrix of the facesheetds thenobtainedby addingeach
facesub-layercontribution

b nm
ME=S S ME [24]
k=aj=1

Finally, the sandwichbeamfinite elementmassmatrix is obtainedoy summation
of thefacesheetandcorecontributions

Me=M$+M¢E [25]
As for the stiffnessmatrix, one may noticethat eachfacesub-layemassmatrix
[23] is composeaf axial andtrans\ersaltranslationsndrotationin the xzplaniner

tial contributionsandan axial translation-rotationinertia couplingterm, due alsoto
thedistancebetweerthe mid-planof eachsub-layerandits correspondindayer

2.6. Discretized equations of motion

Assemblingdiscretizedexpression®of elementaryirtual works [11], [15], [18],
[22], andtheir correspondingnatriceqd17], [25] andvectorg20], for all elementand
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usingd’Alembert’s principle, the following discretizedequationsof motion may be
written

MG +Dq+Kg=Fm+Fe [26]

wherea viscousdampingmatrix D anda mechanicahodalloadvectorF, have been
consideredh posteriori.M, K, Fe arethe globalmassandstiffnessmatricesandpie-
zoelectridoadsvector, of thewhole sandwichbeam.

3. Viscoelastic damping models

Sincethe coreis madeof a viscoelastianaterial,one musttake into accountthe
frequeng-and-tempeature-dgperderceof its stiffnessanddampingproperties Sup-
posinga constanPoissors ratio, the equation®f motion[26] arere-writtenas

Mg+ DG+ [K ¢ + G*(w,0)K]q = Fm+ Fe [27]

whereG*(w, 0) is the frequeng-and-temperate-depencert complex shearmodulus
of the coreandK is the modulusfactored-outorestiffnessmatrix. In the following

subsectionghreemethodgo accounffor thefrequeng-dependeneof thelastequa-
tion, consideringafixedtemperaturearepresentedlhen for analysisof thetempera-
turevariationeffects,viscoelastianaterialis modeledusingsuchmethodgor several

operatingemperatures.

3.1. Golla-Hughes-McTavish model

The GHM modelrepresentthe materialsheamodulusasa seriesof functions,in
theLaplacedomain,suchthat[MCT 93]
. L+ 2As
sG(s) =GCo |1+ Gi—= (28]
( Z I P+ 2 bys+ 0\}2

whereGq representtherelaxedmodulus or staticmodulus Noticethat,from [28], the
unrelaxedmodulusmaybewrittenasGe, = Go(1+ ¥ Gi). Eachfunctionin theseries
is dependenbn threematerialconstantspamelyd;, & and{;, evaluatedirom curve-
fitting of the viscoelasticmaterial mastercurves. Substituting[28] in the Laplace-
transformecdequation®f motion[27] leadsto

. S4+26
SZM+3D+Kf+Kg<1+IZGiSZ + 2iws )

m Q(s):ﬁm(s)+ﬁe(s) [29]
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with K9 = GoK¢ beingthe core static stiffness.Introducinga seriesof n dissipatve
variablesz; (i =1,...,n) suchthat,

oo & <
Z4(s) = EpT N G)IZQ(S (30]

onemaywrite thefollowing augmentedystem

(§M+§}Hﬁ+Kﬁd@—ngaﬂ$=ﬁM$+E@ [31a]
( alz+s%§—i+1) %(9) — G(s) = 0 [31b]

whereK? = K2(1+ ¥;G;) is the unrelaved, or high-frequeny, corestiffness Multi-
plying equationg31b] by ;K 2 andretransforming31] to time-domainjt becomes

MG+Dg+Kg=F [32]
with
— M 0 — D O — Ki+KZ Kgz
M= ;D= K= ¢
[0 w:=[0 0] <=[E K
g=col(g,z1,...,zn) ; E:coI(Fm+Fe,O,...,O)
and . .
EéKg 0 LS 0
Mz, = ; Dzz=
0 ke 0 S
a1K? 0
Koy  Kaz= [~G1KO - —61K]
0 GnK?

