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A Unified BeamFinite ElementModel for Extensionand Shear
PiezoelectricActuation Mechanisms
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Structual Medhanicsand CoupledSystem&aboratory, CNAM, 2 rue Cong, 75003, Paris, France

ABSTRACT: This paperpresents finite elementmodelfor adaptve sandwichbeamso dealwith eitherextension
or shearactuationmedanism The former, correspondgo an elastic core sandwichedbetweentwo trans\ersely
polarizedactive surfacelayers,whereasthe latter, consistsof an axially polarizedcore, sandwichedetweentwo
elasticsurfacelayers.For bothconfigurationsanelectricfield is appliedthroughthicknessof thepiezoelectridayers.
The mechanicalmodelis basedon Bernoulli-Eulertheoryfor the surfacelayersand Timoshenk beamtheoryfor
thecore. It usesthreevariablesthrough-thicknessonstandeflection,andthe meanandrelative axial displacements
of the core’s upperand lower surfaces. Augmentedby the bendingrotation, theseare the only nodal degreesof
freedomof the proposedwo-nodeadaptve sandwichbeamfinite element.Thepiezoelectrieffectis handledhrough
modificationof the constitutve equationwheninducedelectricpotentialis takeninto accountandadditionalelectric
forcesandmoments The proposedinite elemenimodelis validatedthroughstaticanddynamicanalysisof extension
and shearactuated continuousand seggmented cantilever beamconfigurations. Finite elementresultsshov good
comparisorwith thosefoundin theliterature andindicatethatthe newly definedshearactuationmedanismpresents
severalpromisingfeaturesover corventionalextensioractuationmedanism particularlyfor brittle piezoceramicsse
andenegy dissipatiorpurposes.

INTRODUCTION

Sincethe discovery of their reverseeffect (actuationeffect), piezoelectricmaterialsare widely usedfor noiseand
vibrationactive structuralcontrol ([1],[8],[9],[16]). Crawley andde Luis [6] presentediniform-strainandBernoulli-

Eulerbendinganalyticmodelsfor sggmentedpiezoelectriactuatorghatareeitherbondedo anelasticsubstructurer

embeddedh alaminatedcompositelt wasfoundthattheforceappliedby theactuatorsonsistof a passve stiffness
componentueto the presencef the actuatoranda voltagedependentomponentelatedto theforcetransmittedby

the piezoelectriactuatorto the structure. Thesemodelswerelatercomparedo moredetailedfinite elementmodels
which highlightedthe presenceof materialshearin the actuatorsandstructureq7]. The deviation from Bernoulli-

Euler modelwasjudgedto be significantfor shorter thicker actuatorsandfor thick beamswherethe influenceof

materialsheawasgreatest.

Consideringinertia and stiffnessof surface-boundegbiezoelectricmaterialsand including effects of rotary
inertiaandsheardeformation,yangandLee ([17],[18]) developeda steppeheammodelto investigateanalytically
theinteractionof structurevibrationandpiezoelectriactuationunderclosed-circuitonditions.Their analysisshovs
that a generalizedstiffnessfrom electromechanicatouplingis inducedin the structuresystemby the interaction,
which leadsto differentnaturalfrequeng predictionscomparedvith thoseat open-circuit.

The effect of couplingbetweerongitudinalandbendingdeflectionson the vibration of piezoelectricallysen-
sored/actuatetheamswas investigatedoy HermanShen([10],[11]) througha Timoshenlk beamtheory A one-
dimensionafinite elementformulationwasalsopresentedconsistingof two finite elementf two dof/nodefor the
beamandfive dof/nodefor the piezoelectriadevices,assembledby a specialprocedureo satisfythe compatibility
requirementsn the vicinity of the interfacesbetweenthe piezoelectricdevices and the main structure. Two addi-
tional nodalpotentialdofswereusedfor the piezoelectridinite elementandthe bendingdeflectionwaschosercubic
whereadongitudinaldeflectionandshearangleweretakenlinear

Althoughmentionedy [14], only recently a comparatie studyof a cantilereredbeam constructedisingthe
sheamodeof piezoelectrianaterialsandthe correspondingurface-mounteéctuationstructure was performedby
SunandZhang[15] usinga commerciaffinite elementanalysiscode. It was concludedthat, for vibration control,
the sandwichbeamis more suitablefor high-frequeng and small amplitudecase;whereas the surface-mounted
actuationstructuremay be usedfor the oppositecase.However, from the weight considerationthe sandwichbeam
was found more efficient than the surface-mountedctuationstructure. Theseresultshave beenconfirmedlater,
throughatheoreticaformulation[19]. It wasretainedthatthe greatesadvantageprovidedby the adaptie sandwich
beamis its lower stressef the actuatorandalongtheinterfacebetweerthe actuatorandthe hoststructure. This fact



wasseeno minimizedebondingproblemsandareknown to contributeto the structuralintegrity of theactuator

Surface-mountegbiezoelectricactuatorsare known to inducelongitudinalstrains;this definestheir usualex-
tensionactuationmedhanism(Figurel.a). However, sandwichegiezoelectrianaterialscouldinducetrans\erseshear
strains providedthatappliedelectricfield andpoling directionareperpendicularthis is thelessknown shearactua-
tion medanism(Figure1.b). Althoughthe so-calledextensionactuatechdaptve structuresvereextensiely studied
in theliterature shearactuatedsmartstructuresaremuchlessinvestigated.
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a) extension actuation mechanism

undeformed sandwich smart beam bended sandwich beam due to shear actuation
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Figurel: Piezoelectri@actuatiormechanisms.

