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A Generalization of Roth
Inequality on Distribution
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Abstract

The present paper develops an inequality of Roth to the general case.
Let QCR",fE&C"(Q),and P,,+,Py be N points contained in . Let S(z!,---,2")
dengte the number of points contained in (—o0,3') X e X (—o0 2"). A(H):1={xEQ|

- f(x)
datesa g™

=t} ,p(x,azx(t)) denote the distance between x and the edge of A(i). Then

J (S(x) — f(x))zdL-}c(m)(logN)”’“N‘zJt j p(x,dAN(£) )™ dvdt, where ¢(m)>0is a
° . 0 A . . .
constant and depends on m only.
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1 Introduction

Rotht!J proved the following'theorem;

Let N be a large integer, and P,,P;,++,P, be points, not necessarily distinct, in the square 0<<
#<1, 0<{y<1,for any point (u,») in this square, let S(u,») denote the number of points in the
rectangle 0<Cz<Tu, 0<{y<». Then

J: f;(S(m,y) — Nzy)2dzdy > clogN )
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where c is a positive absolute constant.

Suppose domain QC R, fEC™(Q). x=(z},++,2") €R™. Let dv=dz'dz?-++dz" » p(x,992) be the
distance from x to the boundary of Q. Suppose P,,**+,Py & R™, and §(x)=8(z!,+*+,2™) is the num-
ber of points in [0,2!) X «s« X [0,2"). In this paper we will generalize (1) to the following theorem ;

Theorem Let QCR",f€ C”'(.Q‘) yPyyPayeee s Py be N pointsin Q . A()={xc Q| |f(x) /o

+e<d2™ | >t} for t220. Then

j [S(x)—f(x) PPdv=c(m) (logN)"'"‘N‘J' (tJ p(x,dA () )™dv)dt 2

where c(m) is a posmve constant related to m only.
2 The Case in [0,1]"

Firstly , we introduce some notations.

Let P,=X,= (X} s X,y +++, XI') be points in [0, 1]*, not necessarily distinct, i= 1,2, ==, N
where N is a large integer. Any z€ [0,1) has the unique representation with the base 2 as the form
"z =2/2 + 2,/2% + 23/28 4 v,z =0 or 1

Let z,(z) denote the value of z in the representation of z. Let %, (z)=(—1)%*! for r=1,2,
Let z>>2 be an integer to be chosen later and R,= {f= (PryooesPu) EN™ |71 +rot oo tr=n),
We define a function F,(x) r‘élated to {Pi,i<N} as follows.
Firstly,if there is at least one ¢ for which
(X)) =z (') y oo sz, - (XD) = 2, 1 (2")
(3)
2 (XT) =z (@), oeey2, (X)) = 2, (@)
take F,.(x)=0.
Secondly ,if there is no such i, we take F,(x) =1, (zl)¢2(zz)°--¢,_ (™).

‘We now shgw that
IF,(x)dz' = Q,for k='1,2,++,m 4

provided the limits of integration are integral multiples of 2~ %1,
This is because that the distinction into two cases in the definition of F,(x) for fixed (z',22,+--,
4 gttt e %) depends only on -z (2) , +e- »%,,~1(z") , and the integral over z* gives equal and oppo-

site contributions with z, (z*) =0 and z, (z')=1.

Denote F(x)= 2 F,(x).
rEIr"l

In the following of the section, we prove six lemmas. )
Lermma 1 If f(x)&C"(R"*) and 3"f/dzx'dz%+++32" =0 ,then j[ - FIF (x)dv = 0
. 0,1

- Proof By induction on dimension m.
© When m=1,for any fixed %, if there is an X, € [k/2"1,(k+1)/2""') ,then F,(z)=0. Other-
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wise, F,(z) = —1 or + 1 corresponding to € [k/2"~!, (2k+1)/2") or [(2k+1)/2, (k+ 1}/

1

_J‘ (zs+1>/z’) F(2)de>0

‘5/2'— 1

r—1

+1)/2"" G+ 1)/2

]

F(2)F, () de = U

£/2 2e+1/2"

27-1), Hence,since df/3x =0, J
’ . 1

Therefore, the summation over k={0,1,+,2""!—1} yields j-of(x)F,(z)deO.