Althoughthis form is quite simple,its massmatrixis non-singulaonly for totally
coveredbeamsfor which K¢ is also non-singular Therefore for the generalcase,
onemay eithersubstitutethe singulark ¢ matrix by theidentity matrix in the second
blockline of thematricesof [32], leadingto a non-singulamassmatrix but alsoto an
asymmetricstiffnessmatrix (K .q # ng), or, otherwise usea modalreductionof the
matrix K, suchthat®? = TTz andA = TTKT. WhereA is the nonvanishingK ¢
eigervaluesmatrixandT its corresponding@igervectoramatrix. In thiscasethemass
matrixis non-singularthestiffnessmatrixis symmetricand,also,thematricescorres-
pondingto dissipatve variablesare diagonalizecand eventuallyreducedHence the
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matricesM 5, D25, K2z andK g of [32] arerewritten as

Gy 2610
a)%GO’\ 0 _._fjfl Go/\ 0
Mzzz .-_ ; DZZ: .
in 200
0 @Go/\ 0 Bt GoA
GoA 0
Kz,= ; KqZ: [—dlKgT —danT]
0 GoA

This methodallows both a good representationf the frequeng-dependace of
viscoelastianaterialsandtime-domairnanalyse®f theaugmentedystemsinceall of
its matricesareconstants.

3.2. Anelagtic Displacement Fields model

The ADF model,proposedn [LES 95, LES 96k, representthecomplex material
modulusasa seriesof functionsin thefrequeng-domain suchthat

0f+iji>

where, here,the unrelaved modulusis G = Go(1+ 3;4). Qi andA; are material
parametersvaluatedrom curve-fitting of materialmastercurves.

This methodis basedon the separatiorof viscoelastionaterialstrainsin elastic
andanelastigarts.The first oneis instantaneouslproportionalto the stressandre-
presentsheenegy storagewhereagheotherrepresentmaterialrelaxationand,thus,
dissipation.This separationmay be obtainedby introducinga seriesof dissipatve va-
riablesq? (i = 1,...,n), suchthat

9°=q-3qf [34]

Thevariablesq® replacethenq in the corestraininternalwork expressionleadingto

MG +Dg+ (K1 +KS)g—Kgy of =Fm+Fe [35]
|

where,here the unrelaedstiffnessof the coreis K& = (1+ 5;A)K2. In additionto
thelastexpressionpneshouldwrite a systemof equationgescribingthe relaxation



100 Revueeuropéenndesélémentdinis. Vol. 9- n® 1-2-3/2000

process

Ci 00 . (o) [ee]

EKCQ?—KCHGKCq?:O [36]
wherethematerialparameter€; arerelatedto A; suchthatCi = (1+ 3;4;)/Ai. Com-
bining equationg35] and[36] leadsto

Mg+ Dg+Kgq=F [37]
where
- M 0] .= D 0].7 [Ki+KZ Kea
vi=lo o i5=o ou] 1K= K
q=col(q,q?,--.,dd) ; F= col(Fm+Fe,0,...,0)
with c
K 0 CiK? 0
Daaz .-_ ;Kaa: .'.
0 K 0 CnK¢
Keaz I:_Kg) e _Kg):l

As for GHM model,onemay proposea modalreductionof matrix Kg to diago-
nalizematricesandreduceaugmentedystemdimensionHence let ¢ = TTg? and
A = TTK,T sothatmatricesDs, K 25 andK ¢4 couldberewritten as

&G\ 0 C1Ge/\ 0
Daa: ; Kaa:
0 SGo/ 0 ChGo/
Keaz I:_KEOT b _K?T]

Onemaynaticethat, unlike the caseof the GHM model,this reductionleadsto a sin-
gularmassmatrix since,in this case dissipatve variableshave no inertia. Therefore,
insteadof solving the second-ordesystem[37], one shouldconstructan odd state-
spacesystemwith statecol(q, §) ratherthancol(q, q) to eliminatethis singularity

3.3. Iterative modal strain energy model

An alternatve to the internalvariablesapproachis to useaniterative versionof
the MSE method[JOH 81]. It considerghatthe modallossfactoris approximateds
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the productof the viscoelastiomateriallossfactor by the fraction of the dissipatve
enepy, presenin the viscoelastionaterial,to the total strainenegy. Following this
definition, theiterative algorithmof Figurel is proposed.

EvaluateK* (of) = K + G (W)Ke |

¥
[ Evaluatea*! = eigM,K’ ()] |

Testerrore

H1_
e:w <05%

| Evaluaten’ = ®TK" & /OTK'®,

End

Figurel. Iterativemodalstrain enegy algorithm (K’ = 0O(K*),K” = O(K*)).

Usingsuchanalgorithm,undampeeigenfrequencieandeigervectorscanbecor-
rectly evaluatedandmodallow dampingwell approximatedThecorvergencds very
fast,however, evaluationmustbe repeatedor eachfrequeng of interest.This tech-
niquepreventsthe evaluationof the state-spacsystencomplex modesasin [FRI 98],
reducinggreatlythe computatiorcost.

To extendthis methodto the control synthesiswhereseveral modesare excited
simultaneouslyy the controller, let usconsiderthefollowing eigenfrequeng modal
lossfactorandeigervectormatricesfor them frequencie®f interest(r = 1,...,m),

w nt
Qe = , n= ; Te=[®1 -+ Oy] [38]
Wm n"

The viscoelasticdampingmatrix may be approximatedoy nQe. Consequentlythe
system27] mayberewrittenas

8+ (201 4+ n) Qe + Q2 = TI (Fe+ Frm) [39]

wherethe viscousdampingmatrix D is assumedo be suchthat TIDTe = 20Qe, {
beingthe viscousdampingfactor Evidently, Te may not diagonalizeK’ = 0(K*),
sinceeachcolumnof Te is valid only for asinglefrequeng. Neverthelessthis system
constitutesareasonablapproximatiorof [27] for lightly dampedstructures.
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4. Reduced state-space equations

To applythefrequeng-dependerinite elemenmodels presentedh the previous
sectionsto an optimal control synthesispne may write the second-ordeequations
[32],[37,[39] asafirst-orderstate-spacequation

Xx=AXx+Bu+p
[40]
y =Cx

Constructionof state-spacsystemand correspondingnatricesfor eachmodel,are
detailedin [TRI 99] andthe statevectorsx, for GHM, ADF and MSE models,are,

respectiely,
S HES HEH B

However, even with a possiblereductionof extra dissipatve dofs in ADF and
GHM models the state-spacsystem[40] is too large for usein the control synthe-
sis. Thus,a modalreductiontechniqueis proposedo reducethe systemdimension
andalsoto allow a bettercomparisorbetweerthethreeviscoelastidampingmodels
presentegbreviously. The eigensolutiorof the state-spaceatrix A is thenevaluated

AT, = AT, ; ATT| = AT, [42]

wheretheright T, andleft T; complex eigervectorsarethennormalizedoy T/ T, =1.

Let usconsideramodaldecompositiorof the eigervaluesmatrix A in theform

A= [’(\)e /?d] [43]

where/\e and /Ay arethe eigervaluessub-matricesorrespondingdo the elasticand
dissipatve dofs, respectiely. Similarly, theright andleft eigervectorsT, andT, are
composef elasticanddissipatve eigenmodegassociatedo A\e andAg,

Tr=[TreTra); Ti =[Tie Tid] [44]

Generallythe eigenmodesassociatedb dissipatve dofs (relaxationmodes)areover-
dampedaccordingo [MCT 93]. Consequentlyit canbeassumedhattheir contritu-
tion to the systemresponsés negligible. Also, consideringust a reducedrequengy
range,one may truncatethe modalbaseneglectingthe dynamiccontritution of the
eigenmodewvhich eigervaluedies out of thefrequeng range Consequentlythesys-
tem[40] reducego

Y
Il
>
x>

+Bu+p 5]

<
I
o
x>
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whereX = T;¢Xx andA = TLAT e B=TLB; p=TLp; C=CTra. Tra andT i«
arethematricescorrespondingo thetruncatedaseof retainedeigenmodes.