It is the objective of thepresentvork to presentinadaptve sandwichbeamfinite elementcapableo dealwith
eitherextensionor shearactuationmedanisms To this end, all layersare considerecpiezoelectricbut the poling
directionis supposegbarallelto thetrans\erselyappliedelectricfield for thefacesandin thelongitudinaldirectionfor
the core,i.e., perpendiculato the appliedelectricfield. Beside the facesareassumedinsymmetricthin andresist
membraneand bendingstresse®nly (Bernoulli-Eulerbeams) whereaghe coreis supposedo be relatively thick
andcanresistmembranependingandshearstresse¢Timoshenk beam). Parametricstudies4] indicatethatthese
hypothesegmply thatthe coreshouldbe softerthanthefacesandthick enoughto produceshearstressesandthatthe
piezoelectricactuatoraremoreperformanfor stiffer andthinnercontrolledstructureslt wasalsoshown in [4] that
thereexist optimalvaluesof facedo corestiffnessandthicknesgatiosfor maximuminducedbendingof thestructure.
Thekinematicgs entirelydescribedy thetrans\ersedeflectionand,themeanandrelative longitudinaldisplacements
of theupperandlower skinsof the core. Augmentedoy thefirst deflectionderivative, thesearetheonly nodaldegrees
of freedom(dof) of the adaptve sandwichelement,i.e., thereis no needto introduceadditionalelectricdofs. The
major contritutions of the presentwork over that of Zhangand Sun[19] are (i) the main variablessetto describe
the kinematicsandthefinite elementdegreesof freedomabove, (ii) the morecarefulanddetailedformulationof the
electricalproblemfor both actuationmechanismsn particularthe inducedpotentialwhich is takeninto accountfor
the extensionactuatiormechanisnandthedescriptiorof thekind of electricloadsinducedby theimposedpotentials
for bothactuatiormechanismg(jii) the uniform finite elemenformulationwhichis presentedor thefirst timeto the
authorsknowledge.No finite elemenformulationsweredevelopedneitherin [15] norin [19].

THEORETICAL FORMULATION

The presensandwichadaptie beammodelis basedn thefollowing assumptions,

1. Mechanicablndelectricalquantitiesaresuficiently smallsothatlineartheoriesof elasticityandpiezoelectricity
apply.

2. Elasticandpiezoelectrianaterialsusedhereare consideredrthotropicwith axesof materialsymmetrycoin-
ciding with the sandwichbeamaxes.

3. Piezoelectridayershave their upperandlower skinsfully coveredwith electrodes.

Perfectbondingoccursbetweerayersof the sandwichstructure.

5. Trans\ersedeflectionof all layersis the sameat ary givenlocationin thebeamthickness.
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6. All layersaresupposedo bein planeelectricalanddeformationstates Moreover, trans\ersestresscomponent
is consideredgmallcomparedo otherstrescomponentandcanbe neglected.

7. Thesandwichbeamfacesare supposedo behae asBernoulli-Eulerbeamsandcanbe eitherelasticor piezo-
electric,poledalongthethicknesdlirection. They alsomayhave differentgeometricaandmaterialproperties,
i.e.,thesandwichconstructiorcanbe unsymmetric.

8. The sandwichbeamcoreis considereda Timoshenk beamand canbe eitherelasticor piezoelectricwith a
poling directionparallelto the longitudinaldirection.Rotatoryinertiaeffectsarealsoincorporated.

Kinematics Description

Thanksto theabore assumptionandto thekinematicsllustratedon Figurel, this sectionwill shawv thatall mechani-
cal quantitiegdisplacementsstrains,enegies,...) canbewritten in termsof thetrans\ersedeflectionrw andthemean
uandrelative i longitudinaldisplacementsf the upperandlower skinsof the core,definedas,

— ut+u _
=lc=——F—;0=hpc=u"—u 1)
whereuc, Bc, he, U™ andu~ are,respectiely, the meandisplacementbendingrotation, thicknessof the coreand
axial displacementsf upperandlower skinsof the corelayer(Figure2).

<

O:_

o

Figure2: Representationf the sandwichbeamkinematics.