Now suppose that the proposition is true with m replaced by m— L.

Denote do! =dz'dzZ-s-dz"~!. x' = (a!, -,z }). Tt suffices to prove that, for each k& {0,1,

(t+1) 2'
e, 2% T1}, J . dz™ j- . F(x)F, (x)dv' =0.
2. [o.13""

There is no loss generality in assuming that among P;(i=1,2,++,N) ,the points satisfying zI' €
[kzl—"‘9(k+l)21—r'] are P19P27"‘ 9PM(M<]V)- Let I):= (Xilaxiz"" 9X?—1)’ (i=l,29"'sM)
and let F,' be the corresponding function related to {Pi,s=1,2,+-,M}. It is obvious that :

Fo(x) = ¢ (z")F, (x) '

k1) 2 7
Hence j " dx"‘J _]f(x)F,(x)dv'
12 7m [0.17™
(2k+1) 27 m , ,
= Jtzl—, dz” ,[ ro 1]"—1[f(xl s&" + 270) — f(x ‘933")]1"/ (x')de'
Since F"f/dxteee 32" =0, f(x',2™)/Ix'+-+Jx* ! is a nondecreasing function of 2", then

B . . ;
[ 4 270 — £ 0

By the in\’ductive‘ hypothesis on m—1 , we have
J et LG 07 o 27720 = F( TR (v > 0

Therefore, lemma 1 follows.

Lemma?2 J’ - zlg?ereg”F (x)dv == 27%(2* " — N), where r € R,.
0,1

Proof J‘ zla?eeez™F (x)do
fo.13™

1—-r

52" £ 27
= E : ves - zlnnox"lﬂr(x)dv
1 J g =n2' TN k —12' "7

1<k
i=i,2.m
2~ 27 m .
— Z J‘ _71...J‘ _ (él + zl)...(gm + :I.'"). Fr(§1 + :I:l_.'",é"' + z"‘)dv
£, =0.1 -2 -z
1<j<m.l<i<1j—l
. (& z, 4 (&)

(where = 2k — 127 = f‘(zi) 4 e _mz__':Tl__ + El’:

27N

= f T f 2_;,_ (&' + a')eee (€™ + a")sgnz'--sgnz”de
where the summation is over all those sets of values of #;(&)=0,1 (1<{j<m, 1<ir;—1) for
which (3) does not hold for any k€ {1,2,+,N}.
Now J ) ..(§ + z)sgnzdzr = ju_azsgnzdzzaz. Hence, thé above expression is Z ’ 27,
The total number of possibilities for #;(&/) (1<j<m,l<i<r,-— 1) is 2™, and there caﬁi be at
most N of those for which (3) holds for some ¢€ {1,2,++,N}. Hence the total number of terms in



F4a¥ A Generalization of Roth Inequality on Distribution 435

Z ’ is at least 2" — N, whence the result J[ ]!z‘--'x"lf',(x) dv = (2™ — N)2~%, (We shall
0.1
eventually choose n so that 2*"">N. ) ;
Lemma 3 Let ¢(n)= |R,| be the number of solutions of 7;+ry—+seedr,=n (r,>21,i=1,++,

r) and A= min .IE?"f/az"--az”‘ | s then | J[o ],_f(x)F(x)dvl = 278 (2* ™ — N)c(n)A.
ro.a7J” 1

Proof; It if easy to understand that we may suppose *f/dz!++-32* >0 in [0,1]". The ptoofs in
other cases are similiar or trivial.

Let R(x) = f(x) — Az' ++-z™, then F'R/Ix' +++ " = F"f/I' e+ I — A>=0. By lemma 1,

J ] R(x)F,(x)dv = 0. By lemma 2, J[ ! Azteseg™F, (x)do = 272 (2™ — N)A. Therefore
fo.11" 0.17" )
j f(x)lf'(x)dz}
[oa1”

—_ Laseg™F, »
= ,;,: [J (0.1]"‘Az z"F, (x)dv + J[O.IJ"R(x)F,"(x)dL]

> D 2B ( 2 — N)A=2-(2"— N)o(n) A

r€R_

Lemma 4 J‘[o_uan(x)dvgc(n).
3 2 ‘= 72 )
Proof J[m_ﬁ(x Mo = > Jm_uj,(x)dv+ > jm.l]_ﬁ',(x)ﬁ’,(x)dz

. TER st
. SHER

Since |F,(x)|<1, the first expression on the right is at most c{n). We shall prove the sceond

expression is 0 by proving if s7t, then
J F, (x) F(x)do =0 (5)
[o.1J”
Without loss of generality, suppose s,<(t.. Hence F,(x) is constant when " &€ [ (k—1)2! "%,

k2'~%7. Then by (4).

