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RÉSUMÉ.Un nouvelélémentfini est formuléet utilisé pour analyserdespoutres sandwich à
peauxpiézoélectriquesstratifiées.L’amortissementviscoélastiquedu coeurestmodélisépar
trois méthodes,à savoir Golla-Hughes-McTavish,champsde déplacementsnon élastiqueset
uneversion itérativede la méthodedesénergiesmodales.Puisquelesdeuxpremiers modèles
augmententbeaucoupla dimensiondusystème, onproposeuneréductionmodale. Lesmodèles
réduitssontensuiteappliquéspour l’analysedel’amortissementpar couchedecontrainteac-
tive d’unepoutre encastrée-libre, enutilisant un algorithmedecontrôleoptimalcontraint. En
outre, l’effetdesvariationsdela températuresur la performancedel’amortissementestétudié.

ABSTRACT. A new finite elementis formulatedand usedfor the analysisof sandwich damped
beamswith laminatepiezoelectricfaces. Theviscoelasticdampingof the core is accounted
for using three models,namelyGolla-Hughes-McTavish, AnelasticDisplacementFields and
IterativeModal Strain Energy. Sincethefirst two modelsincreasemuch thesystemdimension,
a modal reduction is proposed. The reducedmodelsare then applied to the analysisof
activeconstrained layer dampingtreatmentsof a cantilever beam,usinga constrainedinput
optimal control algorithm. Furthermore, the effect of temperature variationson the control
performanceis studied.
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1. Introduction

Sincethe beginning of the nineties,therehasbeenan increasinginterestin hy-
brid active-passive dampingtechnologies,usingpiezoelectricandviscoelasticmate-
rials in a singletreatment.This is mainly dueto thecomplementaritiesof suchdam-
ping treatments.Passive dampingis known to berobustandreliablebut performance
is generallylimited by weight and dimensionconstraints.While active control al-
lows to overdampsomeselectedmodeswith very small actuators.Onesuchhybrid
dampingtreatmentis obtainedby replacing,or augmenting,the constraininglayer
of a passive constrainedlayer damping(PCLD) treatmentby a piezoelectricactua-
tor. This mechanism,theso-calledactive constrainedlayerdamping(ACLD), allows
to increaseactively the viscoelasticlayer shearstrainand,consequently, the energy
dissipation.Review on active constrainedlayer dampingtreatmentscanbe found in
[BEN 99a, INM 97]. Theperformanceof sucha treatmentis theresultof a compro-
misebetweenincreaseof viscoelasticdissipationandlossof actuationtransmissibi-
lity. Thus,it is highly dependenton viscoelasticmaterialstiffnessanddampingpro-
perties,whichdependstronglyon temperatureandfrequency. Hence,modelingthese
dependencesis very importantfor thecontrolsynthesis.Lesieutreandhisco-workers
[LES 95, LES96b] andHughesandhisco-workers[GOL 85, MCT 93] proposedthe
so-calledAnelasticDisplacementFields(ADF) andGolla-Hughes-McTavish(GHM)
models,which arebasedon the introductionof internalvariablesto accountfor vis-
coelasticrelaxationand,thus,dampingbehavior. They wereshown to besuperiorto
theModalStrainEnergy(MSE)methodproposedin [JOH81], althoughthey aremore
complex andmuchincreasethesystemdimension,sothatamodalreductionis requi-
red.Both ADF andGHM modelsparametersareevaluatedfrom materialsproperties
at a given constanttemperature.Lesieutreand Govindswamy [LES 96a] presented
an extensionof the ADF modelcapableof predictingself-heatingandtemperature-
dependenceof viscoelasticmaterialsin simpleshear, however leadingto nonlinear
equationsof motion. GHM modelwas appliedto ACLD treatmentsmainly by In-
manandhis students[PAR 99], who alsostudiedits modelreduction,andLiao and
Wang[LIA 97]. On theotherhand,Friswell andInman[FRI 98] proposedtheuseof
an iterative versionof theMSE method,in conjunctionwith a complex-basedmodel
reduction,as an alternative to internal variablesapproach.They also presentedthe
effect of temperaturevariationsof viscoelasticmaterialon the control performance.
Also to accountfor viscoelasticdamping,PlouinandBalmès[PLO 98] proposedan
augmentedreal-basedmodalreductiontechnique,however the systemdimensionis
doubled.

Piezoelectricthree-layersandwichbeamfinite elementmodelswerepresentedin
previousworks[BEN 97, BEN 99b]. They areextendedhereto treatsandwichdam-
pedbeamswith laminatepiezoelectricfacesandviscoelasticcore.Finiteelementim-
plementationof ADF, GHM and MSE viscoelasticmodelsis also given. A model
reductionof theADF andGHM augmentedsystemsis proposed.Then,theresulting
reducedmodelsareappliedto theanalysisof ACLD treatmentsof a cantileverbeam,
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usingaconstrainedinputoptimalcontrolalgorithm.Finally, theeffectof temperature
variationson thecontrolperformanceis studiedanda temperature-dependentcontrol
synthesisis analyzed.

2. Finite element formulation

A sandwichbeammadeof viscoelasticcoreandlaminate,elasticor piezoelectric,
facesis considered.The latter aremodeledusingclassicallaminatetheory, whereas
theface/core/facesystemis modeledusingclassicalthree-layersandwichtheoryand
thekinematicsdescriptionproposedin [BEN 99b]. All layersaresupposedperfectly
bonded,in planestressstateandhaving thesametransversedisplacement.Thedefor-
mationof the facesheetsobeys Euler-Bernoulli theory, whereasTimoshenko oneis
usedfor thecore.Piezoelectriclaminaesof thefacesarepoledthrough-thicknessand
subjectedto transverseelectricalfields. Othernon-piezoelectriclayersareassumed
insulated.TheparametersL, b andh denotelength,width andthicknessconstantsand
thesubscriptsa j , b j andc relateto the j-th laminaeof theuppera andlower b faces
andto thecore,respectively.