This modalreductiontechniques very simpleto implementsincethe choiceof
eigenmodeso beretaineds basednly onthefrequeng rangeconsideredNeverthe-
less,for highly dampedsystemswhereelasticmodesmay alsobe overdampedthe
eigenfrequencieasnalysismustbeassociatedvith aneigenmodesne.Notice thatfor
the iteratve MSE method,the reductionmay be achiezed directly from the iterative
algorithmby just evaluatingthefrequenciesnsidethefrequeng range.

5. Constrained optimal control strategy

TheLinearQuadratidRegulator(LQR) optimalcontrolalgorithmis consideredit
consistdn theminimizationof acostfunctionJ

J= %/Om(f(TQf(—kuTRu) dt [46]

subjectedto the linear constraintg45]. This resultsin a linear full-state feedback
controllaw u = —K g%, whereK g = R~1BT P is aconstantontrolgainmatrix, written
in termsof the matrix P, solutionof thealgebraidRiccatiequation

ATP+PA—PBR B"P+Q=0 [47]

Moreover, for anasymptoticallystablecontrolledsystemtheminimizedcostfunction
maybewrittenas

Inin= 58" (O)PK(0) 48]

This algorithmis very simpleto use,sincethe Riccati equationmay be solved, and
thecostmaybe evaluated preliminaryto the applicationof the controlfeedbaclgain
Kg to the system.However, its performanceaestson the appropriatechoiceof the
weightmatriceQ andR. Furthermoreit doesnotguarante¢hatthecontrolinputu is
feasiblege.g.,electricalfieldsin piezoelectriactuatorsareconstrainedo thecoercive
or depolingelectricalfield. Hence,an input constraintconditionmustbe imposedto
suchoptimization.

A techniqueshown to be simpleand effective [TRI 0Q] is basedon an iterative
LQR, suchthat the optimal control input is solved for typical operationconditions
andits maximumvalueis usedto modify weight matricesuntil an optimal control
gain satisfiesboth optimal closed-loopperformanceandinput constraint.The algo-
rithm presentedn [TRI 0Q] is modifiedhereconstrainingthe input weight matrix R
insteadof the performanc&) one,althoughboth constraintareequialent.Figure2a
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shavsthetypical variationof thefirst threeeigenmodegampingfactors(%) with the
input weightfactory (R = y 1), the minimizedcostfunction Jyin andalsothe maxi-
mum voltageVmax requiredto achieve thesedampingratios. As expected,damping
performancealiminishesfor increasingnput weightfactors.Figure2aalsoshavs the
feasibleregioninsidethedottedline squarethatis, theregionfor whichthemaximum
voltageis lower thanthe saturatiorvoltageof the actuator(in this case 250V). The
iterative optimalcontrolalgorithmof [TRI 00], shovnin Figure2b, consistsn finding
themaximumdampinginsidethe dottedfeasibleregion (Figure2a).
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Figure2. (a) Maximumvoltage andmodaldampingfactors vs.inputweightfactory.
(b) Optimalcontml designundervoltage constaint Vinax.

It shouldbe noticedthatthe maximumvoltage shovn in Figure2a,wasevaluated
fromthecontrolledsystenresponsegeneratethy agivenperturbationConsequently
thecontrolinput constrainimaynotberespectedor otherload conditions.

In what follows, the performanceveight matrix Q is consideredo be diagonal
andcomposedy element®of theoutputvectorC, sothatQ = diag|C|), to maximize
the dampingof modeswith major contritutionsto the output,herethetip deflection
of acantileverbeam.They factoris evaluatedsothatthe maximumelectricalfield of
500V/mm onthe piezoelectriactuatords not exceededfor animpulsive trans\erse
perturbationforce appliedto the beamtip, which magnitudeimposesa maximum
beamdeflectionamplitudeof 2 mm.