J” L FF,(x)da" = 0, j: Fu(t) Fi(x)da™ = 0

—p2’

Immediately (5) holds, and lemma 4 follows.
1 1 1
Lemma § For i=1,2,'--N,J xjj yfj oF (x)do=0.

1 1
Proof It suffices to prove that J x}mJ 0F (x)do=0.
Let X* be the least multiple of 27" which is no less than X!(k=1,2,+,m).

1 1 x! x! X" 1
j ,m.f_lf',(x)dv: (J ‘+J ,)-~-<f ) +f DF,(x)do
;‘(i X.. X', X X‘. X

Thus, we split the integral into 2™ terms.

x! X"
By the definition of ﬁ',(x),_[ X j x*F.(x)dv=0, since F,(x) =10 and the other 2" —| tgrmé
are also 0 by (4). Then lemma 5 follows. '
Lemma 6 For f(x)&C"(R™),
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2

_rf
— 244y 7—2 m—1 A7
J[oa [S(x) — flx)]?de = ¢, N Hog™ ' N [Ti? S o

(in this paper, ¢ ,c;+*+ are used to denote the constants depending only on m)

Proof By lemma 5,
J S(x) « F(x)dv = jl F(x)( Z 1)de
[o.1] fo.1y"

Aign
X<
1K<,

N n 1
= >, J L J Fedde =0
i==] i i .

By lemma 3, =272 "—N)e(n)A

],_Ef(x)—“S(x)]F(x)dv

By Schwartz Inequality and lemma 4, we have
J[o I = 8 Pdv = e[27(2" = M)A (6

Choose 7 so that 2*P2N=2*>2"*!N. For c(n) ~n""*/(m—1)1, when N is large enough, we

have ¢(n) = (logN)""'/m). Thus lemma 6 follows after a short calculation of (6).
3  General Case

Lemma 7 Let a-+[0,7]"C K. Then
anf )Z

S . 2 Tym—1AT—2 2m H
Ja-{—[O.r Eg(x) f(x)] dv CZ(lOgA) N min aIl « ™

a+[0.7]"

Proof Let a=(a',a?,+*+,a™),
P..*=(Y.-l,---,y;~)=—11;—(x.-1—a1,.~-,X:"~a'"), IV
P! * = (max(0,Y}),,max(0,V")), 1<KV
Pifi=Pify=1=Pi"=0,M=N+[e"]+1.
8* (', s ,2™) and §* * (xt,++,2™) denote the number of points {PS ,i=1,-++,N} and {P7* ,i
=],%, M) in (—o0,z') X «ss X (—o0,z™) respectively. Then §* (x) =S (x+r-+a) and for x&
[0,1]",8"* (x)=8"(x)+M—N.

By lemma 6, we have

J [8(x) — f(x)Jde
a+{0.r]
— ij ,.[‘S* (y) — f(ry -+ a)]zdy' ,,_dym
f0.1]
=r| R[S = SOy @)+ M — NPy

= r"'cl(logN e 1N' [ min 7S =t f(ry + a)]?
f0.17" Ayt -+~ dy

i 2

_ . (7” Z
= ¢, (log N )" "IN %*™{ min EWiesE fhm
at-[0.T" [/ Al 7 4 )

where N, is the number of points P * (1<<{M) in [0,17]"
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Then N, <M =N-+[e"]+1. It is easy to see that N, =e", (logN ;)" ‘N7 = (logM )"~ ' M~ >%
(logN)™'N~-2(N is large) We obtain lemma 7 from (7).
Lemma 8 For any A4, 0<A<sup 5—3—%—