2.1. Displacement and strain interpolations

Assuminglinear through-thicknessaxial displacementsfor the multilayer faces
andcore,andenforcingcontinuityconditionsbetweenlayers,onemaywrite thefol-
lowing axialdisplacementsexpressions

ŭi
� ui

���
z � zi � βi ; w̆i

� w ; i � a � b � c [1]

where

uk
� ū � ũ

2
; βk

� � w� ; k � a
�	� � � b � � � ; uc

� ū
�

dw� ; βc
� ũ

hc

� λw�
and

d � ha 
 hb
4 ; λ � ha � hb

2hc
; zc

� 0 ; zk
� � hk � hc

2 ; hk
� ∑n � m

j hkj

n andm arethenumbersof sub-layersof theuppera andlower b faces,respectively.
 � statesfor ∂ 
�� ∂x.

Thesandwichbeamdisplacements[1] areentirelydefinedby themeanū � �
ua

�
ub � � 2 andrelative ũ � ua � ub axial displacementsof thefacesheetsmid-planes,the
transversedeflectionw andits derivativew� . Hence,usingLagrangelinearshapefunc-
tions for the axial meanandrelative displacementsandHermitecubic onesfor the
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transversedeflection,leadsto a finite elementwith four degreesof freedom(dof) at
eachnode.Theinterpolationof thegeneralizeddisplacementsd � col

�
ū � ũ � w� may

thenbewrittenas

d � Nqe [2]

where

N � ��
1 � ξ 0 0 0 ξ 0 0 0

0 0 0 1 � ξ 0 0 0 ξ
0 1 � 3ξ2 � 2ξ3 � ξ � 2ξ2 � ξ3 � Le 0 0 3ξ2 � 2ξ3 � � ξ2 � ξ3 � Le 0

��
is theinterpolationmatrixwith ξ � x� Le andLe, theelementlength.qe is theelement
dof vectorgivenby

qe
� col

�
ū1 � w1 � w�1 � ũ1 � ū2 � w2 � w�2 � ũ2 � [3]

wherecol
� � is usedto definecolumnvectors.Using [1] and[2], the displacements

of thefacesuk
� col

�
uk � βk � w� andthecoreuc

� col
�
uc � βc � w� arethendiscretizedas

follows

uk
� Rkd � Hkqe ; uc

� Rcd � Hcqe [4]

where

Rk
� ����� 1 � 1

2
0

0 0 � ∂
∂x

0 0 1

������ ; k � a
�	� � � b � � � ; Rc

� ����� 1 0 d
∂
∂x

0
1
hc

λ
∂
∂x

0 0 1

������
Hk

� RkN, Hc
� RcN arethefacesandcoredisplacementoperators,respectively.

Fromtheusualstrain-displacementrelationsandusing[1], axialandshearstrains
of thefacesandthecoremaybewrittenas

ε1i
� εm

i
���

z � zi � εb
i ; ε5c

� εs
c ; i � a � b � c [5]

wheremembraneεm
i , bendingεb

i andshearεs
c strainsare

εm
k

� ū� � ũ�
2

; εb
k

� � w� � ; εm
c

� ū� � dw� � ; εb
c

� ũ�
hc

� λw� � ; εs
c
� ũ

hc

��� λ �
1� w�

Using[2] and[5], thestrainsof thefacesεεk
� col

� εm
k � εb

k � andthecoreεεc
� col

� εm
c � εb

c � εs
c �

arethendiscretizedasfollows

εεk
� Lkd � Bkqe ; εεc

� Lcd � Bcqe [6]
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whereBk
� LkN, Bc

� LcN arethestrainoperatorsfor thefacesandthecore,respec-
tively, and

Lk
� ��� ∂

∂x
� 1

2
∂
∂x

0

0 0 � ∂2

∂x2

� �� ; k � a
� � � � b � � � ; Lc

� �������
∂
∂x

0 d
∂2

∂x2

0
1
hc

∂
∂x

λ
∂2

∂x2

0
1
hc

� λ �
1� ∂

∂x

� ������
2.2. Reduced constitutive equations

Thepiezoelectricmaterialsareassumedlinearorthotropicwith materialsymmetry
axesparallelto thoseof thebeam.Theirelastic,piezoelectricanddielectricconstants
aredenotedby ci j , el j and ! l l

�
i � j � 1 �#"$"%"$� 6;l � 1 � 2 � 3� . All layerswill be conside-

red piezoelectric,wherepiezoelectricconstantsaresetto vanishfor elasticandvis-
coelasticlayers.Thethree-dimensionallinearconstitutiveequationsof anorthotropic
piezoelectriclayercanbereducedto

σ1
� c&11ε1 � e&31E3 ; σ5c

� cc
55ε5c ; D3

� e&31ε1
� !'&33E3 [7]

where

c&11
� c11 � c2

13

c33
; e&31

� e31 � c13

c33
e33 ; ! &33

� ! 33
� e2

33

c33

This reductionis detailedin [BEN 97]. σ1 andσ5 areaxial and shearcomponents
of stress,andD3 andE3 aretransverseelectricaldisplacementandfield. From [7],
one may notice that the piezoelectriceffect couplesthe axial strain and transverse
electricalfield. This is theconventionalpiezoelectricextensionactuationmechanism.
Its comparisonwith theshearactuationmechanismcanbefoundin [BEN 00].

Theelectricalfield E3kj is assumedconstantandinducedby adifferenceof poten-
tial Vkj appliedon thek j -th piezoelectricsub-layer, suchthat

E3kj
� � Vkj

� hkj [8]

2.3. Element stiffness matrix

Thevirtual work of electromechanicalinternalforcesof thek j -th facepiezoelec-
tric laminaeis

δHkj
�)(

Ωkj * δε1kσ1kj � δE3kj D3kj + dΩkj ; k j
� a1 �,"#"#"-� an � b1 �,"#",".� bm [9]
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Introducing[7] and[8], thevirtual work δHkj canbewritten, for a givenVkj , as

δHkj
� δHkj m � δHkj em [10]

where

δHkj m
� (

Ωkj

δε1kc& kj
11 ε1k dΩkj ; δHkj em

� � (
Ωkj

δε1ke& kj
31

Vkj

hkj

dΩkj

The term � e& kj
31 Vkj

� hkj may be consideredas a piezoelectricstressinducedby the
appliedelectricalfield on the k j -th piezoelectriclaminae.Consequently, the second
termof [10] will beconsideredasthevirtual variationof thework of electricalloads
anddetailedin thenext section.

Integrating through-thicknessthe mechanicalinternal virtual work δHkj m, and
using[5] and[6], the discretizationof δHkj m leadsto the following elementaryvir-
tualwork

δHe
kj m

� δqT
e Ke

kj
qe [11]

with Ke
kj

beingtheelementarystiffnessmatrixof thek j -th facelaminae,

Ke
kj

� ( Le

0
BT

k Dkj Bk dx ; Dkj
� c& kj

11 / Akj Īkj

Īkj Ikj 0 [12]

Akj , Īkj andIkj arethecrosssectionareaandfirst andsecondmomentsof inertiaof the
k j -th sub-layerface,respectively. Theelementarystiffnessmatrixof thefacesheetsis
thenobtainedby addingeachlaminaestiffnesscontribution

Ke
f
� b

∑
k1 a

n � m
∑
j 1 1

Ke
kj

[13]

Thestiffnesscontributionof theviscoelasticcorecanbefoundfrom its mechanical
internalvirtual work, which is composedof axialandshearstrainscontributions,

δHcm
� (

Ωc

� δε1cσ1c
� δε5cσ5c � dΩc [14]

Integratingthrough-thicknessthisexpressionandusing[5], [6] and[7], its virtual
variationδHcm maybediscretized,leadingto its elementcontribution

δHe
cm

� δqT
e Ke

cqe [15]
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wheretheelementarystiffnessmatrixof thecoreis

Ke
c
� ( Le

0
BT

c DcBc dx ; Dc
� �� c& c11Ac 0 0

0 c& c11Ic 0
0 0 kccc

55Ac

�� [16]

kc is theshearcorrectionfactor.

Theelementarystiffnessmatrix of thesandwichbeamfinite elementis obtained
by summationof thefacesheetsandcorecontributions

Ke � Ke
f
�

Ke
c [17]

It is worthwhileto noticethateachfacesub-layerstiffnessmatrix[12] is composed
of membraneandbendingstrainsanda membrane-bendingcouplingterm,dueto the
distancebetweenthemid-planof eachsub-layerandits correspondinglayer.

2.4. Element piezoelectric loads vector

Using[5]–[8], theelementcontribution to thevirtual variationof thegeneralized
piezoelectricloadswork Hkj em [10], inducedby the appliedelectricalfield, may be
discretized,for thek j -th facepiezoelectriclaminae,as

δHe
kj em

� δqT
e Fe

kj e [18]

wheretheelementaryequivalentpiezoelectricloadvectorFe
kj e

is

Fe
kj e

� � ( Le

0
BT

k Dkj e
Vkj

hkj

dx ; Dkj e
� e& kj

31 / Akj

Īkj 0 [19]

Theappliedgeneralizedpiezoelectricloadsvectorof theelementis thesumof those
of eachfacesub-layer

Fe
e
� b

∑
k1 a

n � m
∑
j 1 1

Fe
kj e [20]

2.5. Element mass matrix

The elementarymassmatrix of the sandwichbeammay be obtainedfrom the
virtual variationof theworksof inertial forces,whichare,for thek j -th facesub-layer
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andthecore,

δTkj
� � (

Ωkj

ρkj * δŭk ¨̆uk
� δwẅ+ dΩkj ; δTc

� � (
Ωc

ρc * δŭc ¨̆uc
� δwẅ+ dΩc [21]

whereρ statesfor thevolumicmassdensityand˙
 statesfor ∂ 
�� ∂t.

Integratingthrough-thicknessexpression[21] andusing[1] and[4], elementary
contributionsof δTkj andδTc arediscretizedas

δTe
kj

� � δqT
e Me

kj
q̈e ; δTe

c
� � δqT

e Me
cq̈e [22]

with Me
kj

andMe
c beingthe elementarymassmatricesof the k j -th facelaminaeand

thecore,respectively,

Me
kj

� ( Le

0
HT

k Ikj Hk dx ; Me
c
� ( Le

0
HT

c IcHc dx [23]

where

Ikj
� ρkj

�� Akj Īkj 0
Īkj Ikj 0
0 0 Akj

�� ; Ic
� ρc

�� Ac 0 0
0 Ic 0
0 0 Ac

��
The elementarymassmatrix of the facesheetsis thenobtainedby addingeach

facesub-layercontribution

Me
f
� b

∑
k1 a

n � m
∑
j 1 1

Me
kj

[24]

Finally, thesandwichbeamfinite elementmassmatrix is obtainedby summation
of thefacesheetsandcorecontributions

Me � Me
f
� Me

c [25]

As for the stiffnessmatrix, onemaynoticethateachfacesub-layermassmatrix
[23] is composedof axialandtransversaltranslationsandrotationin thexz-planiner-
tial contributionsandan axial translation-rotationinertia couplingterm,duealsoto
thedistancebetweenthemid-planof eachsub-layerandits correspondinglayer.

2.6. Discretized equations of motion

Assemblingdiscretizedexpressionsof elementaryvirtual works [11], [15], [18],
[22], andtheircorrespondingmatrices[17], [25] andvectors[20], for all elementsand
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usingd’Alembert’s principle, the following discretizedequationsof motion may be
written

Mq̈
�

Dq̇
�

Kq � Fm
�

Fe [26]

wherea viscousdampingmatrix D anda mechanicalnodalloadvectorFm havebeen
considereda posteriori.M, K, Fe aretheglobalmassandstiffnessmatrices,andpie-
zoelectricloadsvector, of thewholesandwichbeam.

3. Viscoelastic damping models

Sincethecoreis madeof a viscoelasticmaterial,onemusttake into accountthe
frequency-and-temperature-dependenceof its stiffnessanddampingproperties.Sup-
posinga constantPoisson’s ratio,theequationsof motion[26] arere-writtenas

Mq̈
�

Dq̇
�32

K f
�

G& � ω � θ � K̄c 4 q � Fm
�

Fe [27]

whereG& � ω � θ � is thefrequency-and-temperature-dependent complex shearmodulus
of thecoreandK̄c is themodulusfactored-outcorestiffnessmatrix. In thefollowing
subsections,threemethodsto accountfor thefrequency-dependenceof thelastequa-
tion,consideringafixedtemperature,arepresented.Then,for analysisof thetempera-
turevariationeffects,viscoelasticmaterialis modeledusingsuchmethodsfor several
operatingtemperatures.

3.1. Golla-Hughes-McTavish model

TheGHM modelrepresentsthematerialshearmodulusasaseriesof functions,in
theLaplacedomain,suchthat[MCT 93]

sG
�
s� � G0 5 1

� ∑
i

α̂i
s2 �

2ζ̂iω̂is

s2 �
2ζ̂iω̂is

� ω̂2
i 6 [28]

whereG0 representstherelaxedmodulus,orstaticmodulus.Noticethat,from[28], the
unrelaxedmodulusmaybewrittenasG∞

� G0
�
1
�

∑i α̂i � . Eachfunctionin theseries
is dependenton threematerialconstants,namelyα̂i , ω̂i andζ̂i , evaluatedfrom curve-
fitting of the viscoelasticmaterialmastercurves.Substituting[28] in the Laplace-
transformedequationsof motion[27] leadsto7

s2M
�

sD
�

K f
�

K0
c 5 1

� ∑
i

α̂i
s2 �

2ζ̂iω̂is

s2 �
2ζ̂iω̂is

� ω̂2
i 698 q̃

�
s� � F̃m

�
s� � F̃e

�
s� [29]
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with K0
c

� G0K̄c beingthe corestaticstiffness.Introducinga seriesof n dissipative
variableszi

�
i � 1 �#","#".� n� suchthat,

z̃i
�
s� � ω̂2

i

s2 �
2ζ̂iω̂is

� ω̂2
i

q̃
�
s� [30]

onemaywrite thefollowing augmentedsystem* s2M
�

sD
�

K f
�

K∞
c + q̃

�
s� � K0

c ∑
i

α̂i z̃i
�
s� � F̃m

�
s� �

F̃e
�
s� [31a]:

s2 1
ω̂2

i

�
s2ζ̂i

ω̂i

�
1; z̃i

�
s� � q̃ �

s� � 0 [31b]

whereK∞
c

� K0
c
�
1
�

∑i α̂i � is theunrelaxed,or high-frequency, corestiffness.Multi-
plying equations[31b] by α̂iK0

c andretransforming[31] to time-domain,it becomes

M̄ ¨̄q � D̄ ˙̄q � K̄q̄ � F̄ [32]

with

M̄ � / M 0
0 Mzz0 ; D̄ � / D 0

0 Dzz0 ; K̄ � / K f
�

K∞
c Kqz

KT
qz Kzz0

q̄ � col
�
q � z1 �,"#"#"-� zn � ; F̄ � col

�
Fm

�
Fe � 0 �#"#","<� 0 �

and

Mzz
� ���� α̂1

ω̂2
1
K0

c 0

...

0 α̂n
ω̂2

n
K0

c

� ��� ; Dzz
� ���� 2α̂1ζ̂1

ω̂1
K0

c 0
...

0 2α̂nζ̂n
ω̂n

K0
c

� ���
Kzz

� ��� α̂1K0
c 0

...
0 α̂nK0

c

� �� ; Kqz
�>= � α̂1K0

c ?#?,? � α̂nK0
c @

Althoughthis form is quitesimple,its massmatrix is non-singularonly for totally
coveredbeams,for which K0

c is alsonon-singular. Therefore,for the generalcase,
onemayeithersubstitutethesingularK0

c matrix by theidentity matrix in thesecond
block line of thematricesof [32], leadingto anon-singularmassmatrixbut alsoto an
asymmetricstiffnessmatrix (Kzq A� KT

qz), or, otherwise,usea modalreductionof the
matrix K0

c, suchthat Φd
i

� TTzi andΛ � TTK̄cT. WhereΛ is thenonvanishingK̄c

eigenvaluesmatrixandT its correspondingeigenvectorsmatrix.In thiscase,themass
matrix is non-singular, thestiffnessmatrix is symmetricand,also,thematricescorres-
pondingto dissipative variablesarediagonalizedandeventuallyreduced.Hence,the
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matricesMzz, Dzz, Kzz andKqz of [32] arerewrittenas

Mzz
� ���� α̂1

ω̂2
1
G0Λ 0

...

0 α̂n
ω̂2

n
G0Λ

� ��� ; Dzz
� ���� 2α̂1ζ̂1

ω̂1
G0Λ 0

...

0 2α̂nζ̂n
ω̂n

G0Λ

� ���
Kzz

� ��� G0Λ 0
...

0 G0Λ

���� ; Kqz
�>= � α̂1K0

cT ?#?,? � α̂nK0
cT @

This methodallows both a goodrepresentationof the frequency-dependenceof
viscoelasticmaterialsandtime-domainanalysesof theaugmentedsystem,sinceall of
its matricesareconstants.

3.2. Anelastic Displacement Fields model

TheADF model,proposedin [LES 95, LES96b], representsthecomplex material
modulusasaseriesof functionsin thefrequency-domain,suchthat

G& � ω � � G0 5 1
� ∑

i

∆i
ω2 �

jω Ωi

ω2 � Ω2
i 6 [33]

where,here,the unrelaxed modulusis G∞
� G0

�
1

� ∑i ∆i � . Ωi and∆i arematerial
parametersevaluatedfrom curve-fittingof materialmastercurves.

This methodis basedon the separationof viscoelasticmaterialstrainsin elastic
andanelasticparts.Thefirst oneis instantaneouslyproportionalto thestressandre-
presentstheenergystorage,whereastheotherrepresentsmaterialrelaxationand,thus,
dissipation.Thisseparationmaybeobtainedby introducingaseriesof dissipativeva-
riablesqa

i
�
i � 1 �,"#"#".� n� , suchthat

qe � q � ∑
i

qa
i [34]

Thevariablesqe replacethenq in thecorestraininternalwork expression,leadingto

Mq̈
�

Dq̇
�3�

K f
�

K∞
c � q � K∞

c ∑
i

qa
i
� Fm

�
Fe [35]

where,here,theunrelaxedstiffnessof thecoreis K∞
c

� �
1
�

∑i ∆i � K0
c. In additionto

the lastexpression,oneshouldwrite a systemof equationsdescribingthe relaxation
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process

Ci

Ωi
K∞

c q̇a
i � K∞

c q
�

CiK∞
c qa

i
� 0 [36]

wherethematerialparametersCi arerelatedto ∆i suchthatCi
� �

1
�

∑i ∆i � � ∆i . Com-
biningequations[35] and[36] leadsto

M̄ ¨̄q
�

D̄ ˙̄q
�

K̄q̄ � F̄ [37]

where

M̄ � / M 0
0 0 0 ; D̄ � / D 0

0 Daa0 ; K̄ � / K f
�

K∞
c Kea

KT
ea Kaa0

q̄ � col
�
q � qa

1 �,"#"#"-� qa
n � ; F̄ � col

�
Fm

�
Fe � 0 �,"#",".� 0 �

with

Daa
� ���� C1

Ω1
K∞

c 0
...

0 Cn
Ωn

K∞
c

� ��� ; Kaa
� ��� C1K∞

c 0
...

0 CnK∞
c

� ��
Kea

� = � K∞
c ?,?#? � K∞

c @
As for GHM model,onemayproposea modalreductionof matrix K∞

c to diago-
nalizematricesandreduceaugmentedsystemdimension.Hence,let Φd

i
� TTqa

i and
Λ � TTK̄cT sothatmatricesDaa, Kaa andKea couldberewrittenas

Daa
� ���� C1

Ω1
G∞Λ 0

...
0 Cn

Ωn
G∞Λ

� ��� ; Kaa
� ��� C1G∞Λ 0

...
0 CnG∞Λ

� ��
Kea

�>= � K∞
c T ?,?#? � K∞

c T @
Onemaynoticethat,unlike thecaseof theGHM model,this reductionleadsto asin-
gularmassmatrix since,in this case,dissipative variableshave no inertia.Therefore,
insteadof solving the second-ordersystem[37], oneshouldconstructan odd state-
spacesystemwith statecol

�
q̄ � q̇ � ratherthancol

�
q̄ � ˙̄q � to eliminatethissingularity.

3.3. Iterative modal strain energy model

An alternative to the internalvariablesapproach,is to usean iterative versionof
theMSEmethod[JOH81]. It considersthatthemodallossfactoris approximatedas



Hybrid active-passive vibrationdamping 101

the productof the viscoelasticmateriallossfactorby the fraction of the dissipative
energy, presentin the viscoelasticmaterial,to the total strainenergy. Following this
definition,theiterativealgorithmof Figure1 is proposed.

ω0
rB

EvaluateK C	D ωn
r E'F K f G GC	D ωn

r E K̄cB
EvaluateωnH 1

r F eigI M J K K�D ωn
r EMLB

Testerrore

NO 0 J 5% BQP 0 J 5%

Evaluateηr F ΦT
r K K K Φr R ΦT

r K K ΦrB
End

e FTSωnH 1
r U ωn

r Sωn
r

Figure 1. Iterativemodalstrain energyalgorithm(K � � ℜ �
K & � ,K � � � ℑ �

K & � ).
Usingsuchanalgorithm,undampedeigenfrequenciesandeigenvectorscanbecor-

rectlyevaluatedandmodallow dampingwell approximated.Theconvergenceis very
fast,however, evaluationmustbe repeatedfor eachfrequency of interest.This tech-
niquepreventstheevaluationof thestate-spacesystemcomplex modesasin [FRI 98],
reducinggreatlythecomputationcost.

