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Abstract

Let F be a number field and A the ring of adeles over F. Suppose G(A) is a metaplec-
tic cover of G(A) = GL(r, A) which is given by the n-th Hilbert symbol on A. According
to Langlands’ theory of Eisenstein series, the decomposition of the right regular repre-
sentation on L? <G(F )\m) can be understood in terms of the residual spectrum of

Eisenstein series associated with cuspidal data on standard Levi subgroups M. Under
an assumption on the base field F', this paper calculates the spectrum associated with
the diagonal subgroup T. Specifically, the diagonal residual spectrum is at the point
A= ((r—1)/2n,(r —3)/2n,---,(1 —r)/2n). Each irreducible summand of the corre-
sponding representation is the Langlands quotient of the space induced from an irreducible
automorphic representation of T, which is invariant under symmetric group &, twisted
by an unramified character of T whose exponent is given by \.
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Chapter 0O

Introduction

In sixties, Langlands presented a general theory on how to decompose the regular rep-
resentations of a large category of groups including reductive groups, modulo the under-
standing of the space of cuspidal forms ([8] and [11]). Using this theory, Moeglin and
Waldspurger gave an explicit decomposition for the general linear group [10]. On the
other hand, Kazhdan and Patterson initiated the study of automorphic representations of
metaplectic covers of the general linear groups [6]. It is then natural to ask for the spectral
decomposition for metaplectic groups. This paper considers the spectrum associated with
the Borel subgroup.

Let F' be a number field and A the ring of adeles over F'. Suppose W is a metaplectic
cover of G(A) = GL(r,A). It is a central extension of G(A) by a finite abelian group
1 which splits over G(F). Let p : G(A) — G(A) be the natural projection. Denote
by H the subgroup of GL(r) consisting of diagonal matrices with determinant 1. Then
iy, = [m, m] is a cyclic group of order n. This order n is more important than
the covering number of m The base field F' necessarily contains the group of all n-th
roots of unity which we identify with p,,.

Let 3(G(A)) be the center of G(A) and x be a character of 3(G(A)) whose restriction

to u, is a fixed embedding p,, — C*. Consider the space

I3(Gx) = {f  1(z0) = x(2)1(9). V= € 3(G(A)), |f] € L (3(C(A)G(FNG(A) )}

Suppose M = GL(ry) x --- x GL(ry) is a standard Levi subgroup and p is an irreducible
cuspidal automorphic representation of M(A) whose restriction to 3(G(A)) is x. Let V,



be the isotropic subspace of p in L?(M, x,) where X, is the central character of p. If

§€X(M):{§€Ck:2risi20},

i<k

denote by pls| the representation of M(A) defined by

plsl(m) = p(m) T det(a)

Si

Define o = {p[s],s € X(M)}. We call a pair (M, p) a cuspidal datum. Two cuspidal data
are equivalent if they are conjugate by an element 0 € GL(F'). According to Langlands’
theory of Eisenstein series, associated with each equivalence class of cuspidal data O,
there is a subspace L? (@, X) o And

L* (G, x) =@L? (G, x),

where © runs through all equivalence classes of cuspidal data (M, ). In this paper, we
consider the diagonal case, i.e., when M is the diagonal subgroup 7" and © = (T, 9) where
0 is an equivalence class (under the conjugation by the Weyl group and the translation
by s € X(T)) of irreducible automorphic representations of 7. Fix such a o.

For each place v on F, let (-,-), be the n-th Hilbert symbol on F,. We need the
following assumption on the base field F':

Assumption 0.0.1. For each place v, (—1,—1), = 1.

Observe this assumption is satisfied when F' contains the group of 2n-th roots of unity
or —1 is an n-th power. In particular, this is the case when n is odd.

Let G, be the symmetric group on r letters. Identify &, with the quotient group of the
normalizer of T'(F') in G(F) by T'(F'). A partition p of r is finite sequence p = (p1,- -+ , )
satisfying p; + -+ + p,, = r. Associated with each partition, there is a set of intervals
ANi={je€Z:-p+ - +p1+1<j<pi+-+p},1<i<m. Let &(p) be the subset
of &, consisting of permutations stabilizing the intervals, i.e., &(p) = {0 € &, : 0(j) €
Ay, Vi <m,j € A;}. Denote by P(p) the set of all the pairs (p,7), where p is a partition
of r and m = 7, € o such that o(m,) = 7, for all ¢ € &(p). For each (p,7) € P (o) define
a set with mulgiplicities {(p,m)} = {(7’]_;, 7(7)) : 7 € 6,,}. Here we identify an element
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in &,, as an element in &, permuting the intervals A, and increasing on each of them.
Denote by P?(p) the collection of sets with multiplicities thus obtained.

Let M is the standard Levi subgroup associated with p, i.e., M = GL(py) X --- X
GL(pm). Denote by J, r the unique irreducible quotient of iTMﬂB [A(p)] where

)\(]_)):((pl—l)/Qn,(p1—3)/2n,--' ,(1—p1)/2n,(p2—1)/2n,--- ,(1—p7,)/2n).

Let Z (p) = {s € iR™: Y p;s; = 0}. Denote by &(p,m) the set of all 7 € &, such that
7m = 7. The group &(p, ) acts on Z(p) by permuting coordinates. The main Theorem
3.5.4 asserts that

L (GX)g, = @ {(p) YePo(o L (nr) 1
Hemy = m0) /Z(p)/g(w) i (Jomlt)) dt

where m(T') is the multiplicity. In particular, suppose for some unitary p € p, we have
op = p, for all o0 € &,. Then the discrete part of L?(G,x)e, is certain multiple of the
unique irreducible quotient of 7%p[)] where

A= ((N—1)/2n, (N —3)/2n,--,(1 - N) /2n).

Otherwise, the discrete part is 0.

Remark that if the covering group is defined as in [6, §0.2], the above multiplicity
m(T) is 1.

To establish the above result, first notice that the general theory on Eisenstein theory
applies to metaplectic groups. This is explicitly stated in [11]. Also, since a local meta-
plectic group is locally compact, all theories about general locally compact groups apply.
In particular, Frobenius reciprocity and the theorem of Bernstein-Zelevinski on Jacquet
modules [2, 5.2 Theorem] hold. Note due to Assumption 0.0.1, we do not need to study
real groups when we study local representations.

We follow [10] to calculate the residues of Eisenstein Series and the associated repre-
sentations. The main obstruction is that a Levi subgroup M (A) of G (A) is not a product

of coverings of smaller reductive groups. So we are going to consider a bigger category of
groups M and check the method of Mceglin and Waldspurger works through for M.
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The first chapter is to normalize the local intertwining operator and derive some
consequences. The key Lemma 1.4.1 is [6, Theorem 1.2.6] in a general situation. It is
proved by direct calculations without using the global method.

The second chapter studies the local intertwining operators. It corresponds to [10, Part
I] and the basic idea is similar. However there seems no easy way to build irreducible
representations of M from those of GL—(I{P), like what tensor products we use in linear
group case. Also the irreducible dual of GL—(k) is not completely understood.

The third chapter derives the main result as stated in this introduction. The repre-
sentations of the diagonal subgroup is also studies. We don’t have multiplicity one for a
general metaplectic group.

The last chapter proves the principal lemma left from Chapter Three. The method is
of Moeglin and Waldspurger [10].

The following pages are a list of notations except for the following commonly used

ones:

1
N, Z, Q R, C, and -Z={keR: nkelZ}.
n

Temporary notation used only within a section are not listed.



Chapter 1

Preliminaries

1.1 The Group

Let F be a local field and G = GL(r,F). Let G be a covering group of G by a finite
abelian group p. This means a totally disconnected group (resp. Lie group) G when F is
a p-adic field (resp. archimedean field), together with the following short exact sequence

l—pu—G-25G—1,

such that p : G — G is a topological quotient map. For any subset L of G, denote
L=pYL).

Let N be the upper-triangular unipotent subgroup of G. Let 1 <1 # j < r. Identify
the pair (ij) with the simple transposition interchanging i and j. Denote by nj;(z) the
matrix obtained from the identity matrix with the (4, 7) entry replaced by x. Then N is
generated by {nf;(z) : i < j,x € F}. By [14], the covering p : G — G splits over N, i.e.,
there is a homomorphism s : N — N such that ps = 1. Identify N with a subgroup of

G via s. Denote

nij(x) = s(ni;(2));

w (x) = njj () nj; (=) i (2)
wij (x) = nij () ng; (—27") ny (2)
h;j () = w;j (I)w;j (=1);

hij () = w;j(x)w; (—1).



Let &, be the group of all permutations on r letters. Any element ¢ can be written
as 0 = 0y - - - 0 where g; are simple transpositions and k is the length of . Denote

w, = wgl(l)---wék(l); (1.1)
Wy = We (1) w,, (1). (1.2)

Remark that both w! and w, are independent of the decomposition of o = oy -+ -0y [9,
p44]. Identify o with w,. Let W' = {w! : 0 € &,} and W = {w, : 0 € &,}. Define a
map s: W' — W by

Observe that hj;(z) is the diagonal matrix with 2 and =" at the 4-th and j-th entries
respectively and 1 at the other diagonal entries. Also, the group H of diagonal matrices
with determinant 1 is generated by the set {hj;(z) : i < j,z € F}. Define a section
s : H — H for the covering p: H — H by

(Mo (w1) gy (w2) -+~ hy g (2r21)) = hao(@1) hoz(w2) -+ - A1 (20 1),

Let T be the group of diagonal matrices and 77 be the group of diagonal matrices with 1
at each diagonal entry except the first entry. The T = HT}. Let s : T} — T} be a section
such that the associated 2-cocycle

o:Ty x Ty — pu, o(t,t') = s(t)s(t)s(tt') 1, vt,t' € Ty

is a constant in a neighborhood of identity in the group 7} x T}. The existence of such a
section is given by [13, Theorem 2.

By the decomposition G = SL(r)T; and the Bruhat decomposition for SL(r, F'), we
can define a section s : G — G as follows:

s(nihwnaty) = s(ny)s(h)s(w)s(ng)s(tr), VYni,me € Nyh€ Hwe Wty €Ty,

The above definition does not depend on the particular decomposition of njhwnat;.
Let o be the 2-cocycle associated with the above defined section, i.e.,

a(g.9') = s(g)s(g")s(g9) ", Vg, q € G.



Then the function
c: F* x F~ — M, C(xvy)za(hij<x>7hij<y))a vx?Z/eFX

is a bilinear topological Steinberg cocycle [12]. It is a continuous function ¢ : F* x F* — pu
such that for any x,y,z € F*,

c(z,y) = cly,x)7,
clx,y)e(z,y) = clxz,y),
cle,1—x) = 1,
c(z,—z) = 1.

There is an integer n such that the image of ¢ is a finite cyclic group, denoted pu,,, of order
n. Furthermore, F' contains the group of all n-th roots of unity which we identify with
iy Fix such an integer n all through this paper unless otherwise stated. The cocycle o

can be calculate explicitly on H:

o(h,h') =[] c(hi, ), Vh = diag(h;), )’ = diag(h}) € H.

1<j

The following two identities are needed in future calculations:
wij(=1)nij(w) = nij(=2~ Yy (2™ ngi(a™), (1.3)
and

wij(—1)nij (y)wi; (1)nij(x) =
nij(2(1 — xy) ™ )i (1 — 2y) ™ ngi(y(1 — zy)~He(l — 2y, —x). (1.4)

They can be easily deduced from [9, Lemme 5.2].
If L is a group, denote by 3(L) the center of the group L. For example, 3(G) is the

group of all element in G whose projections are scalar matrices. Remark that 3(G) #

3(G). Define a map

v P =Ty, u(z) = s(diag(a, 1,--+,1)). (1.5)



According to [15, (17)],

t(x)wi2(1) = hig(z)wia(1)e(z). (1.6)
If g and h are two elements in a group, let [g, h] = ghg=*h~!. For any two subgroups L,
and Ly of G such that [Ly, Ly] = 1, observe that [s(l1), s(l2)] is a bicharacter on Ly X Ls.

Lemma 1.1.1. For any o € 3(G), n € N and w,,7 € &,, we have [a,n] = [, w,] = 1.
So
3(G) =3(G) N 3(T).

Proof. By the remark before the lemma, it is enough to show that [a, w;;11(1)] = 1 for
any ¢ < r. This follows from the following two identities: for any x € F'*,

[s(diag(L,--- ,z,---,1)),wiip1(1)] = 1 (1.7)
[s(diag(L,---, L, z,2,1,--- 1)), wiis1(1)] = 1 (1.8)

where the z in (1.7) is at the j-th entry with j # 4,7+ 1, and the the two z’s in (1.8) are
at the i-th and i + 1-th positions. Now (1.7) follows from

[L(x),wii1(1)] = 1; (1.9)
[hia(2), wiia (D] = 1, (1.10)

where {k,l} N {i,i + 1} = (). The above two identities follows from [15, (16)] and [9,
Lemme 5.2, (d)] respectively.
For (1.8), if i # 1, write

S<dlag(17 Ty 17 x,x, 17 T 1)) = hl,i(x_2)hi7i+1(x_l)b<x2)'

Then (1.8) follows from (1.9) and [9, Lemme 5.2, (d)]. The proof of (1.8) is easier for the
case ¢ = 1. n

Now suppose F' is a p-adic field. Let © be the ring of integers and w be a fixed
generator of the prime idea of O.

The section s has the following properties. There is an open subgroup U of GG such that
the restriction of s on U is an isomorphism, both topologically and algebraically. There is
an integer [ such that for any (i, j), the subgroup {n;;(z) : * € @'O} is contained U. Let
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K ={k € GL(r,9O) : det(k) € O*}, which is a maximal compact subgroup of G. The
s(U) is a normal subgroup of K [15].

When |n|r = 1 and the residue field of F' contains at least 4 elements, then G splits
over K, i.e., there is an isomorphism x : K — G such that px = 1x. Let K* = k(K).
By[15, Lemma 6], for i < j, we have

We close this section by a remark on the covering groups over an Archimedean field
F. By [12, Lemma (3.4)], H*(F*,u) is trivial. So [15, Proposition 1] implies that
G = GL(r, F) is uniquely determined by its restriction to G’ = SL(r, F). In conclusion,
modulo trivial coverings of groups, there are only three groups over archimedean fields to

be considered: GL(r,C), GL(r,R) and GL(r,R) which is the nontrivial 2-fold covering
of GL(r,R) given by the nontrivial Steinberg cocycle on R.

1.2 The Diagonal Subgroup and Its Representations

As before, denote by T the subgroup of G consisting of diagonal matrices. Observe
that [s(-), s(+)] is a bilinear function on 7" x T. The following lemma follows from this

observation and a simple calculation.

Lemma 1.2.1. If a = (a;),b = (b;) € T, then

[s(a), s(b)] = [t(det(a)), t(det(b))]c(det(a), det(b)) " Hc(ai,bi). (1.12)

Let C be the center of T. Then T/C is a finite abelian group by the above lemma.

Lemma 1.2.2. An irreducible representation of T is uniquely determined by its central
character. Specifically, let A be a maximal abelian subgroup of T.

1) The restriction of any irreducible representation of T to C is a direct sum of |T/A|
copies of a character of C.

2) If x is a character of C, then the representation of T induced from a character of
A which extends x is irreducible. Furthermore, this representation does not depend on the
choice of the mazimal abelian subgroup A and how x extends to A. a

9



If L is an abelian group, denote L™ = {I" : | € L}. For example, F*", O™ and H" are
going to be used frequently. Let B be a maximal subgroup of F'* subject to the following
property:

(b)) =1, Wbl € B. (1.13)

Let
B={zeF*:¢(xb) =1Ybe B}

Lemma 1.2.3. The two groups B and B are not equal to each other if and only if
¢(=1,=1) = —1. If this is the case, =1 € B — B and B/B = {+1}.

Proof. First observe that if 2 € B and (z,2) = 1, then 2 € B by the maximality of B.
Also we have ¢(b,b) = 1,Vb e B=¢(b,—1)=1,Vbe B= —1 ¢ B.

Now the first statement follows from the following equivalences: ¢(—1,-1) = 1 <
—-1eB&a(z,-1)=1,YVee B& (z,2) =1,Yo € B& B=B.

If ¢(—1,—1) = —1, then for any € B — B, (—z,—z) = —(z,2) = 1. So —z € B. [

Lemma 1.2.4.

NP if (—1,-1) =1
|B/F*"| = |F /B|—{ . FL—1)— 1

2ln|p)'/?

Proof. The following two injections

FX/B%(B/FX”)* xr— (z,°);
B/F*™ (FX/B’)* b (b,).

imply that
P B| < | (B/F™) | = |B/F™| <| (F*/B) | = |F*/B].
Now the lemma follows from the formula |F*/F*"| = n?/|n|r and Lemma 1.2.3. O
Let

A

Hi;(B) = {hy(b) : b € B}, Hy;(B) = {hy(b) : b € B}.

10



It follows from (1.12) that H;;(B) is an abelian group. Furthermore, the following relations
hold. Let m be the order of pu.

cC o Tm, (1.14)
C c 3(G)Tn, (1.15)
CNnH = H~, (1.16)

To prove (1.15), let ¢ € C. Then it commutes with s(h;(x)) for any € F*. Apply
(1.12) to ¢ and s(h;;(z)), we get (1.15). Identity (1.16) follows similarly.
It follows from (1.16) that

Lemma 1.2.5. The center C of T is an open subgroup T. a

In the following calculations, we are going to use [9, Lemme 5.2] and (1.6) repeatedly.
Lemma 1.2.6. Let a € T such that the i-th and (i + 1)-th entries of p(a) are 1. Then
[a7 wi,i+1] = 1.