Displacementield equations

Startingwith linearlongitudinaldisplacementfor eachlayer, enforcingthe interfacedisplacementontinuity condi-
tionsandusingthe above definitions(1), longitudinaldisplacement@ the upper(A), lower (B) andcore(C) layers,
respectiely, are

Up=Up— (Z—Za)W

Ug = Ug — (z— zB)W 2
Uc = uc +ZBc
where, .
LTA:LT-I-g—h—;V\/
- 3
Go=i—2 4 By
B2 72
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Theprime’ denoteghefirst derivative with respecto thelongitudinaldirectionx.
Strain-displacementelations

Substitutingequationq2) in the usualstraindisplacementelationsfor eachlayer, leadsto the following axial and
shearstrainexpressiongor theupper lowerandcorelayers,

En = Ex+ (2 Z)E3
ep1 = €5+ (2 )€} @
gc1 = €0+
€c5 = €2
wherethe superscriptsn, b ands indicate, respectrely, membranebendingandsheargeneralizedtrains. Thesecan
bewrittenin termsof the mainthreevariablesu, G andw, as

m_ 0 ha /i b 1
8A=U+§—7W’; ek =—w’;
0 hs ,
gg=Uu—=+—-w,; e=-w; (5)
2 2
a’ a
el =1, SE;:E; s(s::h—c+m/

Plane-StressReducedConstitutive Equations

An orthotropicpiezoelectriomaterialwith materialsymmetryaxesparallelto the beamaxesis considerechere. Its
elastic,piezoelectricand dielectricmaterialconstantsare denoted respectiely, Gjj, & (i,j = 1,...,6) ande, (k=
1,2,3). For both extensionandshearactuatedayers,a trans\erseelectricfield is applied. However, facesandcore
layersaretreatedseparatelysincethey have differentpoling directions.

Extensioractuationmedanism

For this case thefacesarepoledin thethicknesdirection,i.e., parallelto the appliedelectricfield. Mechanicaland
electricalassumption$or thefacespresente@arlier canbe expressednathematicallas,

O3=6& =& =¢=6=E1=E>=0 (6)
whereo, € andE are stress,strain symmetrictensorsand electricfield vectors. Consequentlyusing constitutve
equationgAl, cf.Appendix),thefollowing relations,alsohold

O'4=O'5=O'GID1:D2:O (7)

Hence constitutve equationsaarereducedo

O1 | _|Cy —€ €1 8
F Ry ®
whereD is theelectricdisplacementectorand,

2

Ci3 . Ci3 . 1
C’ilzcll——3,%lzesu——ess,e;:eﬁ—e% 9)
C33 C33 Ca33

This modificationis only dueto the planestressassumptior{os = 0); othernonvanishingcomponents, and
€3 do not contritute to the electromechanicaénegy. Notice that the electromechanicatouplingis betweenaxial
strainandtrans\erseelectricfield componenbnly. Thisis the basicfoundationof the extensionor surface-mounted
actuators.

Shearactuationmedanism

Usingcore’s mechanicahndelectricalassumptionghatcanbewritten as

O3=g=g,=6=E1=E,=0 (10)
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leadsto thefollowing relations accordingo constitutve equationgA2, cf.Appendix),

04=0=D2=0 (12)

Hence three-dimensionalonstitutve equationgseduceto,

01 c;3 O 0 €1
os |=| 0 cs5 —es €5 (12)
D3 0 e €1 Es
where,
e o
C11

This modificationis alsodueto the planestressassumptiorfor the core (o3 = 0). Noticethatthe electrome-
chanicalcouplingis betweershearstrainandtrans\erseelectricfield componenbnly. Thisis the origin of the newly
definedconcepibof shearactuationmedianism

Electric State Description

This sectionaimsto definethe electricpotentialform in the facesandin the corefor extensionandshearactuation
medanismsElectricfield equationsrethendeducedor eachcase Dueto thedifferentelectricbehaior of thefaces
andthecore,extensionandshearactuationmedanismsarealsostudiedseparately

Extensioractuationmedanism
For freevolumic chagedensityassumptionthe electrostati@quilibriumequationof thei-th facelayerreducegso

Diz3=0 (14)
sinceDj; = Dj2 = 0, accordingo equation(7). Axial strainsandelectricfield, writtenin termsof axial andtrans\erse
displacementandthe electricpotential respectrely, are

&1 = U — (z—2)W';Eiz = —0,0i (15)

Theseequationscombinedwith direct effect equationgivenin (8), andincludedin (14), leadto a quadratic
electricpotentialform in thefaces,

R~ N 4z—z)*\ h?2 €5
0=+ -2+ (1- ) TS (16)
where .
R (17)

¢:" and¢; areprescribecelectricpotentialson the upperandlower skinsof thei-th face,respectiely andh; is the
i-th facethicknessHence $; and®; statefor the meanandrelative (or difference)potentialof thei-th face.

As wasshavn in a previouspaper13], theelectricpotentialin thefaces givenby (16), is thesumof alinear
part,entirelydeterminedhroughthe prescribegotentialsh* , anda quadratigoart, proportionato the beambending
strain. Thelatterpartrepresentsheinducedpotential,oftenneglectedin theliterature.It depend®n geometricabnd
materialproperties.