To extendthis methodto the control synthesis,whereseveralmodesareexcited
simultaneouslyby thecontroller, let usconsiderthefollowing eigenfrequency, modal
lossfactorandeigenvectormatricesfor them frequenciesof interest(r � 1 �,"#","<� m� ,

Ωe
� ��� ω1

...
ωm

� �� ; η � ��� η1

...
ηm

� �� ; Te
� = Φ1 ?,?#? Φm@ [38]

The viscoelasticdampingmatrix may be approximatedby ηΩe. Consequently, the
system[27] mayberewrittenas

¨̂q ���
2ζI � η � Ωe˙̂q � Ω2

eq̂ � TT
e
� Fe

� Fm � [39]

wherethe viscousdampingmatrix D is assumedto be suchthat TT
e DTe

� 2ζΩe, ζ
being the viscousdampingfactor. Evidently, Te may not diagonalizeK � � ℜ �

K & � ,
sinceeachcolumnof Te is valid only for asinglefrequency. Nevertheless,thissystem
constitutesa reasonableapproximationof [27] for lightly dampedstructures.
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4. Reduced state-space equations

To applythefrequency-dependentfinite elementmodels,presentedin theprevious
sections,to an optimal control synthesis,onemay write the second-orderequations
[32],[37,[39]asa first-orderstate-spaceequation

ẋ � Ax
�

Bu
�

p

y � Cx
[40]

Constructionof state-spacesystemandcorrespondingmatrices,for eachmodel,are
detailedin [TRI 99] andthe statevectorsx, for GHM, ADF andMSE models,are,
respectively,

x � / q̄
˙̄q 0 � x � / q̄

q̇ 0 � x � / q̂
˙̂q 0 [41]

However, even with a possiblereductionof extra dissipative dofs in ADF and
GHM models,thestate-spacesystem[40] is too large for usein the control synthe-
sis.Thus,a modalreductiontechniqueis proposedto reducethe systemdimension
andalsoto allow a bettercomparisonbetweenthethreeviscoelasticdampingmodels
presentedpreviously. Theeigensolutionof thestate-spacematrixA is thenevaluated

ATr
� ΛTr ; ATTl

� ΛTl [42]

wheretheright Tr andleft Tl complex eigenvectorsarethennormalizedby TT
l Tr

� I.

Let usconsideramodaldecompositionof theeigenvaluesmatrixΛ in theform

Λ � / Λe 0
0 Λd 0 [43]

whereΛe andΛd arethe eigenvaluessub-matricescorrespondingto the elasticand
dissipative dofs,respectively. Similarly, theright andleft eigenvectorsTr andTl are
composedof elasticanddissipativeeigenmodesassociatedto Λe andΛd,

Tr
� 2

Tre Trd 4 ; Tl
� 2

Tle Tld 4 [44]

Generally, theeigenmodesassociatedto dissipativedofs(relaxationmodes)areover-
damped,accordingto [MCT 93]. Consequently, it canbeassumedthattheircontribu-
tion to thesystemresponseis negligible. Also, consideringjust a reducedfrequency
range,onemay truncatethe modalbaseneglectingthe dynamiccontribution of the
eigenmodeswhicheigenvaluesliesoutof thefrequency range.Consequently, thesys-
tem[40] reducesto

˙̂x � Âx̂
�

B̂u
�

p̂

y � Ĉx̂
[45]
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wherex̂ � Tret x andÂ � TT
let ATret ; B̂ � TT

let B ; p̂ � TT
let p ; Ĉ � CTret . Tret andTlet

arethematricescorrespondingto thetruncatedbasesof retainedeigenmodes.

This modalreductiontechniqueis very simpleto implementsincethe choiceof
eigenmodesto beretainedis basedonly onthefrequency rangeconsidered.Neverthe-
less,for highly dampedsystems,whereelasticmodesmayalsobe overdamped,the
eigenfrequenciesanalysismustbeassociatedwith aneigenmodesone.Noticethatfor
the iterative MSE method,the reductionmaybeachieveddirectly from the iterative
algorithmby justevaluatingthefrequenciesinsidethefrequency range.

5. Constrained optimal control strategy

TheLinearQuadraticRegulator(LQR) optimalcontrolalgorithmis considered.It
consistsin theminimizationof acostfunctionJ

J � 1
2

( ∞

0

�
x̂TQx̂

�
uTRu � dt [46]

subjectedto the linear constraints[45]. This resultsin a linear full-state feedback
controllaw u � � Kgx̂, whereKg

� R 
 1B̂TP is aconstantcontrolgainmatrix,written
in termsof thematrixP, solutionof thealgebraicRiccatiequation

ÂTP � PÂ � PB̂R 
 1B̂TP � Q � 0 [47]

Moreover, for anasymptoticallystablecontrolledsystem,theminimizedcostfunction
maybewrittenas

Jmin
� 1

2
x̂T �

0 � Px̂
�
0� [48]

This algorithmis very simpleto use,sincethe Riccati equationmay be solved,and
thecostmaybeevaluated,preliminaryto theapplicationof thecontrolfeedbackgain
Kg to the system.However, its performancerestson the appropriatechoiceof the
weightmatricesQ andR. Furthermore,it doesnotguaranteethatthecontrolinputu is
feasible,e.g.,electricalfieldsin piezoelectricactuatorsareconstrainedto thecoercive
or depolingelectricalfield. Hence,an input constraintconditionmustbe imposedto
suchoptimization.