Proof. Observe [-,w; ;1] is a character on the group {a € T : p(a); = p(a)is1 = 1}. So
modulo some trivial identities, we need to show for a = s(diag(1,---,1,z,1,---,1)) with
the z at the (i + 2)-th entry,

[w; iv1,a] = 1. (1.17)

If i = 1, then a = hya(x 7 ) hoz(271)e(x) and

wipa = wighya(x”HNhos(x ™) i()
= hyo(z)wighos(z7 ()
= hia(2)hos (27" ) haa (2™ wiae(x)
= Tna(w)has(z™ ) haa (27" u(@)wisc(w, —1)
= hos(z () e(z)wise(z, —1)

The proof of (1.17) is easier if ¢ # 1. O

Lemma 1.2.7. Leta € T and 1 <i < j <r. Suppose p(a) = diag(ay,--- ,a,). Then

a_lw;awij = hij(a;laj)c(aiaja —1)-

11



Proof. We first prove the lemma when 7 =i+ 1. By Lemma 1.2.6, we only need to show
that w; ;41 commutes with a = s(diag(1,---,1,2,y,1,---,1)), where the z is at the i-th
entry.

First consider that case when 7 = 1.

= (ha2(y™)e(zy)) " wit hia(y™)e(zy)wi
= (clzy)hia(y ey 7339)) Wiz hiz(y wishiz (™ y ) u(zy)
= Doy ) e(ay) haa(y) iz (T y T Du(zy)e(y, oy)

D7 u(zy) T e (27 u(ay)

= hia(y~ ) lh12( ) (z~ >$y)

= hp(yr ey yz ) el wy)

= hp(yz He(—1, 2y).

(v~
(
(
(

If i # 1, then a = hy;(x 'y hiia (y)e(zy).

a_lwi_,ilﬂawz‘,iﬂ
= (laey)hi(z ™y Dhii (v De(ey, —1)) " wiky (il ty Dhi (v~ e(zy)) wiin
= (hi(z 'y Dhiim(y™) wlzy) i (2 y D i (v)e(zy)
= (hli(ﬂf_ly_l)hi,iﬂ(y_l))71 hair (@7 y i (y)e(zy, —1)
= hiin(v 7 y)e(zy, —1).

So the lemma is proved for j =1 + 1.
Now if 7 > 7+ 1, then

f— — . . . . 71 . . —_ 71
Wij = Wj_1 Wi j1Wj—1 = Wj—1 Wi j1w; ;P ;(=1)7".

12



Assuming the lemma is true for 7 — 1, we calculate for j:
a’lwflawij
_ ~1 _ _
= a1 (=1) (wimrgwigoawity ) a(wiwigawity ) by (=1)7
-1 _
1 ([ (Wi gwig-1wily ) Dhj,l,j(—l) fe(—1,a5-10)

-1 -1 -1 -1
Dw;— J[ w;_ 1;“ Wwj— 1]7“%‘,;’—1] wj—l,jhj—l,j(_l) c(a;a;, —1)

1 1

hj- LJ( )
hj- 1»]( )
hj—1i(—=Dwj-1;hij-1(a; a])w] 1]hj—1,j(_1)_1
hj- 1»]( )
)

Dhij-i(a; aj)hjo(a; ag)hy—15(=1)7"
= hij(a;aj)c(a;aq, —1).
The lemma then follows by induction. O]

If p is an irreducible representation of T, let X, be its central character of p. For
i,J <, define a quasi-character pj; of F'* by

PZ(-T) = Xp(hij(2")), Vx e F~.

If i < j <r, by convention, we identify (ij) with w;;. So (ij)p = w;;p is the representation
of T given by w;;p(t) = p(w%ltwij), vVt € T. The following discussions concern when
G = GL(r) for r > 3.

Lemma 1.2.8. Assume r >3 and i,7 < r. Let p be an irreducible representation of T .
Then wij(p) = p if and only if pf; = 1.

Proof. Suppose X, is the central character of p. By Lemma 1.2.2, we need to show
wi;(xp) = X, if and only if pi; = 1. We first show that

s(Hij(F*")) = {wy; ¢ twye s c € O} (1.18)
Observe that if ¢ € C, then by (1.15), ¢ = zt"¢ for some z € 3(G), t € T and £u. So

-1 -1 _ -1 ny—1 n __ —1,—n n n
wy; ¢ wige = wy; (28") T wipt" = wi T wit" € s(H").

We used Lemma 1.1.1 in the above calculation.

13



Conversely, let h;;(2") € s(H;j(F*™)) and k <1,k # i,j. Then

hij(z") = w;hik(x”)_lwijhik(x”).

Since hy,(2") € C, (1.18) follows.
Identity (1.18) shows that Xp(wiglc_lwijc) = 1 for any ¢ € C if and only if y, is trivial
on h;j(F*™). The lemma then follows. O

Let H(B) be the subgroup of T generated by H,;(B), i,j < r. The H(B) is an abelian
group. In this paper, we alway take the maximal abelian subgroup A of T satisfying the

following condition:

H(B) C A. (1.19)
In particular, h;;(—1) € A for any i,j < r.

Corollary 1.2.9. Assume r > 3 and we consider GL(r,F). Let p be an irreducible
representation of T. If wi;(p) = p, there is a character p° of A such that w;;(p°) = p°,
p°(Hyy(B)) =1, and p = iZp°.

Proof. By Lemma 1.2.8, ¥, is trivial on the group 1.18. We need to show that x, can be
extended to a trivial character p° of the group D = {wiglawija_l :a € A}. The lemma
then follows from Lemma 1.2.2. To this end, we observe that by (1.16),

DNC Cs(Hy;)NC = s(HE).

Hence , is trivial on D N C and the desired extension of X, to A can be constructed. [

1.3 Intertwining Operators

Let F' be a p-adic field. Denote by |- | the normalized valuation, which is given by
lw| =p !, f=[O/wO : Z,/pZ,). Fix a measure on O such that [, dz = [D/o]7'/2,
where 0 is the absolute difference.

Let M and L be a standard Levi of G such that M D L. If P is a parabolic subgroup,
let Ap be the modular function. Let (p,V) be an admissible representation of L. Let
Ny = N N M. Define the induced representation of M to be the space of all functions
f: M — V such that
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(1) flnm) = Afs (p(1)f(m),¥l € T,n € Ny,m € M;
(2) there is an open subgroup U of M such that f(mu) = f(m),Yu € U,m € M.
The group M acts on this space by right translations. Denote this representation by ifﬁp.
Let N_ be the group of all unipotent lower triangular matrices. For ¢ € M such that
p(cLo™') is again a standard Levi subgroup of M, define
N, = NnoN_oc 'nNnM,

M(o,p): g p— ii50(p),

(M(o,p)f)(9) = y flo™ 'ng)dn, Vge M,

whenever the integral converges.

Let p = (r1,re, -+, %) be a partition of r, i.e., r =r; +ro+ -+ +rp. Put 79 = 0.
Denote d(p) = d(M) = k. Let G(p) be the standard Levi corresponding to the partition
of p. Suppose M = G(p). Suppose ¢ is another partition of r and [ = d(q), L = G(q).

For s € C!, let yx, be the character of M given by

Xs(diag(gr, - -+, gi) = [det(g1)[* - - - | det(gi)|*.
Define
M(O-a puﬁ) = M(O-7 pXi)

Identify o € M with an element in &, via the Bruhat decomposition o = ntwn’ — w,
n,n' € N, t €T and w € W. Let £(0) = £(w) be the length of w.

Lemma 1.3.1. The operator M (o, p,s) can be continued to a meromorphic function on

C¥D) and satisfies the following functional equation
M(r,0p,08)M(0,p,s) = M(70,p,s), Vo,7€ M, l(a)+ (1) =L(T0).

We consider the case when L = T. Let p be an irreducible representation of 7T'.
Lemma 1.3.2. Let f € Z'Tﬁp. Suppose g = hij(a)k with a € F* and k € K. Then there
1s an integer | such that

(M (wi;(1), p)f)(g) (1.20)
= [ P da (1.21)
a?w=l+1O
a ‘2

+ /w S (gl o)k el a) 2| a. (1.22)



Proof. Let Uy = {k € K,k 2 1( mod @w'O)}. Choose [ large enough so that f is invariant
under the right multiplication of s(U;) and s(U;) is normal in K. Observe that F =
w O uU{ye F:y ! ew'O}. So

(M (.01() = [ w [ gD do
—2gew 1O a?s~lew!O
By (1.3), the last integral is
/ f (nij(=a= YRy (x™Hhij(a)ngi(a*z~)k) da.

a2z~ lew!D
Since nj;(a*z~1) € s(U)), it can be omitted. The identity in the lemma follows after the
change of variable y = a%x~1. O

We can further simplify (1.22). Write x = {z with € € F*/F*" and z € F*". Then

nz- > LS en [ OIS

fEFX/FX" |§| (E_IWZD)HFX"

Corollary 1.3.3. Let p be a unitary irreducible representation of T, M(wy;, p,s) has a
pole at 0 if and only if p; is unramified and has exponent 0. If this is the case, the pole

18 simple.

Proof. For simplicity, replace pxs by p and consider M (w;;, p). Consider the identity in
Lemma 1.3.2. The term (1.21) is analytic since the domain of integration is compact.
Now study the meromorphic behavior of (1.22) which is equal to (1.23). Each summand

(2 dz — n|F " (\ds
/npw( )|z| n (1 — piy(w)) /szy( )d (1.24)

up to some constant. Now the corollary follows. O]

in (1.23) equals

From lemma 1.3.2 and (1.23), it is easy to get

M (wi;(—=1), p) £ (k) (1.25)

/ f(wij(1)ngj(x)k)dx
w—tto
dz

D S R L )

cerx Fxn (e~ 1wl O)NFxn ]
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In the rest part of this section, assume the following conditions are satisfied
G splits over K;  |n|p =1;  and the absolute difference is O. (1.26)

Denote be K* the image of K under a splitting homomorphism. We say an irreducible
representation p of T is unramified if the restriction of p on T N K* = T N s(K) is the
identity operator. By lemma 1.2.2, this is the case if and only if the central character of
p is trivial on C' N s(K). In this case, it is easy to see by the Bruhat decomposition that
the space of K*-fixed vector in % p is one dimensional. Realize p = z ° for a character
p° of A whose restriction to A N s( ) is trivial. Let 1, € szo such that 1,(a) =1 for
a € ANs(K) and 1,(t) = 0 for t ¢ A. Denote by v, the vector in sz such that v,(1) = 1,.

For convenience, call v, the canonical K*-fixed vector.

Corollary 1.3.4. Under conditions (1.26), suppose p is an unramified representation of
T such that the exponent of pfy is s. Then M (w;;(1), p)v, = (1—|@|*1) /(1= |@|*) - vij),-

Proof. We show that (M (w;;(1), p)v,) (1) = (1—|=|**) /(1 —|@|*)1(;),- By Lemma 1.3.2
and (1.23), the left hand is
f(hij(£)) dz
ij d i (2)—. 1.27
/wo f(w]( )) x+£EFXZ]5’><n |§| /(EID)HFX”pJ(Z)’Z| ( )

Since M (w;;(1), p)v, is a multiple of v(;;),, the terms after the sum sign will be canceled
unless £ € F*™. Also by (1.11), w;;(—1) € K*. Now (1.27) valued at 17 is

o [t 3 [ e

é‘eDXn

= |w|/dm+(1—p§‘j(w))l/ dz
D X
1— s+1
_ ﬂ/dm
L—|wl* Jo

Recall the measure of O is 1 if the absolute difference is . Now the lemma follows. [
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1.4 Product of Two Intertwining Operators

Lemma 1.4.1. Let F' be a non-archimedean field. As a meromorphic operator,

M (wij (=1) ,wi (1) (p)) M (wi (1), p)
n|r (fg da:)2 || (1—|w|*~1) (1—|w|**!)

(1~|e]*)?
— if pg is unramified and pf; = | - |°;

nlr (Jodz)” - ||

if piy; is ramified with conductor U..

Proof. Identify C\T with a fixed set of representatives of it. Let f € ifﬁp. By (1.25), for
k € C\TK, there is an [ which is a large multiple of n, such that

M (wiy(~1) ww<1>p>M<wij<1>,p>f<k> (1.28)
/ M (w5 (1), p) f) (g (Vg () k) (1.29)
Ly (ﬂ’a Yt s (©n) | p;(z)%. (1.30)

EEFX [Fxn (6 lwlO)NF X"

Any of the above integrals is understood as a meromorphic function of the exponent of
pi; whose values are given by the integral where it converges. The same understanding
applies to the following calculations. Identify the quotient group F*/F*" with a fixed
set of representatives in .

We need to show (1.28) is f(k) multiplied by the constant specified in the lemma.
Applying (1.4) to (1.29), we get

(1.20) — / / s

nw (1 —xy)” 1) hij ((1 —xy~ ) nj; (y(xy — 1)*1)) c(1 — zy, —x)dxdy

_ / / By (1)) () e, — ) L0 (1.31)
1 uva‘l'HD |U ,U|
vew!O J1—ucvw—1+19O ’u /U‘

+ /vgzwlo /uem_mo f(hij(w)ng;(v)k)e(u, —U)W, (1.33)
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We used the following change of variables to get (1.31):

U S Oz, y)| _ 1
S l-ay’  ay—1" |0(u,v)|  |uv|
In (1.32), replace v by —vw!. It then becomes (recall we assume n|l.)
du dv
f(hz(u)k)—/ c(u,v)—. (1.34)
/ue1+w9 ’ |ul? O—(1-u)O v

Observe the inner integral is 0 unless c¢(u,z) = 1 for any z € O*. On the other hand,
suppose u € 1+w@/O* and c(u, r) = 1,Vz € O*. The identity c(u, 1 —u) = 1 then implies
that c¢(u,w’) = 1. The inner integral of (1.34) is

j—1 P
c(u,v)— = C(U,?T)i/ dv.
iz:;‘ /7riDX [v] ; vED

This is 0 unless c¢(u, 7) = 1. Hence we conclude that the inner integral of (1.34) is 0 unless
u € F*™ and (1.32)=(1.34) becomes

S st [ ors) = alelr ([ du)2 fE. (39)

Jj=1
The proof of the last identity is postponed to lemma 1.4.2.
Leaving term (1.33) aside, we now calculate (1.30). By Lemma 1.3.2,

(1.30) =
b (€ k) e(—y, €)1 e |
. [ttt oS [ e
c(&, —1)
i f(wij(=1)nij(x)hij (§)k)dx
geFxZ/FXn ‘5’ /§2z€wl+19
d
/(51 LO)NF X0 pijl(z)é' (1.37)

It is obvious that (1.36) is 0 unless pf; is unramified. Assume this when we discuss (1.36).
Also the @' can be removed in (1.36) since n|ll. Now let y = zn for z € F*" and
n e F*/F*". Then (1.36) becomes

> e mene [

€ neFx /Fxn n—lONFxn |37| £-1onFxn

dx B dz
pij1<z)

KN
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Recall the above two integrals are understood as meromorphic functions of the exponent

of p;j. The n~! and £~ in the above two integral domains can be removed if we require

0<[£|,|n] < |w|™ ! Let § = n/¢ and then (1.36) becomes

> seR Y 6o [ @ [ s

||

5EF></F><'"' é‘eFX/Fxn O |I| on
Joe 3 (@) d\®
= — 1 EE e k). 1.38
ey () (L2 ) (139

In the last step, we used the fact that the second sum is 0 unless § € F'*". Observe that
(1.38) is true even when pf; is ramified.

So (1.28) is the sum of (1.33), (1.35), (1.37) and (1.38). Now the lemma follows
by a straightforward calculation if we can show that (1.33) 4+ (1.37) = 0. To see this
cancellation, first plug the identity

haj(u)ngi(v)e(u, —v) = hi(uv™ wi;(=1)ng; (v~ )e(uv™, —1)

into (1.33), then make the following change of variables:

Expression (1.33) now becomes

Lo [ gty -0
o190 Jo-+19 |y|

c(§, —1) Vol D () de
> [ (@)

i
dz

pij(2) -
\/(§1Wl+1D)OF><” J |Z’

We replaced y by £z, for z € F*™ and £ € F*/F*", to get the last identity. Make the
following changes of variables z +— &2z and then & — €' in (1.37). Now the identity

(1.33) + (1.37) = 0 is an immediate consequence of

dz _
/ T [T =0
(6-lw—I+1D)NFxn |2 (Ewl O)NFxn 2|
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which can be easily deduced from (1.24). Remark again that the above integrals are
meromorphic functions of the exponent of pj};. n

Now we need to prove (1.35). It follows from the following lemma.

Lemma 1.4.2. Let v be a character of F*™ and c the least positive integer such that v™
is trivial on 1+ wO. Then

_ Inlel@|

Zj/ v(u)du = ———— [ du.
j>1 /(4w 9 )nFxn 1—lw| Jo

Proof. We show by induction on |n|r that

_ Inlplw)

Z/ v(u)du = ————— [ du (1.39)
(14 D)NF X7 1— @] Jo

Jjz1

from which the lemma will follow.

First suppose that [n|p = 1, then 1 + @O C F*™ and ¢ is a also the smallest positive
integer such that v is trivial on 1+ @w®D. Hence when j < ¢, the integral on the left hand
side of (1.39) vanishes and the proof is straightforward.

