1. JRM 475 by Ray Lipman 
2. JRM 1183 by Harry L. Nelson [image: image1.png]Having reached the position shown in a hard-fought backgammon
maich, Black, wheee turn it is to move, offers the following proposition
For the rest of the game the dice will simply be placed a5 each player
chooses rather than being thrown, with the proviso that you (White) may
never “throw” doubles whereas Black may ‘throw” any combination he
desires. Furthermore, Black intends to double the stake on this tum if
you agree to the proposal.
Should you accept?
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3. OSSMB 80-5 [image: image2.png]Assume billlard tables are perfect rectangles with point pockets in
the corners only and that they are equipped with perfectly elastic sides
Furthermore, billiazd balls can be represented by points and are gifted
with the possibility of frictionless motion. On such a table of dimensions
35, 2 ball i hit from one corner at an angle of 45 to the sides containing
that corner. Will the ball enter a corner pocket? If so, which one?




4. OSSMB 80-6 [image: image3.png]Assume billlard tables are perfect rectangles with point pockets in
the corners only and that they are equipped with perfectly elastic sides
Furthermore, billiazd balls can be represented by points and are gifted
with the possibility of frictionless motion. With a table of dimensions
a X b, o and b positive integers, will the ball ever return to the initial
corner? 1f so, under what conditions on 6,57 Can a,b be chosen 5o that
the ball will fail to enter 2 pocket?




5. PARAB 281 [image: image4.png]I'wo people play the lollowing game on an 8 X & chessboard.

A pawn i placed on the lowerleit comer square and moved alter-
nately by the players to a neighboring square either up, to the right, or
diagonally up and right. The game stops when the pawn reaches the

upper-tight comer square, the player making the final move being the
winner,

Which player has 2 winning strategy, and what is it?




6. SIAM 76-1 by D. N. Berman [image: image5.png]‘The board used here consists of a single row of positions (1,%,..., ),
ordered from left to right, in which a given number of pieces are placed
in some fashion among the positions. Only one pisce may ever ocoupy a
given position. Alternating play bebween two players is made by moving
any one of the pieces a5 far to the left, as desired but still remaining to
the right of the picce immediately on its left. The winner is the player
who leaves his opponent no possible move,

Another variation of the game allows the players to move as far to the
left, a5 desized to an unoccupied position. Determine 2 winning strategy
for the game.




1. AMM 6096 by Jan Mycielski [image: image6.png]A set of cells of a chessboard 1s called connected 1f a rook can visit the
whole set without moving over cells that are not in the set. Set s = a,n?
and let 2° be the mumber of connected subsets for a chessboard of size

n X n. Prove that the sequence a1,0z,..., converges and estimate its
limi





2. AMM 6211 by Alvin J. Paullay and Sidney Penner [image: image7.png]Suppose that each square of an n X 7 chessboard 1s colored either
black or white. A square, formed by the horizontal and vertical lines of
the board, will be called chromatic if its four distinct corner squares are
all of the fame color.

(2) Exchibit a black and white coloring of 2 9 x 9 board in which every
such square, a5 described above (there are 204) is not chromatic.

(b) Find the smallest , say 2, such that with any such coloring, every
s X s board must contain a chromatic square.




3. AMM E2605 by Andreas P. Hadjipolakis [image: image8.png]Congzider a chessboard of odd order n (n = b). Assign label m to a cell
of the chessboard if it can be reached by the knight in m steps starting
from the central cell, and this m is minimal. Determine the number
K (n;m) of cells labeled m.




4. AMM E2665 by Sidney Penner [image: image9.png]A partial chessboard 1s a chessboard from which squares have been
removed so that

(i) it is impossible to place even one domino on the remaining board;
and

(il) the replacement of 2 single deleted square, regardless of its location,
makes it possible to place 2 domino on the board. (4 domino covers two
squares having 2 common side.)

Tt is casy o see that for an 8 x 8 partial chessboard, the minimum
number of deleted squares is 32. What is the maximum number?




5. AMM E2698 by Paul Monsky [image: image10.png]Let Ay be an n X n chessboard. The n queens problem (placing n
counters on Ay, o that no two lie in any row, column, or diagonal) admits
solutions for all n# 2 or §

Let By, be the ‘chessboard” obtained from Ay, by identifying opposite
sides 50 that the resulting surface is a torus. (Now, every diagonal of Bn
consists of . squares.)

() Fot which valus of 1 doss there exist » solution of the 7 queens
problem on B,.?

(b)* If o satisfies (a), then 2 solution of (a) gives, by oyelic permu-
tation, n superimposable solutions to the . queens problem on An. Do
there exist 1 superimposable solutions (for Ay) for other values of n?




6. CMJ 341 by Martin Gardner [image: image11.png]Assume that 7 pegs have been placed on  lattice points In the plane.
If two pegs are horizontally or vertically adjacent, one of the pegs may
jump (in checkerboard fashion) over the adjacent peg onto an unoccupied
lattice point. 1f such a jump takes place, both pegs must be removed. If,
in this manner, all of the pegs or all but one of the pegs can be removed,
then the initial pattern is clearable. Determine a criterion for 2 starting
pattern to be clearable,




7. ISMJ 14.5 [image: image12.png]£ rectangle m inches by n inches is drawn where m and n are odd
integers. The rectongle & divided into mm one inch boxes that are
alternately colored red and black, like a chessboard. The four comers

are colored black. We have L™
inch x 1 inch square halt-domino.

() Show that if the half-domino is on a red square, it is not possible
to cover the rest of the rectangle with dominoes.

(b) Show that if the half-domino & placed on a black square, then it
is possible to cover the rest of the rectangle with dominoss, regardless of
which black square we start with.

1inch x 2 inch dominoes and one 1




8. JRM 424 by Paul Morphy~IV [image: image13.png]¥White and Black start with an empty chessboard and two pawns and
2 King apicce. In tum, beginning with White, they place their three men,
in any order, but subject to these restrictions: A king cannot be placed
next, to opponent’s king or in such 2 way to be attacked by opponent’s
previously placed pawn, and 2 pawn cannot be placