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PiezoelectricActuation Mechanisms
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ABSTRACT: This paperpresentsa finite elementmodelfor adaptive sandwichbeamsto dealwith eitherextension
or shearactuationmechanism. The former, correspondsto an elasticcore sandwichedbetweentwo transversely
polarizedactive surfacelayers,whereas,the latter, consistsof an axially polarizedcore,sandwichedbetweentwo
elasticsurfacelayers.For bothconfigurations,anelectricfield is appliedthroughthicknessof thepiezoelectriclayers.
The mechanicalmodel is basedon Bernoulli-Eulertheory for the surfacelayersandTimoshenko beamtheory for
thecore.It usesthreevariables,through-thicknessconstantdeflection,andthemeanandrelative axial displacements
of the core’s upperand lower surfaces. Augmentedby the bendingrotation, theseare the only nodal degreesof
freedomof theproposedtwo-nodeadaptivesandwichbeamfinite element.Thepiezoelectriceffect is handledthrough
modificationof theconstitutiveequation,wheninducedelectricpotentialis takeninto account,andadditionalelectric
forcesandmoments.Theproposedfinite elementmodelis validatedthroughstaticanddynamicanalysisof extension
andshearactuated,continuousand segmented,cantilever beamconfigurations.Finite elementresultsshow good
comparisonwith thosefoundin theliterature,andindicatethatthenewly definedshearactuationmechanismpresents
severalpromisingfeaturesoverconventionalextensionactuationmechanism, particularlyfor brittle piezoceramicsuse
andenergy dissipationpurposes.

INTRODUCTION

Sincethe discovery of their reverseeffect (actuationeffect), piezoelectricmaterialsarewidely usedfor noiseand
vibrationactive structuralcontrol([1],[8],[9],[16]). Crawley anddeLuis [6] presenteduniform-strainandBernoulli-
Eulerbendinganalyticmodelsfor segmentedpiezoelectricactuatorsthatareeitherbondedto anelasticsubstructureor
embeddedin a laminatedcomposite.It wasfoundthattheforceappliedby theactuatorsconsistsof apassivestiffness
componentdueto thepresenceof theactuatoranda voltagedependentcomponentrelatedto theforcetransmittedby
thepiezoelectricactuatorto thestructure.Thesemodelswerelatercomparedto moredetailedfinite elementmodels
which highlightedthe presenceof materialshearin the actuatorsandstructures[7]. The deviation from Bernoulli-
Euler modelwasjudgedto be significantfor shorter, thicker actuatorsandfor thick beams,wherethe influenceof
materialshearwasgreatest.

Consideringinertia and stiffnessof surface-boundedpiezoelectricmaterialsand including effects of rotary
inertiaandsheardeformation,YangandLee([17],[18]) developeda steppedbeammodelto investigateanalytically,
theinteractionof structurevibrationandpiezoelectricactuationunderclosed-circuitconditions.Theiranalysisshows
that a generalizedstiffnessfrom electromechanicalcoupling is inducedin the structuresystemby the interaction,
which leadsto differentnaturalfrequency predictionscomparedwith thoseatopen-circuit.

Theeffect of couplingbetweenlongitudinalandbendingdeflectionson thevibrationof piezoelectricallysen-
sored/actuatedbeamswas investigatedby HermanShen([10],[11]) througha Timoshenko beamtheory. A one-
dimensionalfinite elementformulationwasalsopresented,consistingof two finite elementsof two dof/nodefor the
beamandfive dof/nodefor the piezoelectricdevices,assembledby a specialprocedureto satisfythe compatibility
requirementsin the vicinity of the interfacesbetweenthe piezoelectricdevicesandthe main structure. Two addi-
tional nodalpotentialdofswereusedfor thepiezoelectricfinite elementandthebendingdeflectionwaschosencubic
whereaslongitudinaldeflectionandshearangleweretakenlinear.

Althoughmentionedby [14], only recently, a comparativestudyof a cantileveredbeam,constructedusingthe
shearmodeof piezoelectricmaterialsandthecorrespondingsurface-mountedactuationstructure,wasperformedby
SunandZhang[15] usinga commercialfinite elementanalysiscode. It wasconcludedthat, for vibration control,
the sandwichbeamis more suitablefor high-frequency and small amplitudecase;whereas,the surface-mounted
actuationstructuremaybeusedfor theoppositecase.However, from theweightconsideration,thesandwichbeam
was found more efficient than the surface-mountedactuationstructure. Theseresultshave beenconfirmedlater,
througha theoreticalformulation[19]. It wasretainedthatthegreatestadvantageprovidedby theadaptivesandwich
beamis its lowerstressesin theactuatorandalongtheinterfacebetweentheactuatorandthehoststructure.This fact



wasseento minimizedebondingproblemsandareknown to contributeto thestructuralintegrity of theactuator.
Surface-mountedpiezoelectricactuatorsareknown to inducelongitudinalstrains;this definestheir usualex-

tensionactuationmechanism(Figure1.a).However, sandwichedpiezoelectricmaterialscouldinducetransverseshear
strains,providedthatappliedelectricfield andpoling directionareperpendicular;this is thelessknown shearactua-
tion mechanism(Figure1.b). Althoughtheso-calledextensionactuatedadaptive structureswereextensively studied
in theliterature,shearactuatedsmartstructuresaremuchlessinvestigated.
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Figure1: Piezoelectricactuationmechanisms.

It is theobjectiveof thepresentwork to presentanadaptivesandwichbeamfinite element,capableto dealwith
eitherextensionor shearactuationmechanisms. To this end,all layersareconsideredpiezoelectric,but the poling
directionis supposedparallelto thetransverselyappliedelectricfield for thefacesandin thelongitudinaldirectionfor
thecore,i.e., perpendicularto theappliedelectricfield. Beside,the facesareassumedunsymmetric,thin andresist
membraneandbendingstressesonly (Bernoulli-Eulerbeams),whereasthe core is supposedto be relatively thick
andcanresistmembrane,bendingandshearstresses(Timoshenko beam).Parametricstudies[4] indicatethat these
hypothesesimply thatthecoreshouldbesofterthanthefacesandthick enoughto produceshearstresses,andthatthe
piezoelectricactuatorsaremoreperformantfor stiffer andthinnercontrolledstructures.It wasalsoshown in [4] that
thereexist optimalvaluesof facesto corestiffnessandthicknessratiosfor maximuminducedbendingof thestructure.
Thekinematicsis entirelydescribedby thetransversedeflectionand,themeanandrelativelongitudinaldisplacements
of theupperandlowerskinsof thecore.Augmentedby thefirst deflectionderivative,thesearetheonly nodaldegrees
of freedom(dof) of the adaptive sandwichelement,i.e., thereis no needto introduceadditionalelectricdofs. The
major contributionsof the presentwork over that of ZhangandSun[19] are(i) the main variablesset to describe
thekinematicsandthefinite elementdegreesof freedomabove, (ii) themorecarefulanddetailedformulationof the
electricalproblemfor bothactuationmechanisms,in particularthe inducedpotentialwhich is takeninto accountfor
theextensionactuationmechanismandthedescriptionof thekind of electricloadsinducedby theimposedpotentials
for bothactuationmechanisms,(iii) theuniformfinite elementformulationwhich is presentedfor thefirst time to the
authorsknowledge.No finite elementformulationsweredevelopedneitherin [15] nor in [19].

THEORETICAL FORMULA TION

Thepresentsandwichadaptivebeammodelis basedon thefollowing assumptions,

1. Mechanicalandelectricalquantitiesaresufficiently smallsothatlineartheoriesof elasticityandpiezoelectricity
apply.

2. Elasticandpiezoelectricmaterialsusedhereareconsideredorthotropicwith axesof materialsymmetrycoin-
cidingwith thesandwichbeamaxes.

3. Piezoelectriclayershave theirupperandlowerskinsfully coveredwith electrodes.
4. Perfectbondingoccursbetweenlayersof thesandwichstructure.
5. Transversedeflectionof all layersis thesameatany givenlocationin thebeamthickness.
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6. All layersaresupposedto bein planeelectricalanddeformationstates.Moreover, transversestresscomponent
is consideredsmallcomparedto otherstresscomponentsandcanbeneglected.

7. Thesandwichbeamfacesaresupposedto behave asBernoulli-Eulerbeamsandcanbeeitherelasticor piezo-
electric,poledalongthethicknessdirection.They alsomayhave differentgeometricalandmaterialproperties,
i.e., thesandwichconstructioncanbeunsymmetric.

8. The sandwichbeamcore is considereda Timoshenko beamandcanbe eitherelasticor piezoelectricwith a
polingdirectionparallelto thelongitudinaldirection.Rotatoryinertiaeffectsarealsoincorporated.

Kinematics Description

Thanksto theaboveassumptionsandto thekinematicsillustratedonFigure1, thissectionwill show thatall mechani-
calquantities(displacements,strains,energies,...) canbewritten in termsof thetransversedeflectionw andthemean
ū andrelative ũ longitudinaldisplacementsof theupperandlowerskinsof thecore,definedas,

ū � ūC
� u

���
u�

2
; ũ � hCβC

� u
���

u � (1)

whereūC, βC, hC, u
�

andu � are,respectively, the meandisplacement,bendingrotation,thicknessof the coreand
axialdisplacementsof upperandlowerskinsof thecorelayer(Figure2).
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Figure2: Representationof thesandwichbeamkinematics.

Displacementfieldequations

Startingwith linear longitudinaldisplacementsfor eachlayer, enforcingtheinterfacedisplacementcontinuitycondi-
tionsandusingtheabovedefinitions(1), longitudinaldisplacementsin theupper(A), lower (B) andcore(C) layers,
respectively, are ���	 ��
 uA

� ūA
���

z
�

zA 
 w�
uB
� ūB

���
z
�

zB 
 w�
uC
� ūC

�
zβC

(2)

where,

ūA
� ū

� ũ
2

� hA

2
w�

ūB
� ū

� ũ
2

� hB

2
w� (3)
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Theprime’ denotesthefirst derivativewith respectto thelongitudinaldirectionx.

Strain-displacementrelations

Substitutingequations(2) in the usualstraindisplacementrelationsfor eachlayer, leadsto the following axial and
shearstrainexpressionsfor theupper, lowerandcorelayers,

εA1
� εm

A

� �
z
�

zA 
 εb
A

εB1
� εm

B

� �
z
�

zB 
 εb
B

εC1
� εm

C

�
zεb

C

εC5
� εs

C

(4)

wherethesuperscriptsm, b ands indicate,respectively, membrane,bendingandsheargeneralizedstrains.Thesecan
bewritten in termsof themainthreevariablesū, ũ andw, as

εm
A
� ū� � ũ�

2

� hA

2
w� � ; εb

A
� � w� � ;

εm
B
� ū� � ũ�

2

� hB

2
w� � ; εb

B
� � w� � ;

εm
C
� ū� ; εb

C
� ũ�

hC
; εs

C
� ũ

hC

�
w� (5)

Plane-StressReducedConstitutiveEquations

An orthotropicpiezoelectricmaterialwith materialsymmetryaxesparallelto thebeamaxesis consideredhere. Its
elastic,piezoelectricanddielectricmaterialconstantsaredenoted,respectively, ci j , ekj

�
i � j � 1 ��������� 6
 and � k, � k �

1 � 2 � 3
 . For bothextensionandshearactuatedlayers,a transverseelectricfield is applied.However, facesandcore
layersaretreatedseparately, sincethey havedifferentpolingdirections.

Extensionactuationmechanism

For this case,thefacesarepoledin thethicknessdirection,i.e., parallelto theappliedelectricfield. Mechanicaland
electricalassumptionsfor thefaces,presentedearlier, canbeexpressedmathematicallyas,

σ3
� ε2

� ε4
� ε5

� ε6
� E1

� E2
� 0 (6)

whereσ, ε and E arestress,strainsymmetrictensorsand electricfield vectors. Consequently, usingconstitutive
equations(A1, cf.Appendix),thefollowing relations,alsohold

σ4
� σ5

� σ6
� D1

� D2
� 0 (7)

Hence,constitutiveequationsarereducedto�
σ1

D3 � � �
c�11

�
e�31

e�31 � �3 � � ε1

E3 � (8)

whereD is theelectricdisplacementvectorand,

c�11
� c11

� c2
13

c33
; e�31

� e31
� c13

c33
e33 ; � �3 � � 3 � e2

31

c33
(9)

Thismodificationis only dueto theplanestressassumption(σ3
� 0); othernonvanishingcomponentsσ2 and

ε3 do not contribute to the electromechanicalenergy. Notice that the electromechanicalcouplingis betweenaxial
strainandtransverseelectricfield componentonly. This is thebasicfoundationof theextensionor surface-mounted
actuators.

Shearactuationmechanism

Usingcore’smechanicalandelectricalassumptions,thatcanbewrittenas

σ3
� ε2

� ε4
� ε6

� E1
� E2

� 0 (10)
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leadsto thefollowing relations,accordingto constitutiveequations(A2, cf.Appendix),

σ4
� σ6

� D2
� 0 (11)

Hence,three-dimensionalconstitutiveequationsreduceto,��
σ1

σ5
D3

�� � ��
c�33 0 0
0 c55

�
e15

0 e15 � 1 �����
ε1

ε5
E3

��
(12)

where,

c�33
� c33

� c2
13

c11
(13)

This modificationis alsodueto theplanestressassumptionfor thecore(σ3
� 0). Notice that theelectrome-

chanicalcouplingis betweenshearstrainandtransverseelectricfield componentonly. This is theorigin of thenewly
definedconceptof shearactuationmechanism.

Electric StateDescription

This sectionaimsto definetheelectricpotentialform in the facesandin thecorefor extensionandshearactuation
mechanisms. Electricfield equationsarethendeducedfor eachcase.Dueto thedifferentelectricbehavior of thefaces
andthecore,extensionandshearactuationmechanismsarealsostudiedseparately.

Extensionactuationmechanism

For freevolumicchargedensityassumption,theelectrostaticequilibriumequationof the i-th facelayerreducesto

Di3 � 3 � 0 (14)

sinceDi1
� Di2

� 0, accordingto equation(7). Axial strainsandelectricfield, written in termsof axialandtransverse
displacementsandtheelectricpotential,respectively, are

εi1
� ū�i ��� z � zi 
 w� � ;Ei3

� � ∂zϕi (15)

Theseequationscombinedwith direct effect equationgiven in (8), andincludedin (14), leadto a quadratic
electricpotentialform in thefaces,

ϕi
� ϕ̄i

� �
z
�

zi 
 ϕ̃i

hi

���
1
� 4

�
z
�

zi 
 2
h2

i  h2
i

8
ei �31� i �3 w� � (16)

where

ϕ̄i
� ϕ

�
i

�
ϕ �i

2
; ϕ̃i

� ϕ
�
i

�
ϕ �i (17)

ϕ
�
i andϕ �i areprescribedelectricpotentialson theupperandlower skinsof the i-th face,respectively andhi is the

i-th facethickness.Hence,ϕ̄i andϕ̃i statefor themeanandrelative(or difference)potentialof the i-th face.
As wasshown in a previouspaper[13], theelectricpotentialin thefaces,givenby (16), is thesumof a linear

part,entirelydeterminedthroughtheprescribedpotentialsϕ ! , andaquadraticpart,proportionalto thebeambending
strain.Thelatterpartrepresentstheinducedpotential,oftenneglectedin theliterature.It dependsongeometricaland
materialproperties.

Fromequation(16) transverseelectricfield componentson theupperandlower facesare

Ei3
� � ϕ̃i

hi

� �
z
�

zi 
 ei �31� i �3 w� � ; i � A � B (18)

Noticethattheelectricfield is linearin thefaces.Thesecondpartof (18) is oftenneglectedin theliterature.It
representstheinducedelectricfield.

Shearactuationmechanism

Thesameaboveapproachis usedfor thecorelayer. ConsideringthatDC1 � 1 is negligible,comparedto DC3 � 3 , equation
(14) also holds here,sinceDC2 vanishes,accordingto (11). Then, using direct effect equation,given in (12), in
conjunctionwith thetransverseelectricfield definition(15), theelectricpotentialin thecoreis shown to belinear in
thethicknessdirection,sincetransverseshearstrainis constant(cf. (5)), i.e.
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ϕC
� ϕ̄C

�
z

ϕ̃C

hC
(19)

whereϕ̄C andϕ̃C arenow themeanandrelativepotentialsof thecorelayerandhC, its thickness.
It is worthwhileto noticehere,thatthesimplifying assumptiononDC1 � 1 leadsto anegligible inducedpotential.
Fromtheaboveequation,thetransverseelectricfield componentin thecorelayeris simply

EC3
� � ϕ̃C

hC
(20)

Here,theelectricfield is constantthroughthecorelayer.