Suppose it is true for n. We calculate for np. Let U; = 1 + 7O for ¢ > 1. Let e be the
ramification index for F//Q,, i.e., p = w®O*. First observe that if F' contains the p-th
roots of unity, then

e ep
i = (Ui—e)?, f ) 1.4
U= Wear, i > =2 (1.40)

By this observation, If i > pe/(p — 1),

/ v(u)du = / v (u)du = |p| v (vP) dv.
(14w O)NF>r» (Ui—e)PNEF>*nP Ui—eNFXn

For the last identity, we changed variables: u = v? . (Notice that U;_, does not contain
any primitive p-th root of unity.) If i < -5, 0< 7 <p,

/ V(u)du:/ l/(u)du:@ v (vP) dv.
Uip—jNFXnp (U;)PNF*xnp P Junpxn

21



Again we used the change of variable u = vP. (In this case, U; contains all p-th roots of

unity.) So
Z/ v(u)du
=1 UZ‘OFXTLP
— bl X [ veasp Y [ s
T R i<e/(p-1) " VIO
— Jp] VP (v) do.
; U;NF*xn
Now the assertion (1.39) for np follows from the induction hypothesis. ]

1.5 Normalization of Intertwining Operators

Let F' be an local field. From now on we suppose that ¢(—1,—1) = 1. Recall that we
have fixed a maximal abelian subgroup A of T satisfying (1.19).

Assume that F' is a local field. Fix an additive character of F' once for all. Let v
be a quasicharacter of F*. Let L (s,v) and € (s,v) be the L-function and the e-factor

respectively. Recall the following definitions.

for non-archimedean field
if v is ramified
L(s,v)=1,
if v is unramified and v = | - |*°
L(s,v) = (1—|w|=) 7", e(a,v) = ([oda)?H07"
for the complex field
if v(z)= |z|®°x~™ or |z|*°ZT~™ (m > 0)
L(s,v)=2m)" T (s+ s0);

If F'is p-adic, € (s,v) is an entire function satisfying the following relation

e(s,v)e(=s,v ") =v(-1)|w|* (/D dx) - (1.42)
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where c¢ is the least nonnegative integer such that v is trivial on 1 + w®D.

For an irreducible representation p of T and s € CT, fix a character p° of A which
extends the central character of p. For 4,5 < r, let y(p;;) = 1 if p°(hy(—=1))"t =1
and y(p;;) = 11if p°(hyj(—=1))"' = —1. Here i is fixed primitive fourth root of unity.
By definition, v(p;;)* = p°(hi;(—1))""!. In particular, y(p;;) = 1 if n is odd. Define for
o€,

inv(e) = {i,jeZll<i<j<ro(i)>0a(j)}; (1.43)
M(o,p,s) = M (ws,p,s); (1.44)
NMnl2L, R
r(ops) = ] el <Z (5= ) .75) i (145)
i,j€inv (o) L(n(si —s;)+1p5) e (n(si = s5), p5)
N(o,ps) = r(0,p,5) " M(o,p,s). (1.46)

Proposition 1.5.1. The operator N (o, p, s) is normalized in the following sense:
(1) N (10,p,s) = N (1,0p,0(s)) N (0, p, s).
(2) If F' is non-archimedean, N (o, p,s) is analytic in the domain

{seC: ppl - ["om) £ |- |71V (i,5) € v (0)}.
If F =C, N (o,p,s) is analytic in the domain
||V (6, ) € iy (o)}

(3) Assume conditions (1.26) are satisfied. If p is unramified, then N (o, p, s)v, = Uy,.

{s€C": pyl-

(4) It is unitary when p is unitary and s € iR™1.

Proof. (1) The identity holds when ¢(70) = ¢(7) + £(c). So we only need to show that if
o= (i,i+1),
N(o,0p,08)N (0, p,s) = 1. (1.47)

Observe that
N(U7 ap, U§) - pi,i+1(_1)N(wo(_1)7 ap, U§>
By lemma 1.4.1, the left hand side of (1.47) is
r(a,0p,08)"'r(0, p,s)" M(a,0p,08)M(0, p, 5)

= v((0p)iit1) " V(pris1) i (—1)""
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By the definition of v(p;+1), the last expression is 1.
(2) follows from Corollary 1.3.3 and basic properties of the L-functions.
(3) follows from Corollary 1.3.4.
(4) follows from (1). O

1.6 The Special Value of an Intertwining Operator

Assume F' is p-adic. The result is this section is not used for GL(2). So assume r > 3.
Keep the notation in the previous section. Fix i, j < r. Let w = w;; = w;;(1). If s € C",
let s = s; — s;. Denote by i a square root of —1. Assume p7; is unramified. By Corollary
1.2.9, we can extend p to a character p, of A such that p°(h;;(—1)) = 1.

Proposition 1.6.1. If w(p) = p, as a meromorphic operator,

lim N (w, p,s) = 1. (1.48)

5—0
Proof. 1f F is the field of complex numbers, it is a special case of [7, Proposition 6.3]. Now
assume F is a p-adic field. In this case, L(ns, 1) = (1 — |@|™)~". By Corollary 1.3.3, the
operator limy_ o (1 — |ww|™) M (w, p, s) is bounded. Now apply Lemma 1.3.2. The domain
of the integral in (1.21) is compact and hence the integral can be ignored when applying
limit. By (1.23) with a = 1, when s — 0, for f € i¥p, k € K,

(1= []™) M (w, p, ) F(R)
(1 — e f(hij (E)F) e
a-l=l) >, = /@1W@>mFxn' p

EEFX JFxn
f(hlj<£)k) . wns s%
> oo >/Xn\z| e

gEFX JFxn
Write £ = en with e € F*/B and n € B/F*". Apply (1.24) to the last integral. Then

the above expression becomes

- Y ¥ f(hij(n)hij(e)k)c(n7€>—1 (@/ dz)

€€F* /B neB/Fxn 7€
hl" ek n
5 ()L
neF* /B neB/Fxn *
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The inner sum is 0 unless € € B. So the above calculation shows that

ns fk)|B/F*™||n
(1= fol™) M (w, ) ) ~ LENELEZRRE g, (1.49)
Notice in this case, y(p;;) = 1. The lemma follows from (1.49) and Lemma 1.2.4. O

1.7 The Langlands Quotient

Let F' be p-adic. It is not hard to see the existence and uniqueness of the Langlands
quotient in metaplectic case. The proof is identical with the nonmetaplectic case. As
before, let p be an irreducible representation of 7. Let w, be the longest element in &,.
for a representation 7 of G, denote by JH(7) the set with multiplicities of all composition

factors in the Jordan-Holder series of .

Proposition 1.7.1. Suppose p;';,, has exponent no less that zero for any i < r. Then

the image L(p) of M (wo,p) : igp — 1S (p) is irreducible. Furthermore, it is the unique
wrreducible quotient of i%p and the unique irreducible subrepresentation of i%wo(p). And

L(p) occurs in JH(iSp) = JH(igwo(p)) with multiplicity one. O
As a corollary to the above proposition, we can prove

Lemma 1.7.2. Let p be an irreducible representation of T such that for anyi < 7, oy # ||

and the exponent of the character pj; is not less than zero. Then igp 15 1rreducible.

Proof. Let wqy be the longest element is &,.. Then N (wp, wop)N (wg, p) = 1 by Proposi-
tion 1.5.1. By the above proposition, N(wg, p) maps the unique irreducible quotient of
z'%p to the unique irreducible subrepresentation of i%wo(p). Since both N(wy, p,s) and

N (wo, wop, wos) are analytic at s = 0, N(wg, wop) is an isomorphism from z'%wo(p) to igp.
In particular, N(wg, wpp) sends the unique irreducible subrepresentation of i%wo(p) to
the (unique) irreducible subrepresentation of i%p. Summing up, N(wq,wep)N (wp, p) =1
maps the unique irreducible subquotient of z'%p to the unique irreducible subrepresenta-
tion of i%p. By the multiplicity one for the Langlands quotient, this can happen only if

igp is irreducible. O]

Proposition 1.7.3. Let p be an irreducible representation of T such that for any 1,7,
pi; # |- [F'. Then i$p is irreducible.
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Proof. Let w be an element in &, such that the exponent of the character (wp)}; is no
less than zero. Then i%w(p) is irreducible by the above lemma. Write w = wjws - - - wy
as a product of simple transposition. Then we have

N(w,p) = N(wy, p)--- N(wy, p) : igp — igw(p).
Observe that each operator on the right hand side of the identity is an isomorphism. So
z'%p & i%w(p) is irreducible. O

Let p is an irreducible representation of 7' and w is an element in &, such that for any
i,j < r, the exponent of (wp)i; is no less than 0. Denote by L(p) the unique irreducible
quotient of i%wp. The following lemma follows from the general theory of representations

of locally compact groups.

Lemma 1.7.4. Let p be the contragredient of p. Then the contragredient of L (p) is L (p).
0

Let p = (r1,re, -+ ,r%) be a partition of r, i.e., r =r; +ro+ -+ + ry. Put rg = 0.
Let M be the standard Levi corresponding to the partition of p. Let p be an irreducible
representation of A such that for any i < k and any j, r;_1 + 1 < j < r;, the exponent of
Pjj+1 18 no less than 0. Then iTMp has a unique irreducible quotient, denoted 7.

We identify an element s € C* with (s1, 81, -+ ,81,82, - ,8:) € C" where each s;
occurs r; times. Identify an element ¢ € G with an element in &, permuting intervals,

ie.,
o(ri4-Fria+j) =rerqyF o1+ Fre1ey F 51 <<k 1< <y
Define an intertwining operator
Yo i — Gillp  (Yarf)(a)(m) = Ay (m) ™ f(mg)

for any f € igp and g € G, m € M. It is easy to see that T provides an isomorphism
with the inverse given by f — f(g)(1). Furthermore, we have

M(o,ip,s)Tar = TorrM(o, p,s).
The following lemma is a corollary of Proposition of 1.5.1 and the above observation.
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Lemma 1.7.5. Notation as above
1) N (ro,m,8) = N (1,0m,08) N (0,7,8), Yo, € &.
2) N (o,m,s) is holomorphic at s if N (o, p,s) is
3) If conditions (1.26) are satisfied, then N (0,7, S) Uy = Ugy.
4) N (o,7,5) is unitary when s € iR* and 7 is unitary. d

We close this chapter by remarks on notation. So far all the statements on induced
representations and intertwining operators are within GL—(T’) But it is not hard to see
that they are also true for a standard Levi subgroup. For example, in the remaining part,
fix the standard Levi G(p) corresponding to a partition p of r. Proposition 1.7.3 can also
be stated as

Let p be an irreducible representation of T such that for any i, j, oy # |- £

Then zf )p 15 wrreducible.

Suppose p is an irreducible representation of T such that the exponent of Piiv1 1s not
less than 0 for any ¢ € {ry +---+r; : 1 < j < k}. The corresponding statement to
Proposition 1.7.1 is

The induced representation @,( P)

G(p)

p s has a unique irreducible quotient, denoted

L(p,p), which occurs in iz p with multiplicity one.

Let 0 € G. As before, we also identify it with an element in &, which permutes

intervals. Then we have

Lemma 1.7.6.

h

(0p,0p) = aL(p,p).
Proof. As representations of o(G(p)),

(Jp)ap =0 (i?p) .

Denote by Q(m) the irreducible quotient of 7 for a representation 7 with a unique irre-

7

STk

ducible quotient. According to the above identity, we have

0(76) =00 (579)) - (0(57)

The lemma then follows. ]
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Chapter 2

Local Intertwining Operators

2.1 Irreducibility and Intertwining Operators

Assume F is a p-adic field in this section. Corresponding to each partition p = (py,- -+, px)
of r, there is a standard Levi subgroup G(p) = GL(p;) X - - - x GL(py). Denote by &(p) the
subgroup of &, consisting of all the elements which stabilize the intervals corresponding
to the partition p. That is

S(p)={0€6,:pi1<0(j) <p,V0<i<k,p_1<j<pi}.

Fix an irreducible unitary representation d of T. Let s € C" and w € &(p) such that for
any | < k, po1 <1 < j < p, we have s,-13) > S,-1(j). Then ig(p)w(é[g]) has a unique
irreducible quotient, which is denoted by L(d,p,s) or L(p,s) if the § is clear from the
context.

Let p = (m,m’) be a partition of r. Let v € R™, ' € R™ such that

/ / /
VI 2 Vg 2 Uy, V| 2> Vy 2 o U

Denote (v, V') = (v1,+ U, vy - - - V),.,). The proof of the following lemma is similar to that

in the linear group case.

Lemma 2.1.1. (refer to [10, p. 609])
Let s = (s,s') € C?, Il = L(d,p, (v,v)). If vy + Re(s) > v/ + Re(s'), then
(1) N (0,11, -) is holomorphic at s and N (o,11,-) # 0;
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(2) N (o,0ll,-) is holomorphic at os if and only if i%ﬂ is irreducible;
(3) if N (0,011, -) is holomorphic at os, then N (o,0ll, 0s) # 0. O

If a,b € R such that n(a — b) € N. We call
[a,b] = (a,a+1/n,a+2/n,--- ,b—1/n,b) (2.1)

a segment. Two segments [a, b] and [a’, b'] are called linked if their union is again a segment
and neither contains the other.

If [a,b] is a segment and r =m x 14+ (n(b—a)+1)+m' x 1. Let p=(1,--- ,1,n(b—
a)+1,1,---,1) be the corresponding partition of r. Assume (i5)(0) = ¢ for any m <
i,j <r—m'. Identify [a,b] with the element

0,---,0,a,b,0,---,0) € C".
NG N

m m/

Denote J(a,b) = L(0,p, [a,b]). If a > b, set J(a,b) = 0.
Suppose [a, b] and [a’, V'] are two segments such that n(b—a+ b —a’) +2 = r. Define
the following partitions of m + r +m’:
bPo = (malf" 7]-7m/>;
——

r

p = (mnbd-—a)+1n0l —d)+1,m);
= (mnb—a+?b —d)+2,m).

Denote

—— 1 1 1 ——
([a,b],]a',b']) = (0,--- ,0,a,a+—,--+ ,b— = b,a’,a" + =, - 0).
n n n

Let 0 be an irreducible representation of G(py). Define

J(a,b) x5 J(a',b) = i% LS, p, ([, 8], [, 1)), (2.2)

This is a representation of G = G(q).
The above notation are too cumbersome. So in a situation as above, we just use
the following notation. Let G = GL(r) and T the group of diagonal matrices. Let
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p=(nb—a)+1,n0 —a)+1) and define J(a,b) x5 J(a',b') as (2.2). Even though we
are doing everything within G = GL(r), we still keep in mind that G is a really M for

some standard Levi subgroup in GL(R) for R > r.

Furthermore, if the context is clear, we write
J(a,b) x J(d',b") = J(a,b) x5 J(d', V).
In particular, when a = b, by convention
la] x J(a', V) = J(a,a) x J(a', V).

Let 0 € 6, defined by o(i) = i +n(/ —a')+1fori < nb—a)+ 1 and o(j) =
j+nb—a)+1for j <n —ad)+1. Then o represents the nontrivial element in
S, /6(p). We also identify o with the nontrivial element in G, in an obvious way.

Lemma 2.1.2. (refer to [10, p. 612])

Suppose that [a,b], [a’,b] are segments.

(1) If a +b > o + V', then the representation J(a,b) x J(a',V') admits a unique
irreducible quotient which is isomorphic to L(0,p, ([a,b], [a’,V])).
g(U:D)
is isomorphic to the same representation L(0,p, (a,b], [a’,V'])).

(2) The representation m = J(a,b) x J(a',b') is irreducible if and only if N(o,m,s)
and N(o,om,08) are defined at s = (0,0). In this case, 1 = L(d,p : ([a,b], [@',V])).

(3) If n(b—10") € Z or o6 # 6, the equivalent conditions in (2) are satisfied.

Similarly, i L(cé,0p, ([d',b],[a,b])) admits a unique irreducible submodule which

Proof. Denote a = (b,b—1/n,--- ,a+1/n,a,t/, b/ —1/n,--- ;a’+1/n,a’). Let wy be the
longest element in &(p).

By a standard module dominating J (a,b) x5 J (a’,b') we mean an induced represen-
tation of the form ig&[g], where z = (21, ,2,) € C7, such that ¢/ = w(d) and z = wa
with Rez; > --- > Rez, for some w € G,..

Fix a standard module, denoted by C't, dominating J (a,b) x J (a/,V'). Fix a w € &,
associated to C'.

We identify an element s = (s, s') of C? with the following element in C":



where s occurs n (b — a) + 1 times and s’ occurs n (' — a’) + 1 times. Put
C™ (s) = I (wdla], ws).
We have the following normalized intertwining operators:

N(w_l,w(é[g]),wg) N(wo,d[al,s)

C* (s) dla + s S[wo(a) + 3] -

We have
ImN (wo, d[a], s) = J (a,b) [s] x J (a',b")[s].

By convention, J (a,b) [s] x J (a/,V)[s'] = J(a+ s,b+s) x J(a' + s,V + ).

Ifnb—V)¢&Zorad # 4, then N (w™ !, w(d[a], ws)) is an isomorphism at s = 0 by
Proposition 1.5.1. Since Ct has a unique irreducible quotient L = L (0[a]), C* shares a
common irreducible quotient with J (a,b) x J (a’, ).

The contragredient of J (a',0') X5 J (a,b) = ig(ap)L(aé, op, ([, V], |a, b)) is

J(=V,—a') x5 J(—=b,—a) = @ETP)L(O—S, op, ([-V, —d'],[~b, —a))),
where ¢ is the contragredient of 6. The ¢ is determined by its central character which is
the complex conjugate of the central character of . The induced module J(—V', —a’) x5
J(—b, —a) has an irreducible quotient L ([—a]). We see that L = L ([a]), the contragre-
dient of L (0[—a]), is a subrepresentation of J (6,a’,¥') x J (6, a,b).
Similarly we see that J (&', a’, V') Xs5J (9, a,b) admits L as a quotient, and J (d, a, b) X4
J(8',a’,b') admits L as a subrepresentation.
Now
C+t——=J(0,a,b) x5 J(&,d,V)
J(&,a',b) 3,5 J (0,a,b)

All operators are normalized intertwining operators. The vertical arrows are isomorphisms
by Lemma 1.7.5, so J (d,a,b) x5 J(0',a',0') has L as both a submodule and a quotient
module. But L has multiplicity one in all subquotients of C* by Proposition 1.7.1, So
J (6,a,b) x J(0',a’,b") must be irreducible.
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Now suppose n(b—10) € Z and 06 = § in the rest of the proof. Then we have
J(a' V) X5 J(a,b) = J(a', V') x5 J(a,b). So we can omit 6. We prove the surjectivity

C* — J(a,b) x J(a',V) (2.3)
by induction on (a +b—a’ — ).