Fromequation(16) trans\erseelectricfield componenten the upperandlower facesare

Ei3=—@+(z—zi)%v\/’; i=AB (18)
h; €3
Noticethattheelectricfield is linearin thefaces.Thesecondartof (18) is oftenneglectedin theliterature.lt

representtheinducedelectricfield.
Shearactuationmedanism

Thesameabove approactis usedfor thecorelayer. ConsideringhatDc; 1 is negligible, comparedo Dcs 3, equation
(14) alsoholds here,sinceDc, vanishesaccordingto (11). Then, usingdirect effect equation,givenin (12), in
conjunctionwith thetrans\erseelectricfield definition (15), the electricpotentialin the coreis shavn to belinearin
thethicknesdirection,sincetrans\erseshearstrainis constan{cf. (5)), i.e.



be

¢c—¢c+2 ho (19)

wheredc andc arenow the meanandrelative potentialsof the corelayerandhg, its thickness.
It is worthwhileto noticehere thatthe simplifying assumptiormn D¢y 1 leadsto anegligible inducedpotential.
Fromtheabove equationthetrans\erseelectricfield componenin thecorelayeris simply

oo =1 (20)
Here,theelectricfield is constanthroughthe corelayer.
Variational Formulation of the Problem
Thevariationalformulationof the adaptve piezoelectriccandwichbeamcanbe expresseas
OT—dH+dW =0 (21)

wheredT, 0H anddW arethevirtual variationsof kinetic enegy, electromechanicanegy andwork doneby external
forces,respectiely. Eachof theseguantitiescanbe expressedn termsof the mainvariablesu, G, w, for anactuation
problem[2]. Howeverfor a sensoringproblem,d; shouldbeincludedasmainvariable.

Electomedanicalenegy variation

Startingfrom the electromechanicanegy of apiezoelectrianediaof volumeV,
1
=5 / (0e— DE)dV 22)

thenusingconstitutve equation$8,12)andstrainandelectricfield relationg(4,15),andintegratingthroughthickness,
theabove equatiorbecomes

H =Ha+Hg+Hc (23)
where,
Hi = 2/ lcn +c11|,( .b) +2@Aa,mﬁl' S A (%‘ﬂ dx, i=AB (24)
A [CssAC o+ le (58) + e ()7 + 2eiacet 1 — e 1 ] & @)
and
S (és*) (26)

€3
is a nevly modified elasticconstant. This modificationis now dueto the inducedelectric potentialeffect. I; and
A arethe momentinertia and areaof thei-th layer Notice that the electromechanicatouplingfor the faces(i =
A, B) is betweermembranestrainsandimposedrans\erseelectricfield §; /h; dueto piezoelectrianodifiedconstants
e;;. However, for the coreit is betweertrans\erseshearstraineg andappliedtranserseelectricfield, dueto the
piezoelectricr:ouplingconstane‘fs.

Reoganizatiorandvariationof H leadsto

L
oH = /o { [ 11ARDERER + C?IAB&QEE] + CSSAC6€CEC +cf |A65A8A + C11|858|38|3+

+ lodelel +obacted] + |himBeR e + BiAaded e

o e
+ %‘IAAhi:s%eslAs ?

+ fActet

B
88 + e15AC

5:: ] [A*AA??AA ﬁA N

B*AB__ +

_+_

obs §s 1AC6¢’C ¢c] } dx 27)
hc
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Theabove equatiorholdsfor eitheractuationor sensingfor theformercased§; = 0, whereador thelatterd; # 0,
i=AB,C.
Expression(27) of theelectromechanicanepgy variationcanbesplitedin four parts
8H = 8Hm + SHme+ SHem+ 8He (28)
wheredHr, , dHe , 8Hme anddHem arethe mechanicaldielectricandpiezoelectricouplingtermsof &H,
SHm = [fo [(cAANBENED + cBiAsBeReD + c5ACOeRED) + (Cpy1adeReR + B 1ndeRel +
+  c§5lcoeRel) + cSACBE ed] dx
SHme = / [e@lAAés,T ﬁA + eglAE;aSamqu + €SS épc]
(29)
0
dHem= / [e@lAA ¢AsA + eEIABESB + elSAc <]ic ] dx

_ < p OPa ¢A oPs s dhc fc
6He_—/0 [ AaAEE 4 pg T B 1AC——] dx

Strain- displacememelations(5) aresubstitutedn equation27)in orderto expressts variationin termsof the
mainvariablesu, G, w and only.