Variational Formulation of the Problem

Thevariationalformulationof theadaptivepiezoelectricsandwichbeamcanbeexpressedas

δT
�

δH
�

δW � 0 (21)

whereδT, δH andδW arethevirtual variationsof kineticenergy, electromechanicalenergyandwork doneby external
forces,respectively. Eachof thesequantitiescanbeexpressedin termsof themainvariablesū, ũ, w, for anactuation
problem[2]. Howeverfor a sensoringproblem,ϕ̃i shouldbeincludedasmainvariable.

Electromechanicalenergyvariation

Startingfrom theelectromechanicalenergy of apiezoelectricmediaof volumeV,

H � 1
2 "

V

�
σε
�

DE 
 dV (22)

thenusingconstitutiveequations(8,12)andstrainandelectricfield relations(4,15),andintegratingthroughthickness,
theaboveequationbecomes

H � HA
�

HB
�

HC (23)

where,

Hi
� 1

2 " L

0 # ci �11Ai
�
εm

i 
 2 � c̄i
11Ii $ εb

i % 2 �
2ei �31Aiεm

i
ϕ̃i

hi

� � i �3 Ai
� ϕ̃i

hi  2 &
dx; i � A � B (24)

HC
� 1

2 " L

0 # cC �33AC
�
εm
C 
 2 � cC �33IC $ εb

C % 2 �
cC

55AC
�
εs
C 
 2 � 2eC

15ACεs
C

ϕ̃C

hC

� � C1AC
� ϕ̃C

hC  2 &
dx (25)

and

c̄i
11
� ci �11

�(' ei �31 ) 2� i �3 (26)

is a newly modifiedelasticconstant. This modificationis now due to the inducedelectricpotentialeffect. Ii and
Ai arethe momentinertia andareaof the i-th layer. Notice that the electromechanicalcouplingfor the faces(i �
A � B) is betweenmembranestrainsandimposedtransverseelectricfield ϕ̃i * hi dueto piezoelectricmodifiedconstants
ei �31. However, for the core it is betweentransverseshearstrainεs

C andappliedtransverseelectricfield, dueto the
piezoelectriccouplingconstanteC

15.
Reorganizationandvariationof H leadsto

δH � " L

0 +-, cA�11AAδεm
Aεm

A

�
cB �11ABδεm

Bεm
B

�
cC �33ACδεm

Cεm
C

�
c̄A

11IAδεb
Aεb

A

�
c̄B

11IBδεb
Bεb

B

��
cC �33ICδεb

Cεb
C

�
cC

55ACδεs
C . � �

eA �31AAδεm
A

ϕ̃A

hA

�
eB �31ABδεm

B
ϕ̃B

hB

�
eC

15ACδεs
C

ϕ̃C

hC

��
eA �31AA

δϕ̃A

hA
εm

A

�
eB �31AB

δϕ̃B

hB
εm

B

�
eC

15AC
δϕ̃C

hC
εs
C � � � � A �3 AA

δϕ̃A

hA

ϕ̃A

hA

�� � B �3 AB
δϕ̃B

hB

ϕ̃B

hB

� � C1AC
δϕ̃C

hC

ϕ̃C

hC �0/ dx (27)
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Theaboveequationholdsfor eitheractuationor sensing;for theformercase,δϕ̃i
� 0 , whereasfor thelatterδϕ̃i 1� 0,

i � A � B � C.
Expression(27)of theelectromechanicalenergy variationcanbesplitedin four parts

δH � δHm
�

δHme
�

δHem
�

δHe (28)

whereδHm , δHe , δHme andδHem arethemechanical,dielectricandpiezoelectriccouplingtermsof δH,

δHm
� 2 L

0 3 ' cA �11AAδεm
Aεm

A

�
cB �11ABδεm

Bεm
B

�
cC �33ACδεm

Cεm
C ) � ' c̄A

11IAδεb
Aεb

A

�
c̄B

11IBδεb
Bεb

B

��
cC �33ICδεb

Cεb
C ) � cC

55ACδεs
Cεs

C . dx

δHme
� " L

0

�
eA �31AAδεm

A
ϕ̃A

hA

�
eB �31ABδεm

B
ϕ̃B

hB

�
eC

15ACδεs
C

ϕ̃C

hC � dx

δHem
� " L

0

�
eA �31AA

δϕ̃A

hA
εm

A

�
eB �31AB

δϕ̃B

hB
εm

B

�
eC

15AC
δϕ̃C

hC
εs
C � dx

δHe
� � " L

0

�
εA �3 AA

δϕ̃A

hA

ϕ̃A

hA

� � B�3 AB
δϕ̃B

hB

ϕ̃B

hB

� � C1AC
δϕ̃C

hC

ϕ̃C

hC � dx

(29)

Strain-displacementrelations(5) aresubstitutedin equation(27) in orderto expressits variationin termsof the
mainvariablesū, ũ, w andϕ̃ only.