If (a+b—d —V) =0, then we temporarily assume the surjectivity of the above map.
We shall prove this in section 2.4.

If (a+b—a —b") >0, suppose that b > b (the case where a > @’ is similar). Denote
by C'* the standard module dominating J (a,b — 1/n) x J (a’,b'). We have

CF 2 [0 x CF = [B] % J (a,b— 1/n) x J (1) = J (a,b) x J (d, V).

The first surjection is by the induction hypothesis and the second one by the uniqueness
of the Langlands quotient.

So the first part of (1) in the lemma is proved. Passing to the contragredients, we get
another part of (1).

(2) Suppose (a+b) /2 > (a’ + V') /2. We have the following commutative diagram

(

a+s a—l—s
% \
ZT(UP) (5[a+5 ) <—J(a, V)] ><Jab ><Ja V)]

All operators are normalized intertwining operators. Their definitions should be clear
from the diagram.

The operator R (s) = A (s) B (s) has (nonzero) image in J (a’,0’) x J (a, b) when s = 0.
And this image is the unique irreducible subrepresentation of J (§',a’,0') x J (§,a,b). The
surjectivity has just been proved for T (s) at s = 0. So N (s) is defined at s = 0.

Hence if J (a,b) x J (a’,V') is irreducible, then N (s) is an isomorphism at s = 0. And
the its inverse N (o, 07, 0s) is holomorphic at s = 0.

Conversely if both N (s) and N (0,0m,0s) are defined at s = 0, then they are iso-
morphisms. So L (d,p,a) is both an irreducible subrepresentation and a quotient of
J (0,a,b)x J(§',a’, ') by part (1) of the lemma, which implies that C has two isomorphic
subquotients. By Proposition 1.7.1, J (4,a,b) [s] x J (§',d’,b") must be irreducible.

Passing to the contragredients, we see (2) is also true for (a +0) /2 < (¢' +¥') /2. O
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2.2 Speh Modules (p-adic Case)

Assume F' is p-adic. We keep the notation from the last section. In particular, ¢ stands

for the simple reflection, and § is a unitary irreducibly representation of 7.

Lemma 2.2.1. (refer to [10, p. 618])
Suppose a > 0. Put m=J(—a,0) x 0, then
(1) N (o,m,s) is holomorphic at s = 0.
(2) The induced representation I (1) = J (—a,0) x [0] is irreducible.

Proof. Applying lemma 2.1.1 to II = o7, we see (1) and (2) are equivalent hence we need
only prove N (o, 7, s) is holomorphic at s = 0 by induction on a.
Assume ¢ is invariant under &,. Otherwise, the lemma follows from Lemma 2.1.2 (3).
If a = 0, part (2) follows from Proposition 1.7.3 and hence (1) is also true.
Now suppose the lemma holds for a € %Z. We want to show it is also true for a+1/n.

Let 7" = J(—a —1/n,0) x 0. First we have the following commutative diagram

J(—a—1/n,0)[s] x [¢] Nome) [s'] % J (—a — 1/n,0) 4]
TN((H))
T (=a,0)[s] x [s — a— 1/n] x [s] 2= 10 o 15— a— 1/n] x J(—a,0)[s]
J{B(S)N((U)) D(s)=N((12))

C(s)=N((23))

[s —a—1/n] x J(—a,0)[s] x [¢] s —a—1/n] x [¢'] x J(—a,0)][s]

To show N (0,7, s) is holomorphic at s = 0, we only need to discuss D (s) since all
other operators are holomorphic at s = 0. (The holomorphy of C' (s) is by the induction
hypothesis.)

If a # 0, then D (s) is obviously holomorphic and the lemma is proved in this case.

If a = 0, we are essentially working on GL(3). Let s = (s, s’). The operator
D(s) = N((12)) : [s = 1/n] x [s] x [s] — [s'] x [s = 1/n] x [s]
has at most a simple pole at s = 0. Let so = s — s’. Then

No = lim soN (o, [—1/n] x [0], s)

so—0
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is defined with image denoted by d # 0. Define a partition p = (2,1). The module d is
a representation of G(p). It must be the unique irreducible submodule of [0] x [—1/n].
Otherwise, since the length of [0] x [—1/n] is two, Ny would be surjective and hence an
isomorphism which is impossible.

So A (s) has at most one simple pole and the same is true for N (o, 7, s). Define

A=1lim s0A(s) ; N = lim soN (0,7, 5) .

sog—0 so—0

We just observed the image of limg, .o s9D (so) is z d We shall show

Hornig (J(—1/n,0) x 0], 18 d) 0. (2.4)

So N =0 and N (0,7, s) must be holomorphic at s = 0. The lemma then follows.
We now prove (2.4). First recall that by definition,

J(=1/n,0) x [0] = Z’G—pL(p, (—1/n,0,0).

If (p,V) is an admissible representation of G and M is a standard Levi subgroup of
G, recall the Jacquet functor r%p as follows. Let T’%V be the quotient space of V' by the
subspace generated by the vectors {p(n)v —v:v € V,n € N}. The group M acts it by

(T%p) (m)(v) = AMﬂ(TN)(m)_l/Qp(m)(v)'

This is admissible representation of M.
By the Frobenius reciprocity, we need to show

Homgg; (TG‘( G SLp, (- 1/n,0,0),d) —0 (2.5)

Since G(p)\G/G(p) = {1,(13),(123)}, by [2, 5.2 theorem], the Jacquet module

e g( 7L(p, (=1/n,0,0)

has three components:

L(p,(=1/n,0,0)); (2.6)
Zg(p)((% —1/71, O), (27)
i%9(0,0,~1/n). (2.8)
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By the multiplicity one of the Langlands quotient, Hom(L(p, (—1/n,0,0)),d) = 0. Simi-
larly, we see that there are no nontrivial homomorphisms from (2.7) or (2.8) to d. Now
(2.5) follows. O

We now generalize the above lemma. Let a,b,d’,b’ be real numbers such that a < b,
a <V and na,nb,na’,nt’ € Z. Let p = (n(b—a) + 1,n(b/ —a’) + 1) be a partition
of . Again, let § be an irreducible unitary representation of T and ¢ be the simple

transposition.

Lemma 2.2.2. (refer to [10, p. 622])
Assume w(d) = § for any w € &(p). Let m = L(6,p, (a, b], [a’,b'])).
1) Ifb>10V ora>d, then N (o,m,s) is holomorphic at s = 0.
2) If (a,b) and (a',b") are not linked, or 76 # & for some T € &,, then J (a,b)xJ (', V)

is irreducible and N (o,7,8) and N (o,0m,058) are holomorphic at s = 0.
Proof. We have the following commutative diagram

N(o,m,s)

T (a,b)[s] x J (@, ) [s] —"2 o 7 (a, ¥ [s'] % J (a,b) [3]

l[a+s] x -+ x [b+ s]x la + & x - x [0+ ¢

[a + 8] x - x [0 + ¢ X[a+ s x - x[b+ 5]
The arrow at the bottom is the product of N ((12),46[(4,7')],s) for j € [a,b], j' € [d',V'].
If each of them does not have a pole at s = 0, then N (o, 7,s) does not have a pole at
s = 0. By Corollary 1.3.3, 0 is a pole for some pair (7, ;') if and only if

1
w(@) =0Ywe &y a—d € ~Z; a<l, d <b+l (2.9)

If the first two conditions are not satisfied, then N (o, 7, s) is holomorphic at s = 0,
and similarly for N (0,07, 0s). The irreducibility follows from Lemma 2.1.1.

So we assume the first two conditions are satisfied in the proof. Assuming b > V', we
prove that N (0,7, s) is holomorphic at 0 by induction on b’ — «'.

First suppose b’ = @’. We may further suppose a < b’ (otherwise (2.9) is not satisfied).
We have the injection

1
J (a,b) — J(a,V) x J(b/—i——,b).
n
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Consider the following commutative diagram (when s is around 0)

T (a,b) [s] [V + &] Nome) b+ 8] % J (a,b) [s]
J (a,b) [s]x b+ s x J(a,b)]s]
J U +1/n,b)[s] x [0/ + ¢ xJ (b +1/n,b)[s]

holomorphic olomorphic
by lemma 2.1.1 J (CL, b/) [8] % [b/ 4 S/] by lemma 2.2.1

xJ (b +1/n,b) [s]

So N (o, m,s) is holomorphic at 0 in this case.

Now suppose @’ < b/, and consider the following commutative diagram

J (a,b) [s]x N(o,m,5) J(a', V) [s]
J (a0 [ xJ (a,b) [s]
J (a,b) [s] x d[a’ + §'] '+ ' x J(ad+1/n,b)[s]
xJ (a'+1/n,b)[¢] xJ (a,b)[s]
_ by the case by induction
just considered {a/ 4 8/] X J (CL, b) 8] % hypothesis

[
J (@ +1/n,t) ][

So N (o, m,s) is holomorphic at 0 when b > V.

If a > o', we get the same result by considering the contragredients. This finishes part
(1) of the lemma.

For part (2), suppose (a,b) and (a’,b') are not linked and show the holomorphy of
N (o, m,s). We have observed at the beginning of the proof that we may assume (2.9) is
satisfied. Then we see that either o’ < a or ¥’ < b. The holomorphy of N (o, 7,s) at 0
then follows from part one. By symmetry, N (0,0, 0s) is also holomorphic at 0. ]

2.3 The Principal Lemma

Assume F'is p-adic. For i =1,...,m, we use the following notation:
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A; = [a;, b;] for a;,b; € +Z;
pi=n(b;—a;)+1;
p={(p,-pm);
pr=0 P =20
r=220 P
s=(s1,"+,8,) € C™
A(s) = (b1 + s1,b1 +s1—1/n,- - ;a1 + S1,b2 + S2,+ -+, Qm + Sim);
w € &, reverses the order on each interval [pi+1, pi_]: w (p; + j) = pi+1—7.
We say that the segment [a,b] dominates [a/, V], and write [a,b] > [d/, V], if we have
either b > b or b="¥ and a > d’.
Fix an irreducible unitary representation & of T such that o6 = § for any o € &(p).

Let J; = J(a;,b;). Remark by our convention, J; is an irreducible representation of G,
where G; is the standard Levi corresponding to the partition

=1 / | —7 — 14+t 141+,
r X p;+pi+1x(r—piq) +ooo+14p+ 14+
P} U Y
Define
J=J® L& @ Jy=L(6p, \0))

which is an irreducible representation of G(p). Remark this is not a tensor product of

representation. But by Lemma 1.7.6, we still have for any ¢ € &,,
O'(J1 K- ® Jm) = Jg—l(l) XK X Jo.—l(m).

The operator N (w,d,A(s)) : I (0, A(s)) — I (0, wA (s)) is defined with image I (J, s).
Fix w’ € &, such that if X' (s) = w' "'\ (s), we have

Re (X(Q)i—)\’(Q)]) >0 foralll<i<j<r

Put ¢ = w'™'6. Then N (ww',d', N (s)) is defined as a meromorphic operator. It
factors through N (w,d, A (s)). So its image is included in I (J, s).
Introduce the following condition:

For any 1 <i < j < m, we have 76 # ¢ for 7 = (p, 1, 1),
or (a;,b;) is not linked with (a;,b;), or [a;, b;] dominates [a;, b;]. (2.10)
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Lemma 2.3.1. (refer to [10, p. 633])
Suppose 0 € &, and o is increasing on each interval [p; + 1,p} ].
1) There is a meromorphic operator, denoted by N, (s), such that the following dia-

gram commutes

Nw',6" N (s))

N (ow,d,\(s))

(8N (s)) 1(d,A(s))

ww’ 6", N (s))

N(oww’,8" N (s)

2) If condition (2.10) is verified, then all the above operators are holomorphic at
s =0. The operator N (ww', 8", A (0)) has I (J,0) as its image and N, (0) # 0.

Proof. Define N, (s) = N (0,0, wA(s)) |1(s5) - Then (1) follows.
By Proposition 1.5.1, all operators starting from I (6’, A (s)) are holomorphic at 0,
and none of them is zero.

Suppose we can show that
N (ww', 0", N (0)) is surjective. (2.11)

Since all the spaces of the above induced representations can be realized as an induced
space independent of s, there is a right inverse (as a linear operator) ¢ (s) : I (J,s) —
I(8,)N(s)), analytic at 0. Thus N, (s) = N (cww',d', N (s)) o ¢(s) is analytic at 0.
Commutativity of the diagram implies the other assertions.

So the only thing left is to show the surjectivity of N (ww’, ", X' (0)).

Suppose 7 € &,, such that A;qy > Ay > -+ > Argy). Consider

N (T, 4, T_1§) I (T_IJ, 7'_1§) — 1 (J,s).

Suppose (7, j') € inv (1), put i = 74, j = 75'. We have ¢ > j and A; > A;. Condition
(2.10) implies that either (a;, b;) and (aj, b;) are not linked or 00 # 6 for o = (p}, 1, pj,+1)
and hence the above operator is holomorphic and is an isomorphism at 0 by lemma 2.2.2.

38



It remains to show that N (77 ww’, 8", N (s)) = N (w,w’, ', N (s)) is surjective by the
1

following diagram. Here w, = 7~ lwr, w, = 771w/,

1(6', N (s))
N(T‘lww’,é’,)\’@)) l

I(r= ', m71s)

ww/’6/7>\/ (§))

I
N(T,T_lj,T_1§) (J’ §)

So in the remaining part of the proof, we assume that Ay > Ay > --- > A,,.
We are going to show (2.11) by induction on m. Suppose v/, v',u,v € &, such that

eu' =w onw ({1, ,pi});
e v/ is increasing on {1,--- ,r} —w " ({1,--- ,p1});
o v =wu'

eu=won{l, - p}

e u =identity on {p; +1,--- ,7};

o v =wu !

Then we have
ww' = vv'uu';
T(ud'd') = wd'd, V1= (ij),1 <i<j<p;
N (ww', 8", N (s)) = N (vv',uu/N (s)) o N (uv', 8", N (s)) .

We can write
uu' N (s) = (ay + s1,- -+, by 4 51, A" (8))

where s¥ = (S2,83,+ "+, 8m,). And X' (s”) is the analogue of X (s) relative to the segments
A27 T 7Am-

Suppose we can demonstrate that
The image of N (uu/, 8, X (0)) is Ji Xuws I (N7 (0)). (2.12)
The lemma then follows from (2.12) and the induction hypothesis
N (vv', w8’ uu' N (0)) - (J1 Xyws T (N (0))) = J1 Xwrst (Jo X -+ X T
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Now we prove (2.12). Fori=1,...,py, put j; = w'~" (i), we have X, = by + (1 — i) /n.
Put k; = sup{z: X (0), = b1 + (1 — i) /n} and formally ko = 0. Then we have

0:k0<j1§]€1<j2§]€2<"'<jp1S/{?p1<'-' .

Denote by u’ the element of &, such that

U (Jpy) = ki1 + 1, W (pyo1) = kica +2, -+, W' (Ji) = kica+ 1 +1—14,
u' is increasing on {1,...,7} — {Ji, Jit1s "+ s Jpy }-
Put
ps) = (V@ X (), )i V()= (o N (8)e)
where z runs over the series (uf) ' (ki_y +p1 +2—14),---, (u')"" (r). Observe that

ou'd =u's’ Vo= (j,j+1), k1 +1<j<kii+p —i

We prove by downward induction on ¢ that we have
. . 1—1 )
The image of N (u’,&", N (0)) is g’ (0) X i J (al, by + —Z) x ' (0) . (2.13)
n

We see when ¢ = 1, (2.13) becomes (2.12).
Put formally v’ = id for i = p; + 1. If # < p; and suppose (2.13) is proved for i + 1.
Put 7 = u (u'*!) ", and observe that

N (u', 8", N (5)) = N (78, w6 w™IN (5)) o N (w1, 8, N (s)) ;
(i) =kici+p+1—74;
ki) =kia+ L1 (ki +2) = ki 42,7 (ki +p1—0) = ki +pr—4;

7' is increasing on other elements.

The pairs inverted by 7 are

(z,4i) for ki1+1<z<y,
(2,2') for kiqg+1<z<k+1<z2Z<k+p —1t.

We also have

uz‘+1)\/ (§) — (Iui+1 (§) a4 S, ,bl + 5 — %"Vzﬂrl (§)) :
u N (0), > u N (0),, for (z,2') € inv (7).
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So N (7%, u"™1¢, u™ N (5)) is holomorphic at s = 0, hence
ImageN (u', 8, X (0)) = N (7', w7, "' X' (0)) ImageN (v, 8", (0)) . (2.14)
The second image is understood by the induction hypothesis if ¢ < p;. By convention
uPr™! =id. So if i = p;, the operator N (u't1 ¢, N'(0)) is the identity.
We need to study N (7%, v, 4T\ (0)) on the second image.

If i < py, it is the composition of the following operators (For simplicity, denote
A; =N (0);. And | X} | indicates the term inside should be omitted.)