oH

S { | (chima e cBima + ic) 0+ 5 (chima—Fime) - 3 (chimah +
— cBiAghs) V\/’+e§1AA ~+ e A — ] [ i An— CEAs) U

v g (cﬁAA+c?iAa+cg§h—2) 0 % (chiAaha + CEiAshe) W' + & (eglAA

_ %AB@B)] [ (s Aaha — cSiAghe) U7 %(cﬁAAhA—l—cE‘IABhB) i +

- (chiAth + it + 45+ AW+ (iAeta - Fiodo) | o'+

+ [cgsfi (hc+vxl)+e15ﬁ§?£]6u+ [055A0< +vx/)+e15Ac¢C]6vxl+
+ [e@{— (G’ %— —W’) A*AA éA] oA+ [e?l < —%Jrh—ZBW’) +
_ g*ﬁg%] 5 + [e‘fsAhz (h‘j +V\/> egﬁcﬁ‘é] 5qsc}dx (30)

Kinetic enegy variation

For the sandwichadaptve beam thekinetic enepy is definedas
T:%/pi (Z+WP) dV; i=AB,C (31)
\Y

wherep; is thevolumic massdensityof thei-th layerandthedot symbol(.) statedfor time derivationandw; = w for
i=AB,C.
Substitutingdisplacementby their expressiong2) andintegratingon the beams thickness|eadto

B 2/ PA | A UA +W2)+|A( )]+pB[AB<(UB)2+V\,2>+|B(W)2]+

+ Pc [Ac ((l'J_c)2+W2) + |CB%] }dX (32)

We thenmay obtainthevariationof T



L
or = _/O {pA [AA (6LTAD_A + 6\NW) + |A6\A/W:| +pPB [AB (6LTBE]_B + 6\NW) + |36\N’W] +

+ pc [Ac (dUcUc + dw) + |C5Bcf5c] } dx (33)

Meandisplacementaresubstitutedby their expressiong2), in equation(33), in orderto allow equation(33)
to bewrittenin termsof themainvariablesu, G andw, only

NI =

L - 1 . _
oT = _/o { [(pAAA'f‘ PBAB + PcAc) U+ > (PaAA— pBAB) U— = (PaAAhA — pBABhB)W] du+

4lc
he

he

) 1 -1
+  (paAa+ PBAB + PcAc) WOW — [E (paAaha — peABhE) U + > (pPaAaha + peAshg) U+

1 o 1 . 1 .. .
+ [5 (PAAA — PBAB) U+ 2 (pAAAJr PeAB + Pc ) u-> (paAaha + peAshE) V\/] oh +

NN

(PAAANZ + peAghS + 4 pala + 4pels) W’] 5W'} dx (34)

Variation of thework of externalmedanicalforces

Eachlayerof theadaptve sandwictstructurecanbe subjectedo normalandtrans\ersalsurfaceforcesT,, andT(‘? and
to normalandtranS\ersalbodyforcest,i\l andt}g , respectiely. Thework dueto theseforcescanbewritten as

L
W= [/Ai (Thui + Tow) dAi] ‘0+/Vi (thu +thw) dVi ; i = A,B,C (35)

Usingdisplacementelations(2) andintegratingthis expressioronthe beamthicknesswe get

W = [(Nala—Maw +Qaw) + (Nais — MaW + Qew) + (Nelic + McBc + Qew) ] +
L
+ /0 [(nala — MaW + gaw) + (nglig — MW + W) + (nclic + MePe + gew) | dx (36)
whereclassicaldefinitionsof stresgesultantareusedfor pointforcesandmoments,
N= [ Thoa, M= [Tie-z)dA, Q= [Todn (37)
' A A
fori=A B,C andz: = 0. Also distributedforcesandmomentsaredefinedby
n=[tdA, m= [tz-2)dA, = [tdA (38)
A A A
Variationof equation(36) gives
BW = [Nadla—MadW -+ Qadw-+ Nadlls — MadW + Qadw+ Nedilc + McSBc + Qedw] s +
L
+ /O [MABUA — MABW -+ GadW -+ NS5 — MEdW + 0sdW -+ Nedl + MedBc + Gedw] dx (39)

anduseof relation(2), givesthefollowing expressiorin termsof the mainvariables,

_ /Na—Ns Mc) .. [Naha—Ngh
W = [(NA+NB+NC)6U+(A 5 C)éu—<u

5 +E > +MA+MB)6\A/+

: — (ma—n naha— ngh
+ (QA+QB+QC)5W]B+/O [(nA+nB+nC)6U+( A2 B+%> Sti— (%+

+  ma-+mg)dW + (ga-+dg -+ ac) dw] dx (40)



Variational formulationof theactuationproblem

For theactuatiorproblem,§; is known (imposed) hencetheir variationsd; vanish.It is clearthenthatdHe anddHem
, definedin (28, 29) alsovanishandequation(28) reducego

Substitutionof this relationin (21) gives

wheredHne canbe seenasa virtual work of inducedelectricforcesandmoments.It canalsobe interpretedasthe
work of “initial” electricalstresses.

In summarythe piezoelectriceeffect appearsn the modificationof the bendingbehavior throughthe modified
elasticcons,tantsc?'11 , presenin dHy, , andin anadditionalequivalentwork of electricalforcesdHme . Consequently
thereis no needfor electricaldegreesof freedomfor thefinite elemenformulation,which will be basedn equation
(42). It is alsoworthy to noticethat, for an actuationproblem,electricalboundaryconditionsaffect the equivalent
electricwork only throughthe modificationof theelectric“initial” electricstate.