δH � " L

0 4 � ' cA �11AA
�

cB�11AB
�

cC �33AC ) ū� � 1
2
' cA �11AA

�
cB �11AB ) ũ� � 1

2
' cA �11AAhA

��
cB �11ABhB ) w� � � eA�31AA

ϕ̃A

hA

�
eB�31AB

ϕ̃B

hB � δū� � �
1
2
' cA�11AA

�
cB�11AB ) ū� �� 1

4

�
cA �11AA

�
cB �11AB

�
cC �33

4IC
h2

C  ũ� � 1
4
' cA �11AAhA

�
cB�11ABhB ) w� � � 1

2

�
eA �31AA

ϕ̃A

hA

��
eB �31AB

ϕ̃B

hB  � δũ� � �
1
2
' cA �11AAhA

�
cB�11ABhB ) ū� � 1

4
' cA�11AAhA

�
cB �11ABhB ) ũ� �� 1

4
' cA�11AAh2

A

�
cB �11ABh2

B

�
4c̄A

11IA
�

4c̄B
11IB ) w� � � 1

2
' eA �31AAϕ̃A

�
eB �31ABϕ̃B ) � δw� � �� �

cC
55

AC

hC

� ũ
hC

�
w�  � eC

15
AC

hC

ϕ̃C

hC � δũ
� �

cC
55AC

� ũ
hC

�
w�  � eC

15AC
ϕ̃C

hC � δw� �� �
eA�31

AA

hA

�
ū� � ũ�

2

� hA

2
w� �  � � A�3

AA

hA

ϕ̃A

hA � δϕ̃A
� �

eB �31
AB

hB

�
ū� � ũ�

2

� hB

2
w� �  �� � B �3

AB

hB

ϕ̃B

hB � δϕ̃B
� �

eC
15

AC

hC

� ũ
hC

�
w�  � � C1 AC

hC

ϕ̃C

hC � δϕ̃C / dx (30)

Kineticenergyvariation

For thesandwichadaptivebeam,thekineticenergy is definedas

T � 1
2 "

V

ρi ' u̇2
i

�
ẇ2

i ) dV; i � A � B � C (31)

whereρi is thevolumicmassdensityof the i-th layerandthedot symbol(.) statesfor timederivationandwi
� w for

i � A � B � C.
Substitutingdisplacementsby theirexpressions(2) andintegratingon thebeam’s thickness,leadto

T � 1
2 " L

0
ρA , AA $ � ˙̄uA 
 2 � ẇ2 % � IA

�
ẇ
 2 5 � ρB , AB $ � ˙̄uB 
 2 � ẇ2 % � IB

�
ẇ
 2 5 ��

ρC , AC $ � ˙̄uC 
 2 � ẇ2 % � ICβ̇2
C
576 dx (32)

We thenmayobtainthevariationof T
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δT � � " L

0 8 ρA 3 AA
�
δūA ¨̄uA

�
δwẅ
 � IAδw� ẅ� . � ρB 3 AB

�
δūB ¨̄uB

�
δwẅ
 � IBδw� ẅ� . ��

ρC , AC
�
δūC ¨̄uC

�
δwẅ
 � ICδβCβ̈C

596 dx (33)

Meandisplacementsaresubstitutedby their expressions(2), in equation(33), in orderto allow equation(33)
to bewritten in termsof themainvariablesū, ũ andw, only

δT � � " L

0 4 � � ρAAA
�

ρBAB
�

ρCAC 
 ¨̄u
� 1

2

�
ρAAA

�
ρBAB 
 ¨̃u

� 1
2
' ρAAAhA

�
ρBABhB 
 ẅ� � δū

�� �
1
2

�
ρAAA

�
ρBAB 
 ¨̄u

� 1
4

�
ρAAA

�
ρBAB

�
ρC

4IC
h2

C  ¨̃u
� 1

2

�
ρAAAhA

�
ρBABhB 
 ẅ� � δũ

�� �
ρAAA

�
ρBAB

�
ρCAC 
 ẅδw

� �
1
2

�
ρAAAhA

�
ρBABhB 
 ¨̄u

� 1
2

�
ρAAAhA

�
ρBABhB 
 ¨̃u

�� 1
4
' ρAAAh2

A

�
ρBABh2

B

�
4 ρAIA

�
4ρBIB 
 ẅ� � δw� / dx (34)

Variation of theworkof externalmechanicalforces

Eachlayerof theadaptivesandwichstructurecanbesubjectedto normalandtransversalsurfaceforcesT i
N andT i

Q and
to normalandtransversalbodyforcest i

N andt i
Q , respectively. Thework dueto theseforcescanbewrittenas

W � � " Ai

' T i
Nui

�
T i

Qw) dAi �0::::
L

0

� " Vi

' t i
Nui

�
t i
Qw) dVi ; i � A � B � C (35)

Usingdisplacementrelations(2) andintegratingthisexpressionon thebeamthickness,weget

W � 3 ' NAūA
�

MAw� � QAw) � ' NBūB
�

MBw� � QBw) � � NCūC
�

MCβC
�

QCw
 . L0 �� " L

0
3 ' nAūA

�
mAw� � qAw) � ' nBūB

�
mBw� � qBw) � � nCūC

�
mCβC

�
qCw
 . dx (36)

whereclassicaldefinitionsof stressresultantsareusedfor point forcesandmoments,

Ni
� " Ai

T i
NdAi � Mi

� "
Ai

T i
N

�
z
�

zi 
 dAi � Qi
� "

Ai

T i
QdAi (37)

for i � A � B � C andzC
� 0 . Also distributedforcesandmomentsaredefinedby

ni
� "

Ai

t i
NdAi � mi

� "
Ai

t i
N

�
z
�

zi 
 dAi � qi
� "

Ai

t i
QdAi (38)

Variationof equation(36)gives

δW � 3 NAδūA
�

MAδw� � QAδw
�

NBδūB
�

MBδw� � QBδw
�

NCδūC
�

MCδβC
�

QCδw . L0 �� " L

0
3 nAδūA

�
mAδw� � qAδw

�
nBδūB

�
mBδw� � qBδw

�
nCδū

�
mCδβC

�
qCδw. dx (39)

anduseof relation(2), givesthefollowing expressionin termsof themainvariables,

δW � � �
NA
�

NB
�

NC 
 δū
� � NA

�
NB

2

� MC

hC  δũ
� � NAhA

�
NBhB

2

�
MA

�
MB  δw� �� �

QA
�

QB
�

QC 
 δw; L0 � " L

0

� �
nA
�

nB
�

nC 
 δū
� � nA

�
nB

2

� mC

hC  δũ
� � nAhA

�
nBhB

2

��
mA

�
mB 
 δw� � � qA

�
qB
�

qC 
 δw. dx (40)
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Variational formulationof theactuationproblem

For theactuationproblem,ϕ̃i is known (imposed),hencetheirvariationsδϕ̃i vanish.It is clearthenthatδHe andδHem

, definedin (28,29)alsovanishandequation(28) reducesto

δH � δHm
�

δHme (41)

Substitutionof this relationin (21)gives

δHm
�

δT � δW
�

δHme (42)

whereδHme canbeseenasa virtual work of inducedelectricforcesandmoments.It canalsobe interpretedasthe
work of “initial” electricalstresses.