X N 41 X oo XA, X J(ag, by —i/n) x v"(0)

Ji

5 H(0) X Ny X XA X X N X I (@, by 4 (1= 4) /n) x vH(0)
& NZO XJ(CLl,b1+(]_—i)/TL)X)\;ﬁi_ﬁ_lX...X )\;1 X"‘X)\;cin/i—i_l(O)

(
)
) X N pn X XN [ N, XN X (ag, by — i/n) x vH(0)
)
)
)

In the above diagram, Ny is an isomorphism since A; = X; for j; < [ < k;. By the definition
of k; and the condition Ay > Ay > -+ > A, (al,bl + %) and (z,) are not linked for
Ji+1 < h < k;, hence N3 is an isomorphism by lemma 2.2.2. N, is in fact the map of the
Langlands quotient. Hence (2.13) is proved for i < p; (under the induction hypothesis).
Ifi=p, J (51, ai, by — %) disappears. And 7P* = v”* which sends j,, to k,,_; +1 and
is increasing on other numbers. Also observe in this case that 0 < )‘;ﬁm 41— A, <land

vPr0), = )\;pl = a;. So we have the surjection
NP6 N) N = pP(0) x ay x vP1(0),
which proves (2.13) in this case. O

Let (ij) € 6,, permuting intervals corresponding to the partition p. The proof of the
corollary is similar to that in nonmetaplectic case.

Corollary 2.3.2. (refer to [10, p. 638])
Suppose for any i,j < m, either the segments (a;,b;) and (a;,b;) are not linked or
(ij)0 # 0. Then J(ay,by) X -+ X J(am, by,) is irreducible. O
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2.4 Generalization and Completion of the Proof

Assume F' is a local field (p-adic or complex). We keep the notation on page 36 in the
last section. The definition of a segment [a,b] for the complex case is the same as that
for p-adic case (see (2.1)). The following lemma follows from Proposition 1.5.1.

Lemma 2.4.1. (refer to [10, p. 639])
Suppose § is an irreducible unitary representation of T and let s € C",0 € &, .
Suppose for all 1 < i < j <r, Re(s;—sj) > —1/n. Then N (o,6,-) is holomorphic at s

and not zero. a
The main result in this chapter is the following proposition.

Proposition 2.4.2. (refer to [10, p. 640))

Suppose o0 € &,,5 € C™w' € &, . Define A(s) as in the previous section. Put
§ = wH(8), N(s) :=w"1(\(s)). Suppose the following conditions are satisfied:

(a) for 1 <i<j<r Re (X (5), = N (§)j> > —1/n;

(b) o is increasing on each interval [p; + 1,p;,,];

(c) For all1 <i<j<m, Re(s; —s;) >—1/n.

Then there is a meromorphic operator N, (t) (t € C™), such that the following diagram

commutes.

Nw',8' N (t))

L, N (1) (0, A (1))

ww'’, 8" N (t)) N(w,6,A(¢

I(J,t)
iNo(t)
I (00,0wA(t))

N(walvts/:)‘/ (t)

Furthermore, all the above operators are holomorphic at s. The operator N (ww',§"; X' (s))
is surjective and N, (s) # 0.

Proof. We prove for p-adic case first and leave the complex case to the next section. The
proof is easier in p-adic case since we only consider representations induced from the ones
of the diagonal subgroup.
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Let w” be an element in &, such that if \’(¢) = w”~ "t A(£) then Re(u” (t);—u" (t);) >
0for1<i<j<r. Putd =w"'w=16. Bylemma 2.4.1, we get isomorphisms
N(w”_l,ﬂ'/,)\l(t))

I8, V(1) 18", N'(1)) . (2.15)

N(UJ“,’TI'” ,)\//t)

Condition (c) gives the condition (2.10). Applying Lemma 2.3.1, we get the assertions in

"

the proposition with w’ replaced by w'w”. Now the proposition follows from (2.15). [

Let F' be p-adic. Now we fill the gap as promised in the proof of lemma 2.1.2. If
0d = ¢ for any o € &,, we need to show the surjectivity (2.3) when a +b = o’ + b’ and
n(b' —b) € Z. We accomplish this by showing that J(a,b) x J(da', ) is irreducible. After
a twist of the character | det |~“2", we many assume a+b = a/ + 5 = 0. We start with an

easy lemma.

Lemma 2.4.3. Suppose a,b € %Z and 0 < a < b. Let ¢ be an irreducible representation
of T fized by &,. Then the image of J (a+ 1/n,b) x J(0,a) under the map N ((12)) is
J (0,b) where (12) transposes the blocks associated with the partition (na+1,n(b—a)+1).

Proof. Denote by wy, wy and w the permutations reversing the orders of segments [0, al
[a+ 1/n,b] and [0, b] respectively. Then
N ((12)) (J (@ + 1/n.8) x J (0,4)
= N((12)) N (wyw) (] x -+~ % [0])
= N (w) (] x - % [0])
= J(0,b).
The lemma follows. [

Lemma 2.4.4. Let 6 be an irreducible representation of T fized by S,.. Assume a,b € %Z.
Then J (a, —a) x J (b, —b) is irreducible.
Proof. Suppose G = GL(r), r = 2an + 2bn + 2. Denote by w’ € &, the element
for which w'~!(—a,—a+1/n,--- ;a,—b,--- ,b) is non-increasing and that if we denote
(x1,-+,2;) = (—a,—a+1/n,--- ,a,=b,--- ,b) then w' (i) < w' (j) for i < j, x; = z;.
Let

AN=w""(—a,—a+1/n,-- ,a,—b,--,b).

We prove the following statements by induction on 7:
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(1) This lemma.

(2) The map N (w',d',A) : I (§',\) — J (3, —a,a) x J (6, —b,b) is surjective.
(3) lemma 2.1.2.

(4) lemma 2.3.1 (the surjection (2.11)).

We first show that (2) implies (1) from which we deduce immediately that (1) and
(2) are equivalent. Suppose we have the surjection as in statement (2). If L is the
unique quotient of I (6, \), then it is also a quotient of J (—a, a) x J (—b,b) which must be
unique. Applying statement (2) to the contragredient 6 and segments (—a, a) and (—b, b)
and using the duality, we see L is also a subrepresentation of J (—a,a) x J (—b,b). Since
J (—a,a)x J(—b,b) is a quotient of I (§', \), L has multiplicity one in J (—a,a) x J (—b, b).
So J (—a,a) x J(—b,b) must be irreducible and isomorphic to L.

Now we prove statements (2), (3) and (4) by induction. When b = 0, we have

@] % [a— 4 x -+ [1] x [0] x [0] x [=1] x -+ x [a]

— ([A] x - x[a— L] x [a]) x [0] x ([—a] x -+ x [=2] x [0]).
The actual image is

J(%,a) « (0] % J (—a,0) = J(%,a) < T (—a,0) x [0] = J (—a,0) x J(%,a) « [0].

The above isomorphism follows from Lemma 2.2.1 for the non-archimedean case. Note
that when oé # 0 for any o € G, the proof of Lemma 2.2.1 did not use the lemma we
are proving. The image of the above arrow is J (—a,a) x [0] by lemma 2.4.3.

This proves (2) when b = 0. Similarly we can prove (2) when a = 0.

We observe that in the previous sections, we did everything within G = GL (r). So
by Lemma 2.3.1 and Lemma 2.1.2, we may assume all the four statements are true for r.
Now we are proving (2) for r + 1, then (1), (3), (4) for r + 1 follow from (2) for r + 1.

If a < b, we have

I(5,\) (the last factor is [—b])
— J(—a,a) x J (=b+ %,b) x [-b] (induction hypothesis (statement (4) ))
23)
%) J(—a,a) x J(=b,b) . (lemma 2.4, 3)

Slmllarly we can prove the surjectivity when a > b.
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2.5 The Complex Case

Suppose F' is the field of complex numbers and prove Proposition 2.4.2. The covering
group G is a trivial n-fold covering of GL(r,C). If n = 1, Proposition 2.4.2 is [10, I.11
Proposition]. We prove the proposition by reducing to the case when n = 1.

Keep notation in Proposition 2.4.2 (which are defined on page 36). We also use the
following notation (only in this section). Suppose z,¥, z, x;,y; € R, i < k, such that
T —Y,r; —Y; € %Z. Let

[z, y] = the sequence (z,z + 2,--- ,y — 1 y) ifz <y;

[z, y] = the sequence (z,z — L.+ .y + L y) ifx>y;

(z,y: z) = the sequence {z+1i:i € Z,z+1i is between x and y} in increasing
order if x < y; decreasing if x > y.

U [2s, w] = [21,91] U [w2, 2] U - -+ U [24, yx] = the sequence formed by con-

catenation (the order matters).

For i,k € Z such that i < 0 and k£ > 0, denote by 9(i, k) the number of positive
integers j < k such that j =4 mod n. Then (i, k) is the largest integer no bigger than
(k —1i)/n. Observe that (b;,a; : b; —i/n) contains (i, p;) elements.

Recall for i < m, we have defined p; = n(b; —a;)+1 and (py,- -+, py) gives a partition
of 7. For each p;, define the partition ¢/ = (¢, qg, e ,qf;l(j)) where qg = 9(i,p;). It follows
that m(j) = n if ¢/ > n and m(j) = ¢/ other wise. Notice the sequence ¢ = (¢! : j <
m,1 < m(j)) forms a partition of r which is a sub-partition of p. Define

N(0) = (Ul (bi,ar by —i/n)) U+ U (Ul (b, @ < by, — i/n)) € C.

Note that A (0) associated with the partition ¢ is an analog of A\(0) associated with the
partition p. For s € C™, define \'(s) by X' (s); = A'(0);+s; if 7 is in the interval [p}+1, p}, ,].

Define a permutation 7 in &, as follows. For 1 <l <m, 0 < k < n, and u € Z such
that u > 0 and nu + k < p;, let

T (Z (n(b; — a;) + 1) +nu + k’) = Z (n(b; — a;) +1) + iﬁ(iapl-‘rl) + (u+1).

i=1 =1 1=0

By convention, Z;:ol =0 if £ = 0. Observe that 7 sends A(0) to \'(0).
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If p is a partition of , denote by w(p) the element in &, inversing the order on each
interval [p; + 1,p} ,]. By our previous definition of w, we see w = w(p). Let wy = w(q).
Denote by w; the permutation in &, given by

Wi+ a4 gl k) = (0 g R

m(j

The w, stabilize the partition p but inverses order of each sub-partition (q{, qg, s qf;1 (i)).
Observe that w = wow; = wywy and Tw = WT = Wew1 T.
Observe that in the commutative diagram
N(wiT)

I<57 )‘(D) —1(f, X<t)) )

\LN(U}) \LN(WO)
1(5, wA(t) —— " I(5, woN (t'))

both horizontal arrows are isomorphism. Let J' be the irreducible subrepresentation of

ig(q)é[wo)\’(g)]. The images of N(w) and N(wy) are I(J,t) and I(J',t') respectively. So

they must be isomorphic. Consider the following commutative diagram

(0, N () — s 15, () — M&?a».
N(wo)
I(J',t)

Observe that o7~ ! is increasing on each interval [P + O+@G+-+q +1, P+ @+ +
-+~ +q/,4]. Applying [10, I.11 Proposition] to (1,1), (1,3), (2,3) and (3,2) entries in the
above diagram, we see that N,,—1 = N(o771)|;s) i surjective, and that the operators
N(wT)N(w'), N(T)N(ww'), N(cww') and N(o7~!) are all holomorphic at £ = s. Since
both N(w;7) and N(7) are isomorphisms, Proposition 2.4.2 follows.

46



Chapter 3

Spectrum Associated with the
Diagonal Subgroup

3.1 The Global Metaplectic Group

Let F' be a number field and A = A be the ring of adeles. Denote G = GL(r). By a

metaplectic cover G = G(A) of G(A), we mean a central extension G(A) of G(A) by a
finite abelian group p whose restriction to G(F') splits.
As in the local case, let T, H and N be the subgroup of diagonal matrices, diagonal

matrices with determinant one and unipotent upper triangular matrices respectively.

Fix a metaplectic cover G(A). There is an integer n such that F' contains all n-th
roots of unity and such that the restriction of the cover to SL(r, A) is given by a power
of the global n-th Hilbert symbol.

Specifically, the group u, = [m, M] is isomorphic to the group p, of all n-th

roots of unity. And p, is isomorphic to a subgroup F*. There is an integer k, relatively
prime to n, satisfying the following properties. For each place v of F, Let ¢, (x,y) = (z,y)¥,

where (-, ), is the local n-th Hilbert symbol on F,. Let G(F,) to be the cover of G(F,)
as in Section 1.1. As seen in that section, there is a finite set V' of places, including all

archimedean ones, such that for every v ¢ V, G(F,) splits over K,, = G(9,). And the

splitting isomorphism &, : K, — G(F,) is uniquely defined. Let K} = k(K,). Denote by

I1, G(F,)[K] the restrictive direct product of G(F,) relative to K (v € V). Then we
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have the following isomorphism between topological groups:

A) (HG(FU)[K;]) =, (3.1)

where Z is the subgroup generated by the elements of the form (--- , &, -+ £71 --2). € € p,
with ¢ and €71 at the v-th and the w-th places respectively, and 1 at all other places. For
simplicity, we identify the two groups in (3.1).

For each place v, let s, be the local section defined in Section 1.1. According to [15,
Section 3], there is a section G(A) — G(A) satisfying the following properties:

1) s|nay = I1, sv|n(#,) is @ homomorphism;
2
3

slray = I, solrr);
s(wy) =111, sv(ws), Vo € &,;

4) for any non-archimedean v, sy, = s,|y, for some compact open subgroup

of G(A), and U, = K, for each v ¢ V.

(1)
(2)
(3)
(4)

By property (1), s is a splitting homomorphism from N = N(A) into G. We identify
N as the subgroup G via s.

There is a splitting homomorphism © : G(F) — G(A) such that ¢ = s on N(F),
T(F) and the set {w, : 0 € &,}. We identify G(F) with a subgroup of G(A) via this

map.

We now study the induced covering of the diagonal subgroup. By a global Steinberg
cocycle, we mean a map ca : A* x A* — pu, which is the product of local Steinberg

cocycles and is trivial on F'* x F'*. This means

CA(fan) :Hcv(xvayv)a Vm,yEAX’

v

calz,y)=1, Vaz,ye F*.

By [12, Theorem 7.1], there is an integer k for each global Steinberg cocycle ca such that
ca(z,y) = (z,y)4, Vo,y € AX. Here (z,y)a = [[,(zv,yu)s is the global n-th Hilbert
symbol.

48



Fix the global section as above, most local formulas for cocycles are also true in the
global case. In particular, corresponding to (1.12) is

[s(a), s(b)] = [¢(det(a)), (det(b))]ca (det(a), det (b)) ™" HCA(ai,bi), (3.2)

where ¢ : A* — T1(A) defined similarly to (1.5).

Lemma 3.1.1. There is a mazimal abelian subgroup A’ of T containing 3 (T) T(F).
Furthermore, both 3 (T) T(F)\T and A\T are compact.

Proof. Since T'(A) splits over T'(F'), T'(F) is an abelian subgroup in T'(A). Extend T'(F)
to a maximal abelian subgroup A’ of T. We get the first part of the lemma.

By (1.14), 3(T) contains T™ for some integer m. Observe that T(R™) is contained in
Tm. So 3 (T)T(F) > T(F)T(RY) and 3 (T) T(F)\T is compact. O

The following lemma is a generalization of [6, Lemma I1.1.1].
Lemma 3.1.2. Assume the following condition is satisfying by the covering G:
[L(),e(-)] : A X A* — p, is a global Steinberg cocycle. (3.3)
Then A’ =3 (T) T(F) and 3(T) = 3(G)T™.
Proof. By the assumption and (3.2), we may assume

[s(a), s(b)] = ca(det(a),det(b))™ H cala;,b;). (3.4)

To show 3(T)T(F) D A, let t € A’. Applying (3.4) to t and h;(a) with a € F*, we get
cA(titjl, a) =1 for any 4,j and a € F*. It then follows from [16, XIII§5, Propostion §]
that titj_l e AX"F*_ So we may assume t = s(xI,)H(AX"F*) for € A* and only need
to show that if s(xl,) € A’ then s(xI,) € 3(T)T(F). Applying (3.4) to s(z1,) and a for
any a € T(F), we get ca(z,det(a))™ ! = 1. If [ is the greatest common divisor of n and
mr + 1, then x = yu with y € A*"/! and v € F*. Observe that s(yl,.) € 3(T). It follows
that s(x1,) € 3(T)T(F).

Similarly, By (3.4), 3(T) > 3(G)T". And any element in 3(T) must be of the form
s(zI,)t"¢ for some x € A*, t € T and £ € . We are then left to show that s(zI,) € 3(T)
implies s(zI,) € 3(G), which is the assertions of Lemma 1.1.1 in the global case. O
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3.2 Representations of Metaplectic Groups

We recall some basic facts on representations of metaplectic groups.

Suppose M is a Levi subgroup of G and for each v, (m,, H,) is a representation of
M, = m such that for almost all v, m, is the Langlands quotient of some induced
representation from an irreducible representation of the diagonal subgroup 7T,. Then for
almost all v, H, contains the (K N M) -invariant vector v,, (refer to the remark after
(1.26)). Define a representation m = ®m, on H, where H is the Hilbert restricted product

of H, relative to v,, (refer to [4]) and

(M) x = Qumy (My) Ty, ‘v’mszUEM(A), my, € M,, ©=Qux, € H.

Remark that to form the tensor product, we need v,, to be unimodular. This forces us to
choose the measure such that (K N M), has measure one. The following lemma can be

proved by the same method as in [4, Theorem 3].