6. Damping performance under temperaturevariations

Thereducedmodelsandcontrol algorithmpresentegreviously arenow applied
totheanalysisof a cantileverbeamwith abondedACLD treatmentThebeamis made
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of aluminum,with Young’s modulusof 70.3MPa andmassdensityof 2700kg m—3,
andhasa lengthof 300 mm, a width of 20 mm anda thicknessof 2 mm. The hy-
brid viscoelastic—piezoelectriceatmenis madeof Soundcoat Dyad 606 viscoelas-
tic material,0.25 mm thick and of massdensity1600kg m—2, and PZT5H piezoe-
lectric ceramic,which Young’s modulusis 63.5MPa, massdensityis 7500kg m=3,
piezoelectriconstant}, is —23.2 C m~2 andthicknesss 0.5mm. Thetreatmenthas
alengthof 50 mmandis positionedat 10 mm from the clampedendof the beam.

Consideringatemperaturef 25°C, viscoelastianaterialpropertiesareusecdto op-
timize ADF andGHM parameterf thefrequeng range2—3000Hz. Theseareused
to evaluatethefirst five bendingeigenfrequencieandcorrespondinglampingratios,
shavnin Tablel. It canbeseerthateigenfrequenciematchwell for thethreemodels,
whereaghereis a noticeabledifferencebetweenMSE dampingratiosand ADF and
GHM ones.However, this is dueto the difficulty of representinghe mastercurves
form of this viscoelastionaterialby ADF and GHM models,althoughfive seriesof
parametersvereused.

PCLADF  23.6(1.82%) 139.8(0.66%) 364.3(0.46%) 676.1(0.71%) 1105.5(0.90%)
PCLGHM  23.6(1.81%) 139.8(0.67%) 364.3(0.45%) 676.1(0.72%) 1105.7(0.92%)
PCLMSE  23.7(2.56%) 139.4(0.99%) 363.6(0.65%) 673.3(1.00%) 1099.1(1.23%)
ACLADF  23.7(8.40%) 140.0(5.41%) 364.3(3.00%) 676.0(1.07%) 1105.5(1.13%)
ACLGHM  23.7(7.19%) 140.1(4.59%) 364.2(2.61%) 676.0(0.99%) 1105.7(1.08%)
ACLMSE  23.6(6.99%) 139.5(2.78%) 363.6(0.84%) 673.3(1.18%) 1099.1(1.25%)

Table 1. Open-andclosed-loopeigenfrequencie$Hz) anddampingfactors at 25°C

Tablel alsoshaws the closed-loopeigenfrequencieanddampingfactors(active
insteadof passve constrainingayer). Onemay seethateigenfrequenciestill match
but dampingratiosfor MSE disagreewith thoseof ADF and GHM, sincethe MSE
modelis notwell adaptedor thetransient-basedontrolalgorithm.However, smaller
differencedetweemADF andGHM dampingratiosexist sincetheireigenmodesand
thuscontrolinput vectorsarenot exactly thesame.

Figure3ashavstheopen-loodrequeng responséunctionof thecantileverbeam
tip deflectionevaluatedusingthe threeviscoelastionodels.lt canbe seenthat ADF
andGHM resultsareidentical;however, MSE resultsonly matchin naturalfrequen-
cies, that is with almostthe samepolesbut not at all with the samezeros(anti-
resonances).hisis becaus@eitherinputnoroutputmatricesarevalid overthewhole
frequeng range.In Figure 3b, the equivalentADF/GHM open-loopfrequeng res-
ponseis comparedwith thatof the closed-loopsystemfor thesetwo models.As ex-
pectedthecontrolleremphasizedampingof thefirst mode althoughsecondandthird
modesarealsodampedHowever, fourth andfifth modesdampingsareonly slightly
increasedsincethey have little contributionto the output.
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Figure 3. FRF of the cantilever beamtip deflection:(a) Open-loopresponseaising
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Figure 4. Deviation of control performancerelative to 25°C: (a) Hybrid damping
(n(6)/n(25)); (b) Maximumvoltage (Viax(6) /Vimax(25))