In summary, thepiezoelectriceffect appearsin themodificationof thebendingbehavior throughthemodified
elasticconstants̄ci

11 , presentin δHm , andin anadditionalequivalentwork of electricalforcesδHme . Consequently,
thereis no needfor electricaldegreesof freedomfor thefinite elementformulation,which will bebasedon equation
(42). It is alsoworthy to noticethat, for an actuationproblem,electricalboundaryconditionsaffect the equivalent
electricwork only throughthemodificationof theelectric“initial” electricstate.

The practicalcaseof symmetricconstruction(identicalsurfacelayers)wasbriefly discussedin [2] andde-
tailedin [4]. In particular, it wasfoundthat themainfundamentaldifferencebetweenextensionandshearactuation
mechanismsis thattheformeractsthroughboundarypointaxial forcesandbendingmoments;whereas,thelatteracts
throughdistributedinterfaceshearforcesandbendingmoments[4].

FINITE ELEMENT FORMULA TION

Theaim of this sectionis to presentthefinite elementformulationfor the actuationproblem. As the variationsare
written in termsof themainvariablesū, ũ andw, Lagrangelinearshapefunctionswereusedfor ū, ũ, sincethey are
C0-continuous,andHermitecubiconesfor w, sinceit is C1-continuous.

Usingequation(29.1),thediscretizedform of thevariationδHm canbewrittenas

δHm
� δqTKq (43)

whereK is thestiffnessmatrixof theadaptivesandwichbeam,givenby,

K � " L

0
3 cA �11AABT

AmBAm

�
cB �11ABBT

BmBBm

�
cC �33ACBT

CmBCm

� ' c̄A
11IA

�
c̄B

11IB ) BT
ABbBABb

��
cC �33ICBT

CbBCb

�
cC

55ACBT
CsBCs. dx (44)

andq is thedof-vectordefinedby
q � 3 ū1 � ũ1 � w1 � w�1 � ū2 � ũ2 � w2 � w�2 . T (45)

T statesfor transposeoperationandBi j , i � A � B � C, j � m� b � s aredeformationmatricesfor membrane,bendingand
shear, respectively.

Discretizationof thekineticenergy variation(33) is,

δT � δqTMq (46)

whereM is themassmatrixof theadaptivesandwichbeamelement,

M � " L

0
3 ρAAABT

AtxBAtx

�
ρBABBT

BtxBBtx

�
ρCACBT

CtxBCtx

� �
ρAAA

�
ρBAB

�
ρCAC 
 BT

tzBtz

�� �
ρAIA

�
ρBIB 
 BT

ABrBABr

�
ρCICBT

CrBCr . dx (47)

andBi j , i � A � B � C, j � tx � tz� r aretranslationin x andz directionsandrotatoryderivative operatorsfor upperand
lower facesandcore,respectively. q̈ is theaccelerationvector.

Equation(39)of theexternalforceswork is discretizedasfollows

δW � δqTFm (48)
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whereFm is themechanicalexternaldistributedforces/momentsvector

Fm
� " L

0
3 nABT

Atx

�
nBBT

Btx

�
nCBT

Ctx

� �
qA
�

qB
�

qC 
 BT
tz

���
mA

�
mB 
 BT

ABr

�
mCBT

Cr . dx (49)

Theequivalentelectricwork (29.2)canbediscretizedasfollows.

δHme
� δqTFe (50)

whereFe is theinducedelectricforces/momentsvector

Fe
� " L

0

�
eA�31AA

ϕ̃A

hA
BT

Am

�
eB �31AB

ϕ̃B

hB
BT

Bm

�
eC

15AC
ϕ̃C

hC
BT

Cs� dx (51)

Using(43,46,48,50),equation(42),expressedin matrix form reducesto solvethefollowing linearproblem

Mq̈
�

Kq � Fm
�

Fe (52)

Stiffness(44)andmass(47)matricesandmechanical(49)andinducedelectric(51) force/momentvectorswerefirstly
evaluatedexactly (i.e.,analytically).However, a shearlocking wasobservedwhenthecoretendsto bethin. To solve
thisproblem,thelasttermof equation(44),correspondingto theshearstiffnesswasintegratednumericallywith only
two-pointquadraturerule insteadof three-pointexactnumericalintegration.All remainingintegralswerekeptexactly
integrated.Goodresultshave thenbeenobtainedevenfor thin coresasit will beshown in thesubsequentsection.

VALID ATION OF THE FINITE ELEMENT MODEL

A sandwichbeamfiniteelementcapableof treatingbothshearandextensionactuationmechanisms, wasimplemented.
In orderto validateit, comparisonsbetweenpresentelementresultsandanalyticalandnumericalresultsfoundin the
literature,weremade. Analytical andnumericalresultsfor staticactuationof continuous[19] andsegmented[15]
configurationsof cantileverbeamswerepresentedby SunandZhang([15],[19]). Modalanalysisof segmentedconfig-
urationof cantileverbeamswerepresentedby Lin etal. [12]. For all cases,in theextensionactuationmechanism, top
andbottomlayersaresupposedto bePZT5Hpiezoelectricmaterialandthecentralcoreto beAluminium. Whereas,
for the shearactuationmechanism, top andbottomlayersareassumedto beAluminium andthe centralcoreto be
composedof a smallpatchof PZT5Hpiezoelectricmaterialand,coveringtherestof thecore,a rigid foammaterial.
Materialspropertiesaregivenin theAppendix.