Lemma 3.2.1. Any admissible irreducible representation m of Ma is of the form m = @m,

where for each v, m, is an admissible representation of M,. O

It is not hard to see that

G(A) T
1Ay R0 po = Quizi-po- (3.5)

Let L?(G(F)\G(A)) be the space of all square integrable functions on G(F)\G(A).
The group G(A) acts on it by right translation.
For the convenience of reference, (only in this section) we denote by #G the cover of

the group G = G(A) by p. Suppose j : p — C* is a homomorphism. Define

127G, j) = {1 € 12 (G (F)\'G(A)) : f (€9) = 7 (&) f (9) V€ € ptn g € "G (A) }.
Then we have the following trivial decomposition (by the duality on abelian groups):

L2 (G(F) \"G (A)) = @0 L2 (PG, 5) (3.6)
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Fix a homomorphism j : 4 — C*. Let v be the image of j. Then there are a uniquely
determined covering ¥G and a surjective morphism ¢ such that the diagram

1

G 1

commutes.
Note v is a subgroup of C*. Let i : v — C* be the identity map. Then we can define

a map
¢": L? (YG i) — L ("G, j), fr— 9" (f)(9) = f(p(9))-
Now choose a map 1 : YG — G such that o) = 17, and define

VL (RGL ) — LP (*GLi), =" (f)(9) = [ (9)).

Observe that
Y(@)(y)d(ey) " € Kerp = Kerj, Va,y € "G, (3.7)
Now we show that ¢* and 1* give isomorphisms between L? (@, J ) and L? (@, z) as
vector spaces. First, ¢ = 1 implies ¢* - ¢* = 1. On the other hand, if f € L? (m,j)
and g € #G, since 1 (¢ (g)) g~' € Ker p = Ker 5, we have

(@™ - ") (f)(9) = f (W (p(9) = f(g)-
Hence ¢* - ¢* = 1.

Definition 3.2.2. Suppose G1 and Gy are two groups and (mw;,V;) is a representation
of G; (i =1,2). Then (Gy,m, V1) and (Gg,ma, Va) are said to be equivalent if there are
maps of sets ¢1o : G — Go and ¢o1 : Go — Gy such that (71 - ¢a1, V1) and (ma, Va) are
equivalent representations of Go , and such that (7 - ¢12, Vo) and (w1, V1) are equivalent
representations of Gy.

It is immediate that if (G, 7, V1) and (Gg, ma, Va) are equivalent, then they have the
same decomposition into irreducible representations in the obvious sense. This is the
motivation for the above definition.

The purpose of the above calculation is the following lemma.
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Lemma 3.2.3. Denote by R the right reqular representation of a group. Then the two
triples (@, R, L? (m,j)) and (@, R, L? (@, z)) are equivalent.

Proof. We have constructed the maps ¢ and ¢ which give vector space isomorphisms
between L? (m,j) and L2 (@, 2) It is also easy to see that (R-<,0,L2 (@, z)) and
(R-,L* (*G,j)) are representations of #G and G respectively (using (3.7)). So we are
left to show that

(1) " intertwines the representations (R - ¢, L* (

i) and (R, L2 (7G, 7).
(2) " intertwines the representations (R ), L2 ( '

ge
*G,j)) and (R, L? (*G,1i)).

Proof of (1): Suppose f € L? (@, i), g € “G. For any z € *G,

©" (R-9)(g9) f)(x) = (R-9)(9) f(p(x) = f(p(rg) = (R(g) ¥ f) ().

Proof of (2): Suppose f € L* (*G, j) and g € *G. For any z € *G,

V((R-9)(9) ) (@) = f (W (2) ¥ (9) = f (¢ (zg)) = (R(g) 7 f) (x).
O

For each finite subgroup v of C*, let e(v) be the number of total embeddings v — C*.
By (3.6) and lemma 3.2.3, we get the following

Lemma 3.2.4. We have the decompostion
L2 <G (F)\I'G (A)) = @,e(v)L2 (G, i)
where the sum is over all subgroups v of C* which are also quotient groups of . a

By the above lemma, we only need to consider the m—module L? (@, z) for the
decomposition problem. Hence starting from now on, we only consider genuine represen-
tations. They are representations 7 of G such that 7(¢) = ¢ for any ¢ € p.

Let 3 (@) be the center of the group m and 3 (5)* be the group of all genuine
unitary characters x of 3(G(A)). For each y € 3 (@)*, denote

L* @.x) = {f € L* (GING(A)) : f(z9) = X(2)f(9). ¥z € 3(G) .g € G(A) .
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Then by harmonic analysis on abelian groups, we have

o
12 (G,i) = / 12 (@, ) dx. (3.8)
3(@)

So we need to further decompose the space L? (@, X) where G is a cover of G by a subgroup

w1 of C* and x is a genuine central character.

3.3 Statement of the Problem

Suppose M is a standard Levi subgroup of G corresponding to the partition r = p; +
o+ Dg- Letﬁzm.
For a central character x; of M, denote by L? (H, X M) the space of all functions such
that
f (lm) = xar (=) f(m), vz € 3 (M(A)) ,m € M(A),l € M(F)

and that ]f]ELQ( ( ) F)\M(A ))

A function on (A) called cuspidal if for any upper unipotent subgroup N of M,

/ f(nm)dn =0, almost everywhere on M(A). (3.9)
N(F)\N(A)

Denote by L3 (M, X M) the subspace of L? (M, X M) consisting of cuspidal forms.

Remark that when M = T, (3.9) is vacuous so we use L? (Z, XT) instead of L3 (Z, XT)-
Even in this case, any genuine irreducible representation is an infinite dimensional repre-
sentation. However in the next section, we are going to show the space L? (Z, XT) is a
direct sum of at most countably many copies of an irreducible representations.

A slowly increasing smooth function ¢ : M (F) N (A)\G (A) is called automorphic
[11, 1.2.17] if the space generated by ¢ (gk), k € K is finite dimensional for any fixed g
and the space generated by 3¢ for 3 running over the center of the universal enveloping
algebra of the Lie algebra of [[,___ G, is finite dimensional. Recall that a smooth K-finite
function ¢ is automorphic if and only if for any k € K, ¢ (k) (m) = A (m)"/2 ¢ (mk) is
automorphic over M (F)\M (A) [11, 1.2.17].

An irreducible representation of m with central character x,, is called cuspidal
automorphic if it is equivalent to a subspace of L% (M, xar) [3].
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Suppose p is the right regular representation on an irreducible space of cuspidal au-

tomorphic forms on M (F)\M (A). Denote by V, the isotropic subspace of the space of

automorphic forms on M (F)\M (A), of type p. Remark that V, is isomorphic to a direct
sum of copies of p. And V, is equipped with the natural inner product (-,-) = (-, )37

defined by
(W', h) = / h' (m)h (m) dm.
3(M(A))M(F)\M(A)

Remark that if “multiplicity one” is true, then the right regular representation on V), is

isomorphic to p. For simplicity, we also use p to denote the equivalence classes of p.
Denote by X (M) the subspace of s € C* such that Y s;p; = 0. If s € X (M), define
V,[s] to be the space of cuspidal automorphic forms

{f (m) | det (g1) |- -[ det (ge) [**,m € M,p(m) = diag (g1, ,gx) : f €V, }.

M acts on it by the right translation. This representation is equivalent to the represen-

tation on the space V, via the action given by
pls] (m) = p(m)|det g1|™ - - - | det gi|™, for p(m) = diag (g1, ,gx) -
Denote by I (p, s) the space of smooth functions f on G such that
Ap(m) 2 f(mg) € V,lsl, Vg€ G, Yme M.

This space is equivalent to Z%VP [s]. Let I(p) = I(p,0). A smooth K-finite function in

the space I (p,s) can be identified with an automorphic form on M (F) N (A)\G (A).
We define a pairing on I (p, —3) x I (p, s) by

MN\G

UN =0 Da= [ @) @hyds V€13, fET(ps)

This pairing coincides with the inner product in L?(G, x) when Re(s) = 0.

Suppose 0 € G;. We consider it as an element in &, permuting intervals just as we did
in the local case. Recall we always identify o with the element w, given by (1.2). We call
© = {(M, pls]) : s € C*} acuspidal datum, where M is a standard Levi subgroup of G and

p is a cuspidal automorphic representation of M (A) whose restrictions to 3 (G (A)) is
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x. Two cuspidal data © = {(M, p[s]) : s € C*} and ©' = {(M’, p[s]) : s € C*} are called
equivalent if there is a 0 € &, such that 00 = @', ie., {(c(M),0(p)[s]) : s € CF} =

{(M,p]s]) : s € CF}.
Define the intertwining operator

M (o,p,8):1(p,s) — I(op,a8), M (o,p,s)(f)(g)= / f (J_lng) dn. (3.10)

o

The operator M (o, p, s) can be written as the tensor product of local intertwining opera-
tors in the sense of [11, IT 1.9.].

Denote by I (p) the space of holomorphic functions ¢ : X (M) — I (p), of Paley-Wiener
type and K-finite. We identify ¢ (s) with an element in I (p, s).

Fix a very large A € X (M) NR*. For ¢ € I(p), ¢’ € I(p) (o is a representation of
M’ (A) defined analogous to p),

(¢, ¢) = (27T>1_k/ Y (M (o' 0p,—05) ¢ (—05),¢(s))ds . (3.11)
s€EX(M),Re(s)=A oe&(p,p')

where & (p,p/) ={0 €6, : o (M)= M op=p'}. The integral does not depend on the

choice of \.

The Eisenstein series is defined as

E(g.¢,5)= >, 6095, VYoel(p), geG(A), seX(M).

YEP(F)\G(F)
The sum converges for s large, it then can be continued to a meromorphic function on
X (M).
For each ¢ as above, denote by F¢ the Fourier transform of F (g, ¢, s) in the sense of
Langlands (see [1, p257]). According to the theory of Eisenstein series [8, lemma 4.6], §
intertwines I (p) and the subspace

L? (@, X)@ = the completion of /R e

such that (¢', ¢y = (F¢', F¢), where O is the cuspidal datum that ¢ belongs to. Denote
{0} = {0© : 0 € G},}, the conjugate class containing ©. Denote L? (@, X) (©) the span
of L? (G,X) o> 0 € & Then L? (G, x) = &1 L* (G, x) (e} In other words, the space

E (z’%Vp, §) ds
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L? (@, X) is the completion of the space generated by F¢ where ¢ runs over I(p) and
(M, p) runs over the set of cuspidal data.

Summing up, we have

L? (G, x) = ®eyL? (G, X) (3.12)

{er-

In this paper, @ is the completion after the sum. For the precise statement and the proof
of the last identity, refer to [1, lemma 6], [8, lemma 4.6], or [11, p. 108].

To further decompose the space L2 (@, j) (o) We need to move the domain of inte-

ey

gration in (3.11). We consider the Borel case, which will be solved in Section 3.5. More
explicitly, we denote by ©( a cuspidal datum whose first component is the diagonal sub-
group T, i.e., Oy = (T, p[s]) : s € C" for an automorphic irreducible representation p of

T. Section 3.5 will decompose L? (@, X) which is the main result in this paper.

{©0}’

3.4 Representations of the Diagonal Subgroup

Since G splits over K, for almost all v, T splits over T'(9,) for almost all v. This implies

that T'(9,) is commutative for almost all v. Fix a maximal abelian subgroup A, of T, for
each v, such that for almost all T(O,) C A,. Now let

A={a€T:a, €A, Vv}.
Then by the above remarks, we get

Lemma 3.4.1. The subgroup A is open in T and A\T is a discrete abelian group which
15 countable. a

Suppose p is a quasi-character of A. Define i?p to be the compact induction. The
space of z'%o consists of all functions f : T — C such that

(1) f(at) = p(a) f (1), Va€ A t €T;

(2) f is zero outside finitely many cosets in A\T.
The group T acts on this space by right translation. The above conditions imply that f
is smooth on T'. The definition coincides with the one defined in [6, p.54-p.55].
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Assume p to be unitary. We can give a pre-Hilbert space structure to igp by installing
the following inner product:

(i fy="> T I () Y[ eip.
yeA\T

Denote by L? (T, ,0) the space of functions on T (A) such that f(at) = p(a) f (1),
Va € At € M, and |f| € L* (A\T).

Lemma 3.4.2. As T-spaces,

L? (T, p) = the completion of z'gp = the completion of ®, Z'Z;T;pv.

In particular, igp 18 1rreducible. O

By this lemma, the representation on the space L? (Z, p) can be written as a tensor
product of local induced representations. But it is not 7' (F')-invariant. We now construct
an isomorphism between this space and some T (F)-invariant space.

Fix a maximal abelian subgroup A’ of T containing 3(T)T(F) (see Lemma 3.1.1).
Suppose X is a unitary character of A’ trivial on A (F). We can define the induced
representation i%x to be the space of all smooth functions f on T such that f (at) =
x (a) f(t) for any a € A’ and t € T. The induced representation i%x is irreducible by
Mackey’s criterion.

Suppose p = x on A’ N A, define (refer to [6, p. 55])

Viigp =i, (@)= Y x(a)f (). (3.13)
ac(ANANA

Note the sum is finite. We claim W preserves the inner product. Indeed, let f,g € z’%p.
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Then
[ T
= [od X g

a,be(A/NA)\A’

= [ e Y o) (5,14
AT e (@NANA

= | dy x(e) f(y)g(ey) (3.15)
/(A'M)\T CE(A/;LD\A/

= o dx x(c) f(xzy)g(cay) (3.16)
7§T/( NANA ce(A'%)\A'

- Y Y @@ /( e, £)d (3.17)

~EAT ce(ANANA

= X e [

VAT (ANANA

We made the following changes of variables: b = ca to get (3.14); y = ax to get (3.15);
y = o7y to get (3.16). We also observed that in (3.17), the integral is 0 unless ¢ = 1.

Observe that both igp and i%x are irreducible. So ¥ intertwines them isomorphically
which preserves the inner products up to a scalar. So we get as T-spaces,

the completion of igp = the completion of i%x. (3.18)
As before, for a unitary character x7 of T trivial on T N T(F), define

L* (T, xr) (3.19)
= {F:T(F\TA) = C: |11 e 1 (T(F)3 (TA)\T(A)).
f#) = xr(2) f (1), V2 € 3(T(A)) te T(A)}.

Lemma 3.4.3. (1)Two unitary irreducible admissible representations of T are equivalent

if and only if they have the same central character.
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(2) The T-space L? (T, XT) 1s a direct sum of at most countably many copies of the

irreducible representation of T (A) whose central character is xp. The multiplicity equals
the order of the group (3(T)T(F)\A)*.
(3) Any unitary irreducible admissible representation of T trivial on 3 (T (A)) NT (F)

occurs in L? (T, XT) for some xr.

Proof. (1) Suppose p is a unitary irreducible admissible representations of T with central
character yr. Write p = ®,p,. By the local Lemma 1.2.2, for each v, p, is uniquely
determined by its central character, hence so is p.

(2) Fix a character x of A’ extending the central character yp. Let (T(F)3(T)\A")*
be the set of unitary characters of A’ trivial on T'(F)3(T). Then

{ox 10 € (T(F)3(T\A)}

is the set of all characters on A’ extending y7. Define the Fourier transform

fO@) = [ fla)(Ex)(a)da, VteT,se (TF)FTNA)".

A/

By the inversion formula, after a suitable choice of measures,

£(t) = / C f)ds
(T(F)3(T)\A")*
The Plancherel formula tells us that
P(Toa) = [ LA(T, A', x6)do, (3.20)
(T(F)3(T)\A’)*

where LX (T, A", x6) = {f : T — C: |f| € LX(A\T), f(at) = (0x)(a)f(t),Ya € A’,t € T}.

Since T(F)3(T)\A’ is compact, the integral in (3.20) is really a discrete sum of at
most countably many terms. Also the integrand in (3.20) is irreducible.

(3) If 7 is a representation satisfying the condition, then 7 can be written as a tensor
product m = ®,m,. By Lemma 1.2.2, each 7, is of the form 7, = z'i:“vpv for some character
py of A, for each v. We can alway choose p, such that for almost all places, p, is
unramified. Then 7 = igpo for p = ®,p,. It follows from (3.18) that 7 = Z'%X for some

character y of A’. By part (1), we may assume Y is trivial on T'(F). O]

59



It follows from Lemma 3.4.3 and Lemma 3.1.2 that we have:
Corollary 3.4.4. If condition (3.3) is satisfied, then L* (T, XT) is irreducible. O

We can use Lemma 3.1.2 to give an explicit description of the set of automorphic
representations on 7 in this special case.

Corollary 3.4.5. Assume condition (3.3) is satisfied. Let x be a unitary character of
3(G). There is a one to one correspondence between the set of all automorphic representa-
tions on T whose restriction to 3 (6) s x and the set of all r-tuples of unitary characters
(p1,-++ ,pr) of AX"/F*™ such that py--- p, = x on A*™. Specifically, let p; be as above.
Let p=p1 ®---® p, be tensor product representation of T™. Extend p to a character xp

of 3(T) = 3(G)T™ by x. Then the space L*(T, ) is irreducible space of T. O

3.5 The Main Theorem

Assume F' is a number field satisfying Assumption 0.0.1, i.e., (=1, —1), = 1 for any place
v. Let G is a metaplectic cover of G such that [H(A), H(A)] = pin.