A techniqueshown to be simpleandeffective [TRI 00] is basedon an iterative
LQR, suchthat the optimal control input is solved for typical operationconditions
and its maximumvalue is usedto modify weight matricesuntil an optimal control
gain satisfiesboth optimal closed-loopperformanceandinput constraint.The algo-
rithm presentedin [TRI 00] is modifiedhereconstrainingthe input weightmatrix R
insteadof theperformanceQ one,althoughbothconstraintsareequivalent.Figure2a



104 Revueeuropéennedesélémentsfinis. Vol. 9- no 1-2-3/2000

showsthetypicalvariationof thefirst threeeigenmodesdampingfactors(%) with the
input weight factorγ (R � γ I), theminimizedcostfunctionJmin andalsothemaxi-
mum voltageVmax requiredto achieve thesedampingratios.As expected,damping
performancediminishesfor increasinginput weightfactors.Figure2aalsoshows the
feasibleregioninsidethedottedline square,thatis, theregionfor whichthemaximum
voltageis lower thanthesaturationvoltageof theactuator(in this case,250V). The
iterativeoptimalcontrolalgorithmof [TRI 00], shown in Figure2b,consistsin finding
themaximumdampinginsidethedottedfeasibleregion(Figure2a).
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Figure 2. (a) Maximumvoltageandmodaldampingfactorsvs.inputweightfactorγ.
(b) Optimalcontrol designundervoltageconstraintVmax.

It shouldbenoticedthatthemaximumvoltage,shown in Figure2a,wasevaluated
fromthecontrolledsystemresponse,generatedby agivenperturbation.Consequently,
thecontrolinput constraintmaynotberespectedfor otherloadconditions.

In what follows, the performanceweight matrix Q is consideredto be diagonal
andcomposedby elementsof theoutputvectorĈ, sothatQ � diag

�ZY
Ĉ

Y � , to maximize
thedampingof modeswith majorcontributionsto theoutput,herethe tip deflection
of a cantileverbeam.Theγ factoris evaluatedsothatthemaximumelectricalfield of
500V/mm on thepiezoelectricactuatorsis not exceeded,for animpulsive transverse
perturbationforce appliedto the beamtip, which magnitudeimposesa maximum
beamdeflectionamplitudeof 2 mm.

6. Damping performance under temperature variations

Thereducedmodelsandcontrolalgorithmpresentedpreviously arenow applied
to theanalysisof acantileverbeamwith abondedACLD treatment.Thebeamis made
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of aluminum,with Young’smodulusof 70.3MPa andmassdensityof 2700kg m
 3,
andhasa lengthof 300 mm, a width of 20 mm anda thicknessof 2 mm. The hy-
brid viscoelastic–piezoelectrictreatmentis madeof Soundcoat’sDyad606viscoelas-
tic material,0.25mm thick andof massdensity1600kg m
 3, andPZT5H piezoe-
lectric ceramic,which Young’s modulusis 63.5MPa, massdensityis 7500kg m
 3,
piezoelectricconstante&31 is � 23" 2 C m
 2 andthicknessis 0.5mm.Thetreatmenthas
a lengthof 50mmandis positionedat10mmfrom theclampedendof thebeam.

Consideringatemperatureof 25oC,viscoelasticmaterialpropertiesareusedto op-
timizeADF andGHM parametersin thefrequency range2–3000Hz. Theseareused
to evaluatethefirst five bendingeigenfrequenciesandcorrespondingdampingratios,
shown in Table1. It canbeseenthateigenfrequenciesmatchwell for thethreemodels,
whereasthereis a noticeabledifferencebetweenMSE dampingratiosandADF and
GHM ones.However, this is dueto the difficulty of representingthe mastercurves
form of this viscoelasticmaterialby ADF andGHM models,althoughfive seriesof
parameterswereused.

PCLADF 23.6(1.82%) 139.8(0.66%) 364.3(0.46%) 676.1(0.71%) 1105.5(0.90%)
PCLGHM 23.6(1.81%) 139.8(0.67%) 364.3(0.45%) 676.1(0.72%) 1105.7(0.92%)
PCLMSE 23.7(2.56%) 139.4(0.99%) 363.6(0.65%) 673.3(1.00%) 1099.1(1.23%)
ACL ADF 23.7(8.40%) 140.0(5.41%) 364.3(3.00%) 676.0(1.07%) 1105.5(1.13%)
ACL GHM 23.7(7.19%) 140.1(4.59%) 364.2(2.61%) 676.0(0.99%) 1105.7(1.08%)
ACL MSE 23.6(6.99%) 139.5(2.78%) 363.6(0.84%) 673.3(1.18%) 1099.1(1.25%)

Table 1. Open-andclosed-loopeigenfrequencies(Hz)anddampingfactorsat 25oC

Table1 alsoshows theclosed-loopeigenfrequenciesanddampingfactors(active
insteadof passive constraininglayer).Onemayseethateigenfrequenciesstill match
but dampingratiosfor MSE disagreewith thoseof ADF andGHM, sincethe MSE
modelis notwell adaptedfor thetransient-basedcontrolalgorithm.However, smaller
differencesbetweenADF andGHM dampingratiosexist sincetheireigenmodes,and
thuscontrolinput vectors,arenotexactly thesame.