PZT-5H ActuatorFoam

Aluminium

Aluminium

h/2

h/2

2t

d

h

L
a

Aluminium

a) Shear Actuation Mechanism b) Extension Actuation Mechanism

t

c

cd

PZT-5H Actuator

Figure3: Cantileversandwichbeam,shearandextensionactuationmechanisms.

Static Analysis

Thegeometricconfigurationsof bothactuationmechanismsarepresentedin figure3 with L � 100mm, h � 16 mm
andt � 1 mm. Beamsareclampedatx � 0 andfreeatx � L. In orderto bendthebeam,voltagesareappliedat topand
bottomsurfacesof piezoelectriclayers,inducingbendingelectricforces.For theshearactuationmechanism, voltage
appliedto thepiezoelectriccorehasavalueof V � 20V, andfor theextensionactuationmechanism, voltagesapplied
to surfaceactuatorsareV �=< 10V.

Asafirstanalysis,thedeflectionof bothbeamsfor thecontinuouscase,thatis,with actuatorshaving thebeam’s
length,wasevaluatedandcomparedto analyticalresultsof [19]. In thiscase,for theshearactuationmechanism, there
is no rigid foamsincethepiezoelectricactuatoroccupiesall thecorelayer.
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Figure4: a) Transversedisplacementof thebeam.b) Deformedconfigurationof thebeam.
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Figure5: a) Transversedisplacementof thebeam.b) Deformedconfigurationof thebeam.

Finiteelementresultsfor thetransversedisplacementof theshearactuatedbeammatchverywell with thetheoretical
solution[19] (Figure4.a). A representationof themagnifieddeformedconfigurationof thebeamis drawn in figure
4.b to show how the actuationof the piezoelectriccorecausesthe bendingof the sandwichbeam. Finite element
resultsfor the transversedisplacementof theextensionactuatedbeammatchvery well with the theoreticalsolution
[19] (Figure5.a). A representationof themagnifieddeformedconfigurationof thebeamwasdrawn in figure5.b to
show how theactuationof thepiezoelectricsurfacelayerscausesthebendingof thesandwichbeam.

As a secondanalysis,actuator’s positionis setto vary. In eachcase,shearactuatedbeam’s tip displacement
inducedby appliedelectricforcesis evaluated.Actuator’s lengthis fixedata � 10mmandactuator’spositionis setto
vary in therange[10,90]mm. It canbeseenin figure6, thatpresentfinite elementresultsshow verygoodagreement
with finite elementresultspresentedby [15], usinga commercialfinite elementcode.
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Figure6: Beam’s tip transversedisplacementfor severalactuator’spositions.

Modal Analysis

Naturalmodesandfrequencieswereevaluatedfor bothshearandextensionactuationmechanisms. Sinceit wasnot
foundin theliteratureevaluationof eigenfrequenciesandmodesfor theshearactuationmechanism, only theextension
actuationmechanismnumericaleigenfrequencieswerecomparedto analytical[12] ones. Naturalfrequencieswere
alsogivenin table1 for theshearactuationmechanism. Materialdataarethesameaspresentedin [12] andgeometric
parametersareL � 50mm,h � 2 mm,t � 0 � 5 mm,dc

� 11mmanda � 20mm. Theequivalentshearactuationbeam
is representedby figure3.a. A graphicalrepresentationof thefirst threebendingmodesis shown in figure7. It can
beseenthatin all threebendingmodes,actuator’sdeformationis lower for theshearactuationmechanism. Thefinite
elementresultsfor thenaturalbendingfrequenciesshowedgoodagreementwith analyticalones(Table1).

freq.1 freq.2 freq.3 freq.4 freq.5
Shearactuation PresentFEresults 989 3916 8374 17416 26025

PresentFEresults 1084 4430 12422 23499 38014
Extensionactuation Analytical results[12] 1030 4230 12000 23500 38500

Error (%) 5.24 4.73 3.52 -0.00 -1.26

Table1: First fivenaturalbendingfrequencies(Hz) for shearandextensionactuatedcantileverbeam.

Mode #1: 989 Hz Mode #2: 3916 Hz Mode #3: 8374 Hz

Mode #1: 1084 Hz Mode #2: 4430 Hz Mode #3: 12422 Hz

Figure7: Naturalbendingmodesandfrequenciesfor shearandextensionactuationmechanisms.
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CONCLUSIONS

A theoreticalformulationandfinite elementimplementationof a new adaptive unsymmetricsandwichbeammodel
werepresentedandvalidated,for bothextensionandshearactuationmechanisms. Mechanically, themodelis based
on Bernoulli-Eulerassumptionsin the facesandTimoshenko hypothesesin the core. Rotatoryinertia effectswere
consideredfor all layers.Electrically, theelectricpotentialwasfoundto bequadraticfor extensionactuationmecha-
nism(piezoelectricfaces)andlinearfor shearactuationmechanism(piezoelectriccore).Besides,thesandwichbeam
wassupposedto be shortcircuited,i.e., electricpotentialswereimposedon upperandlower facesof piezoelectric
layersandnaturalboundaryconditions(free-charge)wereassumedon theremaininglateralboundaries.