Recall the definitions of the global L-function and e-factor. Suppose p is a quasi-
character of A*/F* then

Ls,pm) =[] Lo (sipm)s els,m) =] (s00m0)-

The e-factor is a function holomorphic and non-vanishing everywhere in C. Suppose
p is unitary. If 4 = 1, then L (s, ) has a simple pole at s = 0 or 1 and is analytic
elsewhere. Otherwise, it is analytic everywhere. Furthermore we have the following
functional equation:

L(s,u)=c(s,p) L(1—s,1). (3.21)

Let p be an irreducible representation of T with central character y,. Recall h;(z") €

3(T) for any z € A. Define a character pj; of A by pf(z) = x,(hi;(z")).
For o0 € &,, s € C", define r (0, p,s) = [[, 70 (0, pu, 5) See (1.45) for the definition of
r,. Then by proposition 1.5.1,

N (0,p,5) =7 (0,p,8) " M (0,p,5)

is normalized. This means the operator N (o, p, s)
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(1) is holomorphic in {s € C" : Re(s;) > Re(s;),i < j};

(2) can be written as a tensor product ®,N, (7, p, s), i.e., for almost all places
v, N, (0, p, s) sends the canonical K -invariant vector to the canonical K-
invariant vector;

(3) is such that for any place v, N, (70, p,s) = N, (1,0p,05) N, (0, p, s);

(4) is unitary when p is unitary and s € iR’".

Since p(—1) = 1, I, po(—1) = 1. So I,y((py)i;) = 1 (see page 23). Also [ [, |n|, = 1.
By (1.45) we have

o L(n(si—sj)’p?j)
) =% H()L(n<3i_sj)+17p%)€(n(8i_8j)’p?j).

i,j€inv (o

(3.22)

By properties of the L function, r (o, p, s) has a pole when pf; = 1 and n (s; — s;) = 1 for
(1,7) € inv (o).
Suppose f € I (p,s), f' € I (op,—05). We have the following formulas for the adjoint

(f'\M(0,p,5) ) = <M(071a0p7_‘7§)f,7f>7
T(U,p,§) = T<07170P>_US)7

(f\N(o.p,5)f) = (N(o7",0p,—03) [, f). (3.23)

The following lemma was stated for GL(2) in [5, p. 159]. We give a proof for com-
pleteness.

Lemma 3.5.1. Supposer > 3. If o = (ij) is a simple reflection, p is a unitary irreducible
representation of T such that (ij)(p) = p, then

M(O',,O,Q) =-1.

Proof. By the remark at beginning of section 1.6, we can assume p°(h;;(—1)) = 1 for any
v. By the definition of v(p;;), the sign on the right hand side of (3.22) is positive. It
follows from (3.21) that (s € C")

limr (o, p,s) = —1.

s—0

So we need to show that N (o, p,0) = 1. This follows from the local Proposition 1.6.1. [J
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From now on, if the context is clear, we shall drop the letter p, for example: M (o,s) =
M (o, p,s).

Denote by P the set of all partitions of r. Suppose p; + -+ + p, = r. Denote p =
(p1,-++ ,pm) € P and define d (Q) = m. Once we write m,, we mean an equivalence class
of irreducible unitary representations which is invariant under &(p), ie., omy, = mp, Vo €
&(p). We use the following notation in [10, p. 645-p. 646] (with some modifgcatioins):

M =M,=GL(p1) X -+ x GL (pn);
Pi=Ym i=1- mt
Aj={pi+1, i} CN;
X(T)={seC: Y5 =0};

_) = {§ EX(T): s;— Sy = % if 7,7 + 1 are in the same interval Ak} :

Vo (]_9) ={se X(T): s;i—si4+1 =0ifi,i+ 1 are in the same interval A} ;

): pi=l pp=3  l-p1 p2—1 | 1*;Dm).
B 2n 7 2n ’ 2n 7 2n 7 ' 2n /0

A
S (T,Q) = the set of all ¢ € W increasing on each interval Ay, i.e.

O(Z)<0(])7 Vk’,VZ,jGAk,Z<Q,
w, =the element in &, which reverses the order on each interval, i.e.,
wy (P +8) =Py +1—d, i=1- pp

Suppose L is a large real number and D is a subset of C" provided with a measure.
Denote by fg the integral on DN {s € C": |Im(s) || <2L}.

Suppose ¢, ¢' € I(p) as in section 3.3 and a (¢, ¢'), b (¢, ¢') two linear forms depending
on ¢ and ¢'. We write

a(¢p,¢) =1 b(¢, ) (3.24)
if a(p,¢’) —b(p,¢") is of the form:
| o705

where D is a union of Borel subsets in subspaces of C" provided with the measure which
is a linear combination of the Lebesgue measures on subspaces of C", and where ¢(+)
is the restriction of a holomorphic function to D, v € GL(r,C) such that for s € D,
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we have ||[Im (s)|| > L, ||Im (ys) || > L and Re(s) as well as Revy (s) is in a compact set
independent of L. The convergence of the above integral is assumed whence we write
(3.24).

Put

fo(s) = ﬁ 11 <8¢ — Sip1— %) . (3.25)

k=1 p;<i<p;6+1

By the properties of the L-function f, (s)r (wg, Tp, §> is holomorphic and is a constant
onV (]3) We denote this constant by ¢, and set
¢y = (1/ml) (2m) @) & .
Denote by (1_9, 7T) a partition p of r together with a unitary irreducible representation
m, as above. Define

T >

seV(p).Re(s)=A(p) 7.r
<N (wg, —UJEE) M (T_l, —TU)BE> ¢ <—TU}BE> M (0_1, 0§) ) (a§)> dps , (3.26)

summing over ¢ € G (T,Q) neG (ﬂp,p> , T €6 (T,}_?) NG <7Tp,p/>. Remark that in
the next chapter, we are going to show that the right hand side of the above identity is
well-defined (lemma 4.2.3).

We say two irreducible representation p and p’ of T are “equivalent upto conjugates
and twists” if there are s € C" and 0 € &, such that p' = o(p[s]). Suppose ¢ is an
“equivalence class upto conjugates and twists” of unitary irreducible representations of
T. Denote by P (o) the set of all pairs (E, 7), where p € P is a partition of N and 7 = T,
such that m, € o.

In the next chapter, we shall show

Lemma 3.5.2. (refer to [10, p. 647])
Suppose ¢ € 1(p), ¢' € 1(p') and T > 0. We have the following relation:

(@ o= D, () (o) - (3.27)

(BJT)EP(Q)
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We fix a ¢ in the remaining part of the section. Suppose (p,7) € P (o), Jp = J<p ") is

a representation of m such that at each place v of F', the local component J,, is
J(1=p1) /20, (91— 1) /20) @y, -+ @ T (1= pn) /20, (e — 1) /20).

By the local results, it is immediate that

Lemma 3.5.3. The representation JQM) is the unique irreducible quotient of Z'Tﬁﬂ'g[)\ (]2)]

It is also the image of N <w£, Tg). a

For s € V (p), denote by z (s) € C™ the point such that z (s), = s;— A (]_7)j for j € Ay.
Remark that the normalization of intertwining operators (see page 60) implies that for

almost all places v, N, <wp, ) is the identity on a Kj-invariant vector of I, ( mp., 3)
ForseV (1_9), let 1 (J(pm), z (§)) be the image of the induced representation <7T£, §>
under the map N <wg, §). Let m(T) be the cardinality of the group (T(F)3(T)\A’)*.
Then m(T) is at most countable (Lemma 3.4.3) and we have
1(Jpmys2 (8)) = mlT) - 5T, 2 (5)] (3.28)
Indeed, by Lemma 3.4.3,
17y ) = iV, ls) = m(T) - ipls).

Now apply N(wy,,) to the above isomorphisms, we get (3.28) by Lemma 3.5.3.
Besides we have:

z (—w@) =—z(s) .
The operator N (wp, ) has the adjoint NV (wp, —wpS > So we can define a G-invariant
sesquilinear form, denoted by ((-,-)), on I (J(pm), —z (5)) x I <J(p,7r), 2 (§)> by

(N (1 =) £ (15) 1)) = (N (=) 7). 329
for f €1 (mys), [ €1 (mp—w,5). When Re(s) = A (p), we have ~w,5 = A (p). The
above form becomes a hermitian form on I (J, .= (s)

Z(p) = {z(s) : s €V (p) . Re(
~ 7 (p) = {z eiR™: > pit; = 0}7 (3.30)
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provided with the measure dgg induced from dg§.
Suppose ¢ € I (p). We define a function, denoted by R(gﬂ)gb , from Z (]_9) into [ (JB>
by
(Ripmy?) (2(5) = DN (wy,8) M (07, 05) 6 (05)

summing over 0 € & (1,p) N S <7TE, p). We thus have for ¢’ € I (p), ¢ € I (p):

@y =co [ ;) ((Ryet’ (2), Ryt () V. (331)

In the remaining part of this section let 7 € &, be an element which permutes the intervals
{A;} and is increasing on each of them. Then (ij)7(7w) = 7(m) for any k and i,j € A.
We also identify a permutation in &,, as such an element. We define the element 7p € P,

the map 7 : Z (]_9) — 7 (TQ) and the operator M (7’, J( ),§>. We see that the functions

D(pry = Blpmyd and O, = R, 16 satisfy the condition
D(ryrn) (72) = M (7, T, 2)02) @y (2) forall z€ Z(p) . (3.32)
Suppose z € Z (p) , ®, @' € I (J,, ). 2). We have
(M (7, 2) @M (7. 0002) @) ) = (@, @) (3.33)

See [10, p. 648] for the proof.

For (}_9, 7r) € P (p), introduce the set with multiplicities {(g, w)}, which we call the
class of (]3, 7r). It is formed by (7’]_9, 7"/T> for 7 verifying the above hypothesis. The mul-
tiplicity associated to (p, 7) is the number of such 7 fixing it. Denote by P° (o) the set
of classes thus obtained. By (3.31), (3.32) and (3.33), for (p,7) and (p/,7’) in the same
class,

(0. 0) (pr) = (0. D) (o) -

For a class {(p,7)}, denote by ® {(pm)} @ (finite) collection of measurable functions

Ppmy 2 (0) =1 (J(p,ﬂ)), (p,7) € {(p, )}, such that (3.32) holds for all 7 € &,, and
such that B

(o)) = X af o (¥ -0 @)z 639
T
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is finite. Denote by L {(6m)} the set of such collections.

For ¢ € I(p), put R{(pﬂr)}¢ = {ROM)QS: (p,7) € {(p, W)}} Similarly we define

/ / / . 1 O
R{< )}qﬁ for ¢/ € I(p). For {(p,7)} € P° (o), themapR{( - hasvaluemL{( )
We can remove L in (3.27) and (3.31) as in the general theory on Eisenstein series and

get the following theorem.

Theorem 3.5.4. (refer to [10, p. 649])
(1) Suppose p and p' are irreducible unitary representations of T such that p,p' € o.
Ifpel(p),¢ €l(p), we have

o= > ((Bumy® Repa?))
(o) Ferio

(2) The space @{(gﬂ)}ePO L{( )} is the completion of the images of the maps
R{(p 7r)}I(p) when p runs through ¢ and {(p,7)} passes P° (o).
Proof. The theorem follows from the general theory of Eisenstein series in [8, section 7].
See [10, p. 649] for details on the procedure for taking residues.

It is also convenient to prove the theorem by the results in [11] which states Langlands’

theory in a more explicit way. By (3.27), the hypotheses in [11, V.3.1.] are satisfied. It
then follows from [11, V.3.2.(5)(ii)] that

For {(p,7)} € P° (o), the map R{(pﬂr)} has image in L{(pﬂr)}
and ((-,-)) is positive hermitian. (3.35)

Rewrite (3.27) as

(o)=L ), D (cp /L <<R(W)¢’(g),R(W)¢(g)>>dpg>. (3.36)
Gy 0t

By [11, V.3.13.], we can remove L. Part (1) follows.
Part (2) is [11, V.3.14. corollary (ii)]. O

Denote by Oq (refer to page 56) the cuspidal datum (7', ¢) where g is an “equivalence
class up to conjugates and twists” of irreducible representations of 7.
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Corollary 3.5.5. (refer to [10, p. 649])

LG e, = & um)eroo L {(om) -

This answers the question at the end of section 3.3. We may visualize L {(pm)} 2

follows. Fix a (1_9, 7T) € {(]_9, F)} The group &, acts on the space Z (}_9) (defined by
(3.30)) by permuting coordinates. Denote

S (p.7) = {7 € &, : (op.07) = (7))}

Then o
Ly =mD)- | i (Tt dt
{(em)} 20(p) /8 (p.m) M\ " (pr)

where m(T) is the cardinality of (T'(F)3(T)\A’)*, and the meaning of Z (p) /& (p, )
should be clear.

In particular, if op # g for some o € G,., then the discrete part is 0.

Otherwise, for some p € p, we have op = p, Vo € &,. Then the discrete part of
12(C,¢)

{6y} 18 the sum of m(T) copies of the unique irreducible quotient of igpm where

In particular, by Corollary 3.4.4, if the covering satisfies condition (3.3), then the multi-

plicity m(T") of the above quotient is 1. Remark that in this case,
p= LQ(T7 XT)7

for the central character xr of p (see Corollary 3.4.5).
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Chapter 4

CONTOUR INTEGRATION (after
MW)

We prove lemma 3.5.2 in this chapter. Notice that we just use the notations and the
method of [10]. However, to check that each step in [10, part I1I] works for the metaplectic
group after replacing 1 by 1/n at suitable places, we record some sections of [10, part I1I]
in detail.

Recall that for i,j < r, pj’ is a character of A* given by pi’(x) = p(h;;(2")) for any
x e A*.

Fix p, p', ¢, ¢’ and L as in the context of lemma 3.5.2. Recall that is p is an irreducible
representation of T, V, is the isotropic subspace of p in L? (T, xr) where x7 is the central
character of p. Generally, we don’t have multiplicity one for L*(T, xr), so V, is not the

representation space of p. Recall that ¢ € V,,. Note
6(s) € I(p,5) = iGV,[s] = m(T) - iZpls].

Our local statement in Chapter 2, such as Proposition 2.4.2, do not apply directly. How-
ever, to show Lemma 3.5.2 it is enough to show (3.27) holds for ¢(s) € z'%p[§]. The
similar observation applies to ¢’. So in this chapter, assume ¢ € I(p) and ¢’ € I(p’) such
that

o(s) € iSpls],  ¢'(s) € iGp/s].
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4.1 Holomorphy at the Origin of a Singular Hyper-
plane

We keep the notation in section 3.5.

Lemma 4.1.1. (refer to [10, p. 650])
Suppose (Q, 7r) €P(p),0 €6 <7TB, ,0> , T€E6 <7TB, p’> :
1) The functions
N <wg, §> M (0_1, O’§) ¢ (0s);

N (wg, —wB§> M <7'_1, —Tw£§> ¢ (—TU)B§>
are holomorphic at a general point of V (]_9)

2) They are zero if o & (1,p) , 7 € & (1,p).
3) Suppose 0 € & (T,]_?) , TEG (T,]_?). Then

M (0_1, 0§) ¢(os); and M (7'_1, —Tw3§> ¢ (—Tw3§>
are holomorphic at a general point of V (]_9) O

This lemma permits us to define the above functions as meromorphic functions on
V (p). The proof of this lemma is the same as [10] in the nonmetaplectic case.

Suppose A; ={a; +j/n: j€Z,0<j<[;}(i=1,2) are two segments. We say that
Ay and A, are linked (in the global case) if neither contains the other and the union of
them is again a segment.

Suppose z € V° (]2) NR", seV (]_7) We are going to use the following notations:

20 =(20,--- 20) the element in R™ such that z{ = z; for i € Ay;

Ef = the segment {0 + (1 — py) /20, .+ (b — 1) /20}.
E”: the set of all pairs (k, h) such that

1) 1<k<h<r
2) (ij)mp = mp, Vi € Ag,j € Ay,

3) the segments EY and EY are linked;
z2(8) = (21, -, Zm) the element in C™ such that z = s; — A (]_J)Z for i € Ay;
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V,={seV(p) :Reﬁzk(p) +,|[Im (s) || < 2T};

e (s) = H(k,h)GEI (2 — 20 — 2z, + 2Y)  a function on V (g)

n: a fixed number such that 0 < < 1/2n and such that for é,7 = 1,--- 7 the
function L (s, pf}) has no zero in the domain {s € C: 1 —nn < Re(s) <
1, [[Im (s) [| < 3T'}.

For simplicity, let
n
ﬂ-f?k = <7TB> L
ij
for any ¢ € Ay and j € Aj,. Note it is a unitary character of A*.

Lemma 4.1.2. (refer to [10, p. 651])
Suppose (]_9, 7T) eP(o), reV° ( ) NR". Suppose the following conditions are satis-

fied:
if1<i<jg<r z;,—x; > —n.
Then the following function on 'V (p)
e* (s) > N (wg, —wg§> M (T‘l, —ng§> ¢ (—ngg)
€& (mpp') S (1)

18 holomorphic in a neighborhood of V,, in V' (2)
If furthermore x; — x; ¢ (1/2n) Z when i, j belong to different intervals, then each
term in the above sum is holomorphic in a neighborhood of V, in 'V (]2)

Proof. By considering the adjoint operator, we need to study

A= Y M(rus) N (ws) v ()

TEG(T,B)HG(WB,,O’)

for a function ¢ € [ (7@) which is K-invariant if v ¢ S, where S is a finite set of
places containing all archimedean ones. For 7 € & (T,Q), the restriction of N (7’, wgg)
to the image of N (wp, §> is holomorphic in a neighborhood of V,, by Proposition 2.4.2.
Calculate r <7' Wwys ) For k,h=1,--- ,r, put

1

r(kh,s)=]]Ln ), m) L(n (s —s;) 4+ 1,70) 7",
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where the product is over i € Ay, j € Ay such that (wgz',ng> € inv (7). Since T €
S (T,]_?), we have
r <T, wgﬁ) =e€(s) H r(k,h,s),
1<k<h<r
where € (s) collects all € factors and possible a minus sign. Put 7" = 7w,. Fori € Ay, h >
k, put
a(i,h) =min{j: j € Ap, 7' (1) > 7 (4)}
if this set is not empty. Denote by Iy, the set of all ¢ such that « (i,h) # 0 (we alway
assume k < h). We see

-1
r(k,h,s) H L (n(si— sa@n)) ™) L (n (si - SPLH) + 1,7r,?h> : (4.1)

ZGIkh
For j € Ay, put
B(j, k) =max{i:i € A, 7 (1) > 7))}
Denote by J,x all such j that 3 (j, k) # 0, then
n n -1
r(k,h,s) H L(n(spge) —55) Tin) L (n (sp1 — s5) + L) (4.2)

JE€JIn k

Suppose py > pi. For i € I;,;, and s in a neighborhood of V,,, we have

Re (si — SP§L+1> > Re (‘SPLH — SP%H) > —1).