Thereafter one might be interestedn using the controller designedpreviously
over an operatingtemperaturgange.Neverthelessas viscoelasticmaterial proper
ties changewith temperaturedampingperformancerequirementsnay not be res-
pected.To apply the controllerdesignedat 25°C to the systemat differenttempera-
tures,the solutionof Riccatiequationat 25°C P, is usedto evaluatethe controlgain
K4 = R™1BTP, for thesystemat differentspecifiedemperatureszigure4 shavs the
deviation of hybrid dampingand maximumcontrol voltageof the systemat tempe-
raturesof 10°C, 30°C and 38°C, relative to that at 25°C, when controlledwith the
controllerbasedon P,. In Figure4a, the dampingratiosof the first threemodesare
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drawn for eachoperatingemperatur@andviscoelastianodel.Onemaynoticethatfor
10°C and3(0°C, ADF threefirst modaldampingsaugmenthowevertherequiredmaxi-
mum voltagealsoincreasegFigure4b). Similarly, for the othermodels,anincrease
in dampingis accompaniedby anincreasdn the maximumvoltage,thusexceeding
the saturationvoltage.On the otherhand,for 38°C, onemay noticeanimprovement
of dampingwith a diminutionof the voltage.However, in this case pneof themodes
is further damped(first onefor ADF andsecondonefor GHM andMSE), with less
voltage whereasn othermodesdampingsdecrease.

7. Temperature dedicated controller

In consequencef the previousresults,onemight preferto designa temperature
dedicateacontroller Therefore)et usconsideffour differentcontrollers,onefor each
operatingtemperatureln Figure5, the open-andclosed-loogransientresponseare
drawn for eachtemperaturé10°C, 25°C, 30°C and38°C). Onemay noticethat, al-
thoughthe open-loopresponsealiminishesfasterfor highertemperatureshe closed-
loop systensettlesalmostequallyfastfor all temperaturesneaninghatthededicated
controllermaintainsa uniform performancén thetemperatureange.Since tempera-
ture variationsare generallyslow, one might ervisageevaluatinga setof controllers
inside an operatingtemperaturgangeand commutingfrom oneto anotherastem-
peraturechangesThus,onemay presere a satishctorydampingperformancevhile
respectingontrolinput limitations. Figure 6 shaws the controlvoltagefor 10°C and
38°C, whereonemaynoticethatbothcontrollerspresensimilarresponsedNeverthe-
less,onemayalsonoticethatADF andGHM do not presenthesamevoltagetransient
responsealthoughtheir outputresponsearevery similar (Figuressaand5d).

In Figure7a,thevariationof passve dampingwith temperaturshovsanincrease
of all modesdampingratioswith increasingemperaturealthough from viscoelastic
materialsnature dampingis expectedto startdecreasin@t a giventemperaturelt is
alsoworthwhileto analyzethe influenceof temperaturen the hybrid dampinggain
(relative to passve one), which measureghe increaseof dampingprovided by the
active control system Noticethat, from Figure7b, it makeslessandlesssenseausing
an active controllerfor highertemperaturesincethe improvementof dampingmay
not be sufiicientto justify theadditionof electriccablesandfilters.

8. Conclusion

A new finite elementwaspresentedor sandwichbeamswith laminatepiezoelec-
tric facesandviscoelasticcore. Threemodelswere proposedo representhe viscoe-
lastic materialsfrequeng-dependece properties,namely Golla-Hughes-Mc@vish,
AnelasticDisplacemenfFieldsandIteratve Modal StrainEneigy method.Model re-
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ductionswereproposedo allow feasiblecontrolsynthesesAn optimal LQR control
algorithm, accountingfor input constraintswas presentedUsing theseopen-and
closed-loofdinite elementeducedmodels thevibrationcontrolof a cantileverbeam,
througha bondedactive constrainedayerdampingtreatmentwasanalyzedandused
to evaluateinternalvariablesapproachesThereafterthe control performanceof hy-
brid dampingtreatmentavasstudiedundertemperaturevariations.lt wasfoundthat
dampingandinput requirementsnay not be respectednside an operatingtempera-
turerangewith atemperature-fizdcontroller Consequentlyatemperatureledicated
controllerwasanalyzed|eadingto a satishctorydampingperformancepver a 30°C
widetemperatureange while respectingnput constraintsA similaranalysids being
consideredo treatotherhybrid dampingconfigurationswith, for instance separate
active andpassie treatmentsGeometricand materialoptimizationof active-passie
dampingtreatmentss a naturalextensionof the presentvork.
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