The practicalcaseof symmetricconstruction(identical surfacelayers)was briefly discussedn [2] andde-
tailedin [4]. In particular it wasfoundthatthe mainfundamentatlifferencebetweerextensionandshearactuation
medanismds thattheformeractsthroughboundarypoint axial forcesandbendingmomentswhereasthelatteracts
throughdistributedinterfaceshearforcesandbendingmomentd4].

FINITE ELEMENT FORMULATION

The aim of this sectionis to presenthe finite elementformulationfor the actuationproblem. As the variationsare
written in termsof the mainvariablesu, G andw, Lagrangdinear shapefunctionswereusedfor u, 0, sincethey are
CO-continuousandHermitecubiconesfor w, sinceit is Ct-continuous.

Usingequation(29.1),the discretizedorm of thevariationdH, canbewrittenas

OHm = 39" Kq (43)

whereK is the stiffnessmatrix of the adaptve sandwichbeam givenby;,

L
K = /0 [C?IAABXmBAm + C?IAB B-IgmBBm"' C%;Ac B-CerBCm + (ei\llA + 6?1' B) BXBbBABb'l'
+C531cBEBop +CEsACBLBes] dx (44)
andq is the dof-vectordefinedby
— — T
gq= I:ulv Ui, Wy, V\/l, Uz, Uz, Wp, V\/Z] (45)
T statedor transpos®perationandB;j, i = A,B,C, j = m,b,s aredeformationmatricesfor membranependingand

shearrespectiely.
Discretizationof thekinetic enegy variation(33) is,

3T =3q'Mq (46)

whereM is the massmatrix of the adaptie sandwichbeamelement,

L
M = /0 [pAAABLxBAtx + pBABBEthth + pCACB&xBCtx + (pAAA +pPsAs + pCAC) BthBtz +
+ (p/-\IA + pBIB) BXBrBABr + pC'CB-CrZr BCr] dx (47)
andB;jj, i = A,B,C, j =tx,tz,r aretranslationin x andz directionsandrotatory derivative operatorsfor upperand

lowerfacesandcore,respectiely. { is theacceleratiorvector
Equation(39) of the externalforceswork is discretizedasfollows

W = 8q" Fm (48)



whereF, is the mechanicaéxternaldistributedforces/momentsector

L
Fin = /0 [NABR + N8By + NeBLy + (Ga + 0 + c) B, — (Ma + me) B, + meBL, ] dx (49)
Theequialentelectricwork (29.2)canbediscretizedasfollows.

6Hme == 6qT Fe (50)
whereF is theinducedelectricforces/momentsector
s

L

ok A %

Fe= / [31AA—?; B,T\m+e§1AB—h BEm+ €5sAc
0 A B

%B& dx (51)

Using(43,46,48,50)equation(42), expressedn matrix form reducego solve thefollowing linear problem

Md+Kg=Fn—Fe (52)

Stiffness(44) andmasg47) matricesandmechanica{49) andinducedelectric(51) force/momentectorswerefirstly
evaluatedexactly (i.e., analytically). However, a shealdocking wasobsenedwhenthe coretendsto bethin. To solve
this problem the lasttermof equation(44), correspondingo the shearstiffnesswasintegratednumericallywith only
two-pointquadratureule insteadof three-poinexactnumericaintegration. All remainingintegralswerekeptexactly
integrated.Goodresultshave thenbeenobtainedavenfor thin coresasit will beshavn in thesubsequergection.

VALID ATION OF THE FINITE ELEMENT MODEL

A sandwichbeanfinite elementapablef treatingbothshearandextensioractuationmetanismswasimplemented.
In orderto validateit, comparisondetweempresentlementesultsandanalyticalandnumericalresultsfoundin the
literature,were made. Analytical and numericalresultsfor static actuationof continuoug19] and segmented15]
configuration®f cantileverbeamsverepresentedy SunandZhang([15],[19]). Modalanalysisof sgmentedtonfig-
urationof cantileverbeamswerepresentedby Lin etal. [12]. For all casesin theextensioractuationmedanism top
andbottomlayersaresupposedo be PZT5H piezoelectrianaterialandthe centralcoreto be Aluminium. Whereas,
for the shearactuationmedanism top andbottomlayersareassumedo be Aluminium andthe centralcoreto be
composeddf a smallpatchof PZT5H piezoelectrianaterialand,coveringthe restof the core,arigid foam material.
Materialspropertiesaregivenin the Appendix.

PZT-5H Actuator ~ Foam % PZT-5H Actuator
Aluminium - h/2 !
I % 2t Aluminium 'h
‘ TR :
Aluminium i h/2 ty i
R ] e
,,,,,, d | tLal |
a) Shear Actuation Mechanism b) Extension Actuation Mechanism

Figure3: Cantilever sandwichbeam shearandextensionactuationrmechanisms.