Figure3ashowstheopen-loopfrequency responsefunctionof thecantileverbeam
tip deflectionevaluatedusingthe threeviscoelasticmodels.It canbeseenthatADF
andGHM resultsareidentical;however, MSE resultsonly matchin naturalfrequen-
cies, that is with almost the samepolesbut not at all with the samezeros(anti-
resonances).This is becauseneitherinputnoroutputmatricesarevalid overthewhole
frequency range.In Figure3b, the equivalentADF/GHM open-loopfrequency res-
ponseis comparedwith thatof theclosed-loopsystemfor thesetwo models.As ex-
pected,thecontrolleremphasizesdampingof thefirst mode,althoughsecondandthird
modesarealsodamped.However, fourth andfifth modesdampingsareonly slightly
increased,sincethey have little contributionto theoutput.
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Figure 3. FRF of the cantilever beamtip deflection:(a) Open-loopresponseusing
ADF, GHM andMSEmodels;(b) Open-vs.closed-loopresponse
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Figure 4. Deviation of control performancerelative to 25oC: (a) Hybrid damping� η � θ � � η �
25�#� ; (b) Maximumvoltage

�
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Thereafter, one might be interestedin using the controller designedpreviously
over an operatingtemperaturerange.Nevertheless,as viscoelasticmaterialproper-
ties changewith temperature,dampingperformancerequirementsmay not be res-
pected.To apply thecontrollerdesignedat 25oC to the systemat differenttempera-
tures,thesolutionof Riccatiequationat 25oC Po is usedto evaluatethecontrolgain
Kg

� R 
 1BTPo for thesystematdifferentspecifiedtemperatures.Figure4 showsthe
deviation of hybrid dampingandmaximumcontrol voltageof the systemat tempe-
raturesof 10oC, 30oC and38oC, relative to that at 25oC, whencontrolledwith the
controllerbasedon Po. In Figure4a, the dampingratiosof the first threemodesare
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drawn for eachoperatingtemperatureandviscoelasticmodel.Onemaynoticethatfor
10oC and30oC,ADF threefirst modaldampingsaugment,howevertherequiredmaxi-
mumvoltagealsoincreases(Figure4b). Similarly, for theothermodels,an increase
in dampingis accompaniedby an increasein themaximumvoltage,thusexceeding
thesaturationvoltage.On theotherhand,for 38oC, onemaynoticeanimprovement
of dampingwith a diminutionof thevoltage.However, in thiscase,oneof themodes
is furtherdamped(first onefor ADF andsecondonefor GHM andMSE), with less
voltage,whereasin othermodesdampingsdecrease.

7. Temperature dedicated controller

In consequenceof thepreviousresults,onemight preferto designa temperature
dedicatedcontroller. Therefore,let usconsiderfour differentcontrollers,onefor each
operatingtemperature.In Figure5, theopen-andclosed-looptransientresponsesare
drawn for eachtemperature(10oC, 25oC, 30oC and38oC). Onemaynoticethat,al-
thoughtheopen-loopresponsediminishesfasterfor highertemperatures,theclosed-
loopsystemsettlesalmostequallyfastfor all temperatures,meaningthatthededicated
controllermaintainsauniformperformancein thetemperaturerange.Since,tempera-
turevariationsaregenerallyslow, onemight envisageevaluatinga setof controllers
insidean operatingtemperaturerangeandcommutingfrom oneto anotheras tem-
peraturechanges.Thus,onemaypreserve a satisfactorydampingperformancewhile
respectingcontrol input limitations.Figure6 shows thecontrolvoltagefor 10oC and
38oC,whereonemaynoticethatbothcontrollerspresentsimilarresponses.Neverthe-
less,onemayalsonoticethatADF andGHM donotpresentthesamevoltagetransient
response,althoughtheiroutputresponsesareverysimilar (Figures5aand5d).

In Figure7a,thevariationof passivedampingwith temperatureshowsanincrease
of all modesdampingratioswith increasingtemperature,although,from viscoelastic
materialsnature,dampingis expectedto startdecreasingat a giventemperature.It is
alsoworthwhile to analyzethe influenceof temperatureon thehybrid dampinggain
(relative to passive one),which measuresthe increaseof dampingprovided by the
active controlsystem.Noticethat,from Figure7b, it makeslessandlesssenseusing
anactive controllerfor highertemperaturessincethe improvementof dampingmay
notbesufficient to justify theadditionof electriccablesandfilters.

8. Conclusion

A new finite elementwaspresentedfor sandwichbeamswith laminatepiezoelec-
tric facesandviscoelasticcore.Threemodelswereproposedto representtheviscoe-
lastic materialsfrequency-dependence properties,namelyGolla-Hughes-McTavish,
AnelasticDisplacementFieldsandIterative Modal StrainEnergy method.Model re-
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ductionswereproposedto allow feasiblecontrolsyntheses.An optimalLQR control
algorithm,accountingfor input constraints,was presented.Using theseopen-and
closed-loopfinite elementreducedmodels,thevibrationcontrolof acantileverbeam,
througha bondedactiveconstrainedlayerdampingtreatment,wasanalyzedandused
to evaluateinternalvariablesapproaches.Thereafter, thecontrolperformanceof hy-
brid dampingtreatmentswasstudiedundertemperaturevariations.It wasfoundthat
dampingandinput requirementsmay not be respectedinsidean operatingtempera-
turerangewith a temperature-fixedcontroller. Consequently, a temperaturededicated
controllerwasanalyzed,leadingto a satisfactorydampingperformance,over a 30oC
widetemperaturerange,while respectinginputconstraints.A similaranalysisis being
consideredto treatotherhybrid dampingconfigurationswith, for instance,separate
active andpassive treatments.Geometricandmaterialoptimizationof active-passive
dampingtreatmentsis a naturalextensionof thepresentwork.
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Figure 5. Open- and closed-looptransient responsesfor different temperatures:
(a) 10oC; (b) 25oC; (c) 30oC; (d) 38oC
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Figure 6. Control voltageof dedicatedcontroller: (a) at 10oC; (b) at 38oC
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Figure 7. Variation of dampingwith temperature: (a) Passivedamping;(b) Hybrid
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