J o[ 8(x) — f(x) Jdv=cq (IOgN)"'_‘N‘ZAzf s p(x,dN(A))"dy
Proof Consider the close set \.(4) in \(A4), where \ (A4)= {x€ \(4) |p(x,c'),\(A))28}. Allv
the cubes mentioned in the following are m-dimensional and with the edges parallel to coordinate axes
respectively. '
For any x€& A.(4), construct an m-dimensional open cube U({x) with center x satisfying
Ulx) T A4, U(x) N 9\N(A) #* .
Then A (A)C U U(x), thus there exist finite cubes U, ,U;,++,U, covering ;,(A).

x€ A, (4
Let I/, be the biggest in them. U;(i==2) be the biggest in those without intersection with U;(j<C
1). Suppose we finally get I<(n nonintersecting cubes U;(i=1,++* ,l); . Lét'r; be the length of the edge
of U;,V, be the cube with the same center as U; and the length 3r; of edges (i<{0). Then it is easy to see
for any U;(j=1,-++,n), there is some ¢<!,U CV So
;xc(A)‘CiEJ‘Vi,Vi AENOE R
Thus for any x€ V;, p(x,d\(A))<3 v mr.. Then

J p(x,a\,(A))'"dv
A(A)ﬂ

<KL @ Vmr)" do < 9 mFri~

A (DNY,

Since A\, (A4) = L[J (A (A NV.), we have
i=1

{
JAtmpmdv < ; jAM v, p(x,dA, (A))'ldv 9™mT E’r . (8)

i=]1

By lemma 7 ,since U;CCA(A),

j (SGe) = FGe))

= co(logN )" I N~ 2pm mm( S |’ = &(losi\’)’""h"zr-z'"Az
drleeede™ | F 4 v

{
Since YU, CQ and U, N\U;=¢ for i5%7, i, j<!,by (8)
i=]
{
— 2dp = S — 2
Jg(s £)ido Z} Ju_.( £)do

C2 TN e~ - m
> £ (logN)"™'N wzrz

i=1

2 N
= %(log)"“lN"zAzg_"‘m_? J s (A)p"'(x,ax\,(A))dv

"
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F22 %

= cz(logN)""‘N‘ZAZJ p(x,IN(A))de
A (4)

v

Lemma 8 follows by ¢—>0.

Proof of the throrem Suppose M ==sup |F"f/dx++-3z™ | is finite, and let 2 be a bounded domain.
2 .

Let e=M/n,(n=1,2,+).

s—1
J (8 — Hio= >, J (3 — fHude
g £=0

ACke)-AC(E+1)2)

z—1

> ¢ (logN)™IN"2 Y (ke)? J oG, (k) Yo
k=0 ACke) — ACCk+-1)e)
e—1 a1
= Tym—1\r—2 o 2 - ke 2
cs (log N )™~ * [gua f“m ;( £) L(Hm]pmd,,

f—1
7ym=1 N2 b — ZJ- ]y
c; (logN) E 2 De A(mp de

B |

a1
= c3(logN )" iN~2 E (ke [ st )p’"dv)e

k]
Let »—>co and ¢>0, we obtain the theorem by the definition of integration.

For the general case. Let
' 1

8, ={x € Qx| n,p(x,02) = -

}

Thus £, is a bounded close set, so f is bounded in £,. By the above proof,

J (§ — f)%dv = c;(logN)"N ™2 J m(tJ plx,dA(t))dv)dt
Q' 0 A(l)nD.

9

The two sides of the above inequality are nondecreasing of n. The theorem follows by n—>oo.

In the theorem, let @==[0,1]*,f(x)=N,...~, By (2)

J o [ Szt yeee y2™) — Nt n J2dat eeeda™ =c(m) (log N )™ !

The above inequality is the direct generaization of (1).

Thanks are due to Professor Lu Minggao for instruction and help.
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%TF Roth 43 1 A4 L — M
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RN R F—RH,FEC (D). PPy QPN DR B SGH e eV HEE(—o0,a) X
e X (=00, 2) P AR I MO = (x€ Q| |f e/t o0 |=t). plx,dN) K x B NOWIN
FEEE,

J [S(x) — flx)Jdo = c(m)(logN)"‘"‘N_ZJ:(tJ plx, 3\ )"dv)dt.
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