Static Analysis

The geometricconfigurationof both actuationmechanismsire presentedn figure 3 with L = 100mm, h= 16 mm
andt =1 mm. Beamsareclampedatx = 0 andfreeatx = L. In orderto bendthebeamyoltagesareappliedattopand
bottomsurfacesof piezoelectridayers,inducingbendingelectricforces.For the shearactuationmetanism voltage
appliedto the piezoelectricorehasavalueof V = 20V, andfor the extensioractuationmedanism voltagesapplied
to surfaceactuatorsareV = £10V.

As afirstanalysisthedeflectionof bothbeamdor thecontinuousasethatis, with actuatordaving thebeams
length,wasevaluatecandcomparedo analyticalresultsof [19]. In thiscasefor theshearactuationmedhanismthere
is norigid foamsincethe piezoelectriactuatoroccupiesall thecorelayer
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Figure5: a) Trans\ersedisplacementf thebeam.b) Deformedconfigurationof the beam.

Finite elementesultsfor thetrans\ersedisplacemenof the shearactuateceammatchvery well with thetheoretical
solution[19] (Figure4.a). A representationf the magnifieddeformedconfigurationof the beamis drawn in figure
4.b to shav how the actuationof the piezoelectriccore causeghe bendingof the sandwichbeam. Finite element
resultsfor the trans\ersedisplacemenbf the extensionactuatecbeammatchvery well with the theoreticalsolution
[19] (Figureb5.a). A representationf the magnifieddeformedconfigurationof the beamwasdrawn in figure5.bto
shav how the actuatiorof the piezoelectricsurfacelayerscauseshe bendingof the sandwichbeam.

As a secondanalysisactuators positionis setto vary. In eachcase shearactuatedbeams tip displacement
inducedby appliedelectricforcesis evaluated Actuatorslengthis fixedata = 10 mm andactuators positionis setto
varyin therange[10,90]mm. It canbe seenin figure 6, thatpresenfinite elementesultsshav very goodagreement
with finite elementesultspresentedby [15], usinga commerciafinite elementcode.
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Figure6: Beamstip trans\ersedisplacementor severalactuators positions.

Modal Analysis

Naturalmodesandfrequenciesvereevaluatedfor both shearandextensionactuationmedanisms Sinceit wasnot
foundin theliteratureevaluationof eigenfrequencieandmodedor theshearactuationmetanism only theextension
actuationmehanismnumericaleigenfrequenciesrere comparedo analytical[12] ones. Naturalfrequenciesvere
alsogivenin tablel for theshearactuationmehanism Materialdataarethe sameaspresentedh [12] andgeometric
parameterareL = 50mm,h =2 mm,t = 0.5 mm,d; = 11 mmanda = 20 mm. Theequialentsheamactuatiorbeam
is representethy figure 3.a. A graphicalrepresentationf thefirst threebendingmodesis shovn in figure 7. It can
beseernthatin all threebendingmodesactuators deformationis lower for the shearactuationmedanism Thefinite
elementresultsfor the naturalbendingfrequencieshavedgoodagreementvith analyticalones(Table1).

freq.1 freq.2 freq.3 freq.4 freq.5

Shearactuation PresenFEresults 989 3916 8374 17416 26025
PresenFEresults 1084 4430 12422 23499 38014

Extensiomactuation Analyticalresults[12] 1030 4230 12000 23500 38500
Error (%) 524 473 352 -0.00 -1.26

Tablel: Firstfive naturalbendingfrequenciegHz) for sheatrandextensionactuatectantilever beam.

Mode #1: 989 Hz Mode #2: 3916 Hz Mode #3: 8374 Hz
Mode #1: 1084 Hz Mode #2: 4430 Hz Mode #3: 12422 Hz

@ gy, iy

Figure7: Naturalbendingmodesandfrequenciedor shearandextensionactuatiormechanisms.
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CONCLUSIONS

A theoreticaformulationandfinite elementimplementatiorof a new adaptie unsymmetricsandwichbeammodel
werepresentedndvalidated for both extensionandshearactuationmedanisms Mechanically the modelis based
on Bernoulli-Eulerassumptionsn the facesand Timoshenk hypothesesn the core. Rotatoryinertia effectswere
consideredor all layers.Electrically, the electricpotentialwasfoundto be quadraticfor extensionactuationmeda-
nism(piezoelectridaceslandlinearfor shearactuationmetanism(piezoelectriccore). Besidesthe sandwichbeam
was supposedo be shortcircuited, i.e., electricpotentialswereimposedon upperand lower facesof piezoelectric
layersandnaturalboundaryconditions(free-chage)wereassumean the remaininglateralboundaries.