It wasfound thatpiezoelectriceffectsmodify thebendingstiffnessof thesandwichbeamdueto the induced
potentialsand inducea sort of “initial” electricstress-statewhich canbe seenalsoasa generalizedelectric forces
work. For theactuationproblem,all energy andwork variationsarewritten in termsof threemainvariables;namely,
meanandrelative axial displacementsof theupperandlower core’s skinsandthetransversedeflectionof thebeam.
Augmentedby the bendingBernoulli-Eulerrotation,thesearethe only finite elementdof, i.e., therewasno useof
additionalelectricdof.

The presentadaptive sandwichfinite elementwas usedto study static deflectionof a cantilever sandwich
beamunderextensionandshearactuationconditions. The obtainedresultsshow goodcomparisonsto the analytic
resultsfoundin the literature.Deformationsof thesandwichbeamwerealsoshown to illustratebothextensionand
shearactuationmechanisms. It wasalsofound that the inducedpotentialin the facesincreasesthe rigidity of the
globalstructure.Dynamicanalysisof bothactuationmechanismswasalsopresented,throughevaluationof natural
bendingfrequenciesandmodes.Numericalresultsshowedgoodagreementwith analyticalones.Vibrationmodesare
equivalentin bothmechanisms;neverthelessshearactuatorsarelessdeformedthanextensionones.

Carefulcomparisonsof two cantilever beamswith equivalentgeometricalandmaterialpropertiesandunder
equivalentelectricalboundaryconditions,indicatethattheshear-actuatedbeamis lessdeformed(smallertip’s maxi-
mumtransversedisplacement).Hence,thebendingstressis alsosmallerwhichis anadvantagefor brittle piezoceram-
ics. Theshearactuatormechanisminducesalsoextra shearstrainswhich areanotherbenefitfor energy dissipation
purposes.

Thepresentwork is beingextendedto implementthesensoringcapacityof theadaptivesandwichbeamin order
to studyactivecontrolapplications.A secondadaptivesandwichbeammodel,takinginto accounttheextra-sheardue
to thesliding of thefacesagainstthecore,is alsobeendevelopedin orderto augmentenergy-dissipationcapacityof
thebeam[5].
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APPENDIX

Constitutive Equations. For transverselypolarizedpiezoelectricmaterial,converseanddirect effectsconstitutive
equationshave thefollowing form�>>>>>>>>>>>>�

σ1

σ2

σ3

σ4

σ5

σ6

D1

D2

D3

�@????????????� �
�>>>>>>>>>>>>�

c11 c12 c13 0 0 0 0 0
�

e31

c12 c22 c23 0 0 0 0 0
�

e32

c13 c23 c33 0 0 0 0 0
�

e33

0 0 0 c44 0 0 0
�

e24 0
0 0 0 0 c55 0

�
e15 0 0

0 0 0 0 0 c66 0 0 0
0 0 0 0 e15 0 � 1 0 0
0 0 0 e24 0 0 0 � 2 0

e31 e32 e33 0 0 0 0 0 � 3

�@????????????�
�>>>>>>>>>>>>�

ε1

ε2

ε3

ε4

ε5

ε6

E1

E2

E3

�@????????????� (A1)

whereσ, ε, D andE arestress,strainsymmetrictensorsandelectricdisplacementandfield vectors.ci j , ekj
�
i � j �

1 �A������� 6
 and � k, � k � 1 � 2 � 3
 denote,respectively, elastic,piezoelectricanddielectricmaterialconstants.
If apiezoelectricmaterialis poledin its axialdirection(1 or x), its constitutiveequationscanbeobtainedfrom

(A1), througha90o rotationaroundtheseconddirection(2 or y) followedby a180o rotationaroundthethird direction
(3 or z). Applying successively theserotationsto (A1), weget,[9]�>>>>>>>>>>>>�

σ1

σ2

σ3

σ4

σ5

σ6

D1

D2

D3

�@????????????� �
�>>>>>>>>>>>>�

c33 c23 c13 0 0 0
�

e33 0 0
c23 c22 c12 0 0 0

�
e32 0 0

c13 c12 c11 0 0 0
�

e31 0 0
0 0 0 c66 0 0 0 0 0
0 0 0 0 c55 0 0 0

�
e15

0 0 0 0 0 c44 0
�

e24 0
e33 e32 e31 0 0 0 � 3 0 0
0 0 0 0 0 e24 0 � 2 0
0 0 0 0 e15 0 0 0 � 1

�@????????????�
�>>>>>>>>>>>>�

ε1

ε2

ε3

ε4

ε5

ε6

E1

E2

E3

�@????????????� (A2)

Material Properties

Aluminium. Density:ρ � 2690kg m� 3; Youngmodulus:E � 70� 3 GPa;Poisson’scoefficient: ν � 0 � 345.
RigidFoam. Density:ρ � 32kg m� 3; Youngmodulus:E � 35� 3 MPa;Shearmodulus:G � 12� 76MPa.
PZT5H.
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c �
�>>>>>>� 12� 6 7 � 95 8 � 41 0 0 0

12� 6 8 � 41 0 0 0
12� 6 0 0 0

2 � 33 0 0
sym 2 � 3 0

2 � 3
�@??????�CB 1010 N m� 2

e � ��
0 0 0 0 0 17
0 0 0 0 17 0�
6 � 5 �

6 � 5 23� 3 0 0 0

��
C m� 2 ; � � ��

1 � 503 0 0
0 1 � 503 0
0 0 1 � 3 �� B 10� 8 F m� 1

Piezoelectricmaterialof themodalanalysisproblem.

Density:ρ � 7730kg m� 3

c �
�>>>>>>� 12� 8 6 � 6 6 � 6 0 0 0

12� 8 6 � 6 0 0 0
11� 0 0 0 0

2 � 1 0 0
sym 2 � 1 0

2 � 1
�@??????�CB 1010 N m� 2
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