The Residual Spectrum of GL(N):
The Borel Case

THE PROBLEM

F: number field such that —1 € F*X™ and that
pun ={x € F :z" =1} CF.
A: ring of adeles over F. G = GL (N).
G = G (A): the metaplectic covering of G (A)
by un given by the cocycle

o (h,1') = z1;[J (i, h,;-)A (det b, det h’)i.
for diagonal matrices h,h' € H (A).
G (F)*: the lift of G (F) in G (A).
Z = the center of G (A).
x:. Ccharacter of Z s.t. x: un — CX.

L2(G,x) = {f:G—>C:f(zg9)=x(2)f(9),
Vz € Z,|f| € L? (ZG (F)*\G)}.

If M = GL(Ny) x --- x GL (N},), denote
X (M) = {s € C*: <), Nys; = 0}.



Denote p[s] (m) = p (m) [1I;<k |det g;|*¢, for
se€ X (M), m=diag (g1, - ,9%).- Define

E(¢,s)(9) = > ¢ (vg,s)

veP(F)"\G(F)*
for ¢ : s — Ind%p [s] of Paley-Wiener type and
K-finite. |
Then L2 (@, X) = Go={(M ) L> (@, X)e ;

_ ® =
L? (G‘-, X>@ = / sex(Mm) E (I"Id%p,ﬁ) ds.
| Re(s)=A
where p is the isotropic subspace of an irre-
ducible representation in L3 (—]\Zf, XM)-

The inner product is

(.= * [ on (1)

!/
Res=A\ ceW (p,p')

(M (67%,0(p),—0 (3)) ' (—03) , ¢ (s)) ds.

This thesis decomposes L2 (@, X)@ when © =



THE RESULT

Db = (pla' " 7p7°): Ziﬁ’l‘pi =N
+— block diagonal M = Mj.

m; (1 < r): unitary character of Ax’”’7Fxn.
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JB: the unique irreducible quotient of

nalmy [ (p)]
VA (z_)) = {g € tR" : Zigrpizi = O}.

(@ X)e = ®f(nx))eo(n)

D
Lagh = Joggye, 9 (Velel) =

Especially, (7 is a character of AX™)
2 vy - N
L (G X)@,disc = Z{@m} Langlands quotient of

rel N-1 N-3 | —N
00T 1y (715 @711 @@ ml|'F ).



A more precise description:

Define a @-inve_g_riant inner product, induced
from ||-|| on Ind¥ (Jp[2]), z € Z (p) by

N (wps) £ = (N (wp) 1. £).

where f elnd TP [s],

1—
e= (B B 1)

Then L is the completion of the space of
Tp

collections (denote {E} = {71_9 T E 67«})

Dy = {CDB € IndS; (Jpl2]) 1 p € {g}}
such that for any 7 € S,

®rp (12) = M (7, Jp, 2 )%(z)

ch{p} EpE{p} Cp sz chp“ dpz < o0.
The inner product on L{ } IS glven by the

above norm.



THE PROOF

1. (local) Normalization of intertwining oper-

ators (Kazhdan and Patterson): If p° is an ir-
. n .

reducible component of p|gs, pij = (p;?/p;?) IS

a character on F,*. The operator N (o,p,s) =

r~1 (o, p,s) M (o, p,s) is normalized, where

r (o, p,s) equals

M - nlo’?L (n (i = 55) , pig)
i.jeinv(e) L (n (i = 55) + L.pij) e (m (s = 5j) pig)

2. (local) Langlands quotient: If the expo-
nent of p;; is not less than O for any i < j,

IndG HP has a unique irreducible quotient which
IS |somorph|c to the unique irreducible subrep-
resentation of Ind& w(p) The quotient has

multiplicity one in JH(Ind%p).

3. (local) Technical lemmas (Moeglin and
Waldspurger): Study the meromorphic prop-
erties and images of certain normalized inter-
twining operators (combinatorial arguments).



4. (global) Representations of the diagonal
group: The space L2 (F,XH) is irreducible

and isomorphic to Ind%p°, where p° is the ex-
tension of xyl|#m, to a maximal abelian sub-
group H° =[], Hy/*. Check the isomorphism
matches with the intertwining operators and
the inner product (1). Reduce (1) to the
study of the representations induced from HP°.

5. (global) Contour integration:
Preparations:

1) Singular hyper-planes are among the sub-
spaces defined by s; —s; =c € 57, i < j.

2) The sum in (1) and its residues at the sin-
gular hyper-planes are analytic at the origins
of these singular hyper-planes.

Both properties follow from propertiés of the
L-function. They are predicted by Langlands’
general theory on Eisenstein series.



3) They are analytic at the singular hyper-
planes defined by non-linked segments.

We call an ordered set {7r||a,7r||a’_1/", fe ,wllb}
a segment (a —b € 5-Z). Two such segments
are called linked if neither contains the other
and the union of them is again a segment.
Item 3) follows from that if 7 is a simple re-
flection, and p”™ = p, then M (7,p,0) = —1.
EX: the situation for GL (3):

----- ++{1/3n,1/3n,-2/3n)
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The figures illustrate the situation of two seg-
ments {||*1} and {x||*/27,x||=/2"} when s;
is pushed down at 1/2n. '

The Contour Integrat‘ion by Induction:



induction hypothesis: step one: locate singularities .
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