In the formula (4.1), the denominators are not zero. The poles are given by the numer-
ators. There is a pole only if (kh)m = m, and if this is the case, the poles are on the
hyper-plane s; — s; = 1/n or 0. If p;, > pj,, we use (4.2) to get the same result.

Summing up, we can choose a neighborhood V' of V, such that the singular hyper-
planes cut V only if 20 +p../2n = 20 +pp,/ 2n(m0d%Z). In particular, the last statement of
the lemma follows. Denote by C' the set of all pairs (k, h) verifying the above conditions
and k < h, (kh)m = 7.

In the general case, introduce z (s) = (21, - - , 2,) € C™. It parameterizes V (p). The

above calculation shows that there is a function n : C' — N such that

H (21— 2p — 2n + z,?)”(’“’h) A(s)
(k,h)eC
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is holomorphic in a neighborhood of V.
Suppose (k, h) € C, denote by Hy,j, the hyper-plane defined by (2 — 22 — 2, + 29) = 0.
To finish the lemma, we only need to demonstrate

There is a neighborhood V' of V;, such that A (s)

is holomorphic at a general point of V' N Hy . (4.3)

We choose V' such that for s € V', we have

if1<i<j<r Re(s;))—A (1_9)1 —Re(s;) + A (]_o)j > —n, |[Ims|| < 3T.

By a general point of V' N Hy ;, we mean a point such that for (&', h') # (k,h), i € Ay,

§€ A, L(n(s;—s;),m0,) L(n(s;—s;)+1,7%,,) " does not have a pole. Put
Jo = {(Z,j) 11 € Ak,j € Ah,/\(g)z—i-xl—)\(}_?)] —Zj :O}
Jio= {(,5) 1€ Ag,j € Ap, A (]_O)Z +z; — A (1_9)], —x;=1/n}.

Fix a general point s of Hy, NV. Suppose w' € &, such that if w'~'s = &' then
Re (sj — ;) > —nfor 1 <i < j < r (this w’ depends only on z (s)). For (i,j) € Jo, we
have s; = s;. We can hence impose the supplementary condition w'~'j = w1 + 1.

Put =

/
p

= w’*lﬂg. Applying Proposition 2.4.2, we can choose a neighborhood V' (s) of
sinV (1_7) and a holomorphic function ¢’ : w1V (s) — I (71';), K*-finite and invariant
by K for v € S such that
N (wpy) ¥ () = N (v y)) ' (o)) Vg eV(e).y =u'y
Choose a neighborhood X () of s’ € X (T) C C" such that X (s) Nw'™'V (p) =
w1V (s) and ¢ extends to a holomorphic function ¢ : X (s') — I (71';) possessing the

same invariant properties as the initial one. We can further suppose that Re (y; — y;) >
—nfor1<i<j< N,y e€X(s)
If 7€ & (1,p) and y € V (s), we have (N, is defined as in Proposition 2.4.2)



We need to study the analytic behavior of the following function in w'~'V (s).

B)=c( Y r(ruuy) N (e y) e ).

TEG(WB,p,)OG<T,B)

Let S (k, h) be the subgroup of &, generated by permutations exchanging two com-
ponents of a pair (i,7) € Jy. Put

W= (& (1,p) S (k1) NG (m, )

Define a meromorphic function on X (s') by

C(y) = Z r (7‘, wgw'g'> N (ngw’,g'> v (y) -

TeWw’

Now we prove that B (g’ ) is the restriction to C (g’ ) on w'~'V (s) multiplied by e* (g)
It is enough to show that the terms corresponding to 7 ¢ & (T,g) are zero on w' =V (s).

The term N <7'wgw’,g’> )’ (g’) is holomorphic by lemma 2.4.1. But r (7‘, wgw’g'> is zero
at a general point in w'~'V (s) when 7 ¢ & (T, g). The assertion follows.

We now study the behavior of C' (g' ) The term N (ngw' Y ) ! (g’ ) is holomorphic.
For € &,,

r (T, wgw/g/) =e() I 1I L yj) jr fkﬂll) (4.4)

1<k’ <h'<m

with the inner product over ¢ € Ay, j € Ay, such that (wg (i), w, (])) € inv (7). Al

poles are simple and are given by (i,7) € J;. Hence

1 ! !
H (yi—yj)—ﬁ 7“<T,wgwg>

(4,7)€1

is holomorphic in X (s’) as well as the function

1 /
H (yi—yj)—g C(y)-
(ivj)e‘ll
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Suppose (4,7) € Jo and H is the hyper-plane of C" defined by y' € H < y; = y;. We
show that C (y') is zero on H N X (s').

It suffices to show this for a general point in H N X (s'). Denote by o the elementary
symmetry exchanging w, (i) and w, (j). Since (wp (i), wp (])) € Jo, 0 € S(k,h). Put

/

-1
o = (wpu' ) owpw'. Then ¢’ is the elementary symmetry exchanging w1 (i) and

w'~" (i) + 1. Suppose 7 € W’ and 3’ is a general point in H N X (s'). Note ' is fixed by
o' and wyw'y' is fixed by 0. We have

r (TO’, wgw’g’> = r (7’, wgw'g’) r (a, wyu’g’) :
N (Tawgw/,g/) = N <Tw8w’,g') N (U/,g') .
For r <a, wyw'y' > , the pairs occurring in the product in (4.4) are

(w0 ()00, () (wp)se) s (e ()
for w, (i) < e < w,(j). Since the terms in (4.4) corresponding to the last two pairs are

canceled, we have
r <0, wgw'g’> =r(0',y)
By lemma 3.5.1, M (a’ N ) = —id. The above four identities imply that

r (TO', wgw’g/) N (TO'U)EUJ/,Q/) )’ (g’) = —r (7’, wyu’g’) N (ngw/,g'> Y (g’) .

Hence C' (g’ ) =—-C (g’ ) and we get what we wanted.
So there is a holomorphic function D (y') on X (s) such that

-1

)=\ II w—-v) II wlwi-vw)-1) D) -

(i,.5)€do (i,5)€N1

The restriction of the above identity to w'='V (s') is
B (g/) — (g) (Zk _ Zg . +22)|JO|—\J1| D (g/) ‘

If Ef and E} are not linked, then |Jy| > |J1]. If EY precedes E¥, then |.J;| = |Jo|+1 and
(k, h) € E* which implies that (z; — 2 — 2, + 2j) divides ¢* (y). So B (y') is holomorphic
in w' 'V (s), whence (4.3). O

4



4.2 Corollaries

Suppose (@, 7r) € P(go) and t € {0,---,r}. We say that p is t-admissible if p; = 1 for
all i = 1,--- ,t. We denote by P, (o) the set of all pairs (Q, 7T) € P (o) such that p is
T-admissible. Suppose (}_9, 7r) € P,(p) and z € V (1_9)0 N R". We say that z is (t,]_))—
admissible if x; — x;41 is very large for i« < ¢ and |z; —z;| < pfort +1 < 4,5 < r.
Put

S, (T,Q) ={o € G(T,]_o) co(i)=dforali=1,--- t},

and for k=t+1,--- 7,

S, (T.p) ={c €6 (I.p) o, +1)=t+1}.

Lemma 4.2.1. (refer to [10, p. 656])
Suppose t € {0,--- ,r} and (g, 7r) € P,(0),zr € V° (]_9) NR" is a (t,]_o)—admissible
point. The following functions on V (]_7) are holomorphic in a neighborhood V,, in V' (]_9) :

3 N (wy5) M (07, 05) 6 (05) ;

Z ) N (wg, _wB§> M <7-—1’ _Tw2§> ) (—ng§> .

If x; # x; for any 1,7 belonging to different intervals, then each term in the above

sums is holomorphic in V. O

Lemma 4.2.2. (refer to [10, p. 658])
Suppose t € {0,--- 1}, (]2, 7r) e Py (0),r eV’ (g) NR". Suppose that

x; — i1 s very large for v < t;
|2 — x| <n forpl, <i<j<r;
—n<x—x; <1/2n4n forpi <i<pi,<j<r.

5



Then the following functions are holomorphic in a neighborhood of V. in 'V (]_)) :

Za€6§+1(T,E)ﬁG(ﬂ£,p’) N <w£7 §> M (U_Ia U§) ¢ (U§) )
ZTEG(ﬂg,p’)ﬂG(T,B) N <wg7 _wg§) M (7_—17 _Tw3§> ¢ (_Tw8§> .
Lemma 4.2.3. (refer to [10, p. 658])
Suppose t € {0,--- ,r}, (Q, 7r) ePi(o), zeV° (]_9) NR" is a (t,]_?) -admissible point

andu € {t+1,--- ,r}. The following function on V (1_9) 15 holomorphic in a neighborhood
of Vy.:

Z <N <wp, —wp§> M (T’l, —TU)B§> ¢ <—Tw£§> M (07!, 0s) ¢ (a§)>

o, T

summing over o € G} (T,Q) ne <7TB, p) ,TeW (T7B) ne (WB, p’) ) O

4.3 Residues by Induction

Suppose t € {0,---,r}, and (1_9, 7T) eP,(0),z eV (1_9) NR"is a (t,z_o)—admissible point.
Put:

cpe = (2m) 7@ &/ (r — 1)1
Remark that &, (T,]g) =U,_, .6} (T,g_)). Lemma 4.2.3 authorizes us to define

L

(@0 = |

 JseV(p) Re(s)=A(p)+2 o7

<N (wg, —wp3> M (7_17 —Twp§> ¢ (—T@Uﬁ) M (07", 05) ¢ (a§)> dps ,

summing over g € &; (T,Q) NG <7TB, ,0> , TEW (T,]_?) neG (ﬂp,p’> .

Proposition 4.3.1. (refer to [10, p. 659])
Suppose t € {0,--- ,m}, we have

RO R S N

(p)€P:(0)

When t = 0, we get lemma 3.5.2.
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Proof. The proof is by downward induction on ¢. If t = m, this is the definition of (-, -)
(refer to (3.11)). Suppose the lemma is true for ¢; we show it for ¢ — 1.

Fix (}_9, 7r) € P,(0) and x a (t,]_))—admissible point such that x; # x; if ¢, 7 belong to
distinct intervals. We use this point to define (¢, gb)L Introduce a point y € R"NX (7))
such that y;, —y; = x; —x; if i # t and j # ¢ but |y, — yj] <nforje{t+1,--- ,m}. Join
A (Q) +y and A (]_)) + x by a segment S. Let

I= B(3),A(s)))dps ,
/sev(p)’Re(s):A(p)er<< (5),A(s))) P

where

A(s) = ZN (wg,§> M (67", 05) ¢ (0s)

summing over o € &, (T,]_?) neG (ﬂ'B, p') ;

B(s) = Z N (wg, —wg§) M <7'_1, —Tw£§> ¢ (—Tw3§>

summing over 7 € & (1,p) N & (7@, p') ;

See (3.29) for the definition of ((-,-)).

It is clear that A (s) is holomorphic when Re (s) € S. Keep the notation defined before
Lemma 4.1.2 and apply Lemma 4.1.2 to B (s). We see E¥" # () for 2’ such that (p)+2' €
S if and only if there is an h such that ¢t < h <r,m = mp, 2} = 2}, .+ (pn + 1) /2n. Such
an h is unique. Denote by €2 the set of all h such that t < h < r, 1 = 7. The function

1
B (s) H (5t S ﬁ)
heP

is holomorphic for Re(s) € S. For h € , define a function on V (p):

Cn(e) = (5= s = ) (B @ A ().

Suppose Hj, is the hyper-plane defined by s; — — 1/n = 0. By the residue theorem

/
Spﬁﬁrl

<¢/7 ¢> Cp tI = 27TCpt Z/@GV ﬂHh )th . (45)

heQ ) SmHh
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Fix h € €1, suppose v € &,, such that

v (1,---,t,t+1,--- Jh—1,h,h+1,--- m)
— (L, t,t+2,--- ht+1,h+1,--- ;m).

We identify v with an element in &, permuting intervals. Denote

hQG P h]_): (hpla"' 7hp7“—l)

"p; = piga for b <i <r,"p=py+1.

Denote by A, the segment corresponding to h}_). Remark that h]g is (t — 1)-admissible.
We have v (V (g) NH,) =V (h]_y) .
Put "y = v (SN Hy) — A ("p); then

where "p; = p; for i < h,i # t,

hys — My is very large for i <t —1 ;
|hyi - hyjl = |$U*1i - mv*1j| <n if pé—i—l < Z,j <r;
hyy — hyj — % +xy — a1 if i € hA, hp;H < j<r,wherei € Ay.
Denote by v’ the element in &, such that it is the identity on "A, for k # t and such
that o' (t+4) =t+4i—1for 1 <i <"py; o' () ="p},,. We have

1

-1 /-1 __ 7 -1 _
vwprT VT = vvwpnT = way, (4.6)

For the h-th integral in the sum (4.5), we change variables

s=vls, o=0v, =1
Then ¢’ runs over & ; (T, hg) NG <7Thp, p) . We may suppose 7 is such that 7 (p;lﬂ) <
7 (t), otherwise the corresponding terms in B (s) are holomorphic along Hy. This can be
seen from the proof of lemma 4.1.2. Indeed, if 7 (p},.;) > 7 (¢), then in (4.1), a (i, h) #
p), + 1, hence there is no pole in (4.1) and we may ignore those terms. Then 7" goes over
S (T, hg) ne <7rhp, p) . We have (observe Tw, = 7'wn,v)

M (0_1, O'§) o(os)=M (U_l,g') M (0/_1, o/g/) ¢ (a's)

78



and

r (v"l, —U)hg§/) . (4.7)

Also (see (3.25) for the definition of f,)

Iy (5) <st — Sy 41— %) r (U’ﬂ’ —whggl) r (wg, §) = fup (s') 7 (U)hg,ﬁl) .

Hence the value of the following function on V' (1_9) N Hy,

Sy — Sy —l r{v=1 —wn, 35
t ph+1 n ) hB_

——1
4 / /
IS Ch,Cp

By (4.7) and the adjoint formula (3.23), we obtain that the h-th integral of the formula
(4.5) is

/ /—1
i [ i X

Re(s)=X hp>+hy o
<N <wh£, —wn BS) M (7’ L —rwn s) @ (—TUM@) M (o7, 08) ¢(a§)> dnps
o &, (1) N6 (myp), 7S (1,"D) NS (myp) . (4.8)

But " y is not (t -1, p) admissible. So define "z € V ( ) NR" by

hxi - h%‘ = hyi - hyj if ¢ hAtv.j §Z hAt;
|hI‘Z‘ - h$j| < n if 4 S hAt,’i < j
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Denote the integral in (4.8) by I" and by "I the same integral replacing "y by "z.
Suppose 'S is the segment joining \ (h}_7) + "z and X (hg) + "y, By lemma 4.2.2 and
lemma 4.2.3, I" =; "I. So we have

(¢, gb)pﬂ—L cptf+z27rcptc’ L, (hI)

heP
Suppose u € {t,--- ,r} and v € &, such that

v (1,---t—1,t,t+1,-- ju,u+1,---,r)
— (1, t—Lut, o u—Lu+1,--- 7).

Introduce the partition ,p = vp. As in lemma 4.2.3, I is equal to [ (“I_)’ u) where for
a (t — 1)-admissible partition p = (P, ,pm) and u € {t,--- ,m}, we put

L

160) = [ vy X

Re(s)= (@) +z &7

<N (w@, —wg§> M <7'_1, —TM@S) ¢’ (—ngg) ,M (07", 0s) ¢(g§)> dys

summing over
UGGZJL@HG(@W>, TeeﬁiymGQ%ﬁ),

7 being a (t -1, @)-admissible point. One can write

I=(r—t+1 E:[un

Notice that ¢, (r —t + I = Cypt—1 -
Similarly, for each "I, if v € &,_; such that

v (1o t—1,tt+ 1, h—1,h,-- ,r—1)
— (1, t =1 h—1,t,-- ,h—2h,-- ,r—1)

and ]_)h = vhg, we have "] =T (gh, h — 1) Notice that 27rcptc’ 1c§1 = Cphi1 -
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We obtain the equality

<¢/’ ¢>£’7r,t =7 Zcugvtflj (uz_?, U) + chhﬂ‘/*ll (Bh7 h — 1) .
u=t

heP

In the remainder of the proof, we use r (]_9) ,Q(p) instead of 7, () to indicate the depen-

dence on p (refer to page 77 for the definition of {2) We have the bijection

{(pu) :pePi(o),t<u<r(p)yU{(p.h) :pePi(o),heQp)}

— {(]_5,]6) 3]_56Pt71(g)7t§k§r(é)}

given by (]_9, u) — (u]_), u) on the first set and (]_9, h) — (Qh, h — 1) on the second. Hence

Z<¢ ¢p7rt Z Cpt 121 p,

peP; pEP; 1

Since

&t (1.5) = U et (1.5) .

the expression after the first sum symbol on the right hand side is =7, (¢, q§>§,t71 )

the lemma follows.
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