It wasfound that piezoelectriceffects modify the bendingstiffnessof the sandwichbeamdueto theinduced
potentialsandinducea sort of “initial” electric stress-statevhich canbe seenalso asa generalizectlectricforces
work. For theactuationproblem,all enegy andwork variationsarewritten in termsof threemainvariablesnamely
meanandrelative axial displacementsf the upperandlower core’s skinsandthe trans\ersedeflectionof the beam.
Augmentedby the bendingBernoulli-Eulerrotation, theseare the only finite elementdof, i.e., therewas no useof
additionalelectricdof.

The presentadaptve sandwichfinite elementwas usedto study static deflectionof a cantilever sandwich
beamunderextensionand shearactuationconditions. The obtainedresultsshav good comparisongo the analytic
resultsfoundin theliterature. Deformationsof the sandwichbeamwerealsoshown to illustrate both extensionand
shearactuationmedtanisms It wasalsofound that the inducedpotentialin the facesincreaseghe rigidity of the
global structure. Dynamicanalysisof both actuationmechanismsvasalso presentedthroughevaluationof natural
bendingfrequenciemandmodes Numericalresultsshavedgoodagreementvith analyticalones.Vibrationmodesare
equialentin bothmechanismseverthelesshearactuatorsarelessdeformedhanextensionones.

Carefulcomparison®f two cantilerer beamswith equivalentgeometricaland materialpropertiesand under
equialentelectricalboundaryconditions,indicatethatthe shearactuatecdbeamis lessdeformed(smallertip’s maxi-
mumtrans\ersedisplacement)Hence thebendingstresds alsosmallerwhichis anadwantagdor brittle piezoceram-
ics. The shearactuatormechanismnducesalsoextra shearstrainswhich areanotherbenefitfor enegy dissipation
purposes.

Thepresentvorkis beingextendedo implementhesensoringapacityof theadaptve sandwictbeamin order
to studyactive controlapplications A secondadaptve sandwichbeammodel,takinginto accountheextra-sheadue
to the sliding of the facesagainstthe core,is alsobeendevelopedin orderto augmenenepgy-dissipatiorcapacityof
thebeam[5].
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APPENDIX

Constitutive Equations. For trans\erselypolarizedpiezoelectricmaterial,corverseand direct effects constitutve
equationsave thefollowing form

01 [c11 ci2 cai3 0O O O 0 0 —es3 £
o7 Cio C»2 Cc3 0 0 O 0 0 —ex £
03 Ci3 C3 c3 0 0 O 0 0 —es3 €3
O4 0 0 0 cg O 0 0 —€24 0 €4
Os5 = 0 0 0 0 c5 O —€15 0 0 €5 (Al)
Op 0 0 0 0 0 g6 0 0 0 €6
D1 0 0 0 0 es5 O €1 0 0 E1
D»> 0 0 0 €24 0 0 0 €2 0 E,
| D3 | [ en €2 es3 0 0 O 0 0 e3s | [ BEs |

whereo, €, D andE arestress strainsymmetrictensorsand electricdisplacemenandfield vectors. cij, &; (i,] =
1,...,6) andeg, (k= 1,2,3) denoterespectrely, elastic,piezoelectrianddielectricmaterialconstants.

If apiezoelectrianaterialis poledin its axial direction(1 or X), its constitutve equationcanbeobtainedrom
(A1), througha 9(° rotationaroundthe secondlirection(2 or y) followedby a 18 rotationaroundthethird direction
(3 or 2). Applying successiely theserotationsto (A1), we get,[9]

[ o1 ] [ a3 C3 ci3 O O O |-ey3 O 0 1 e ]
02 C3 C2 €2 0 O O |-ex O 0 &
03 €3 C2 €3 0 O O |—-ey O 0 £3
O34 0 0 0 c O 0 0 0 0 €4
Os5 = 0 0 0 0 ¢c5 O 0 0 —€15 €5 (AZ)
Og 0 0 0 0 0 cus 0 —€24 0 €6
D1 €3 €2 €1 0 0 0| e 0 0 =
D2 0 0 0 0 0 ey 0 €2 0 E>
' Ds] [0 0 0O O e O| O O e ||Es]

Material Properties
Aluminium Density: p = 2690kg m~3; Youngmodulus:E = 70.3 GPa; Poissors coeficient: v = 0.345.

Rigid Foam Density:p = 32 kg m~3; Youngmodulus:E = 35.3 MPa; Shearmodulus:G = 12.76 MPa.
PZT5H
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126 795 841 0 O O
126 841 0 0 O
_ 126 0 0 O 0Nt D
c= 233 0 0 x 1010 N m
sym 23 0
i 2.3
[ 0 0 0 0 O 17] [1.503 0 0]
e= 0 0 0 0 17 0 !Cm2;e= 0 1503 0 | x108Fm™!
| -65 —65 233 0 0 O 0 0 13

Piezoelectrianaterial of themodalanalysisproblem

Density:p = 7730kg m—3

128 66 66 0 0 O
128 66 0 0 O
_ 1120 0 0 O 0 2
c= 21 0 0 x10"°N m
sym 21 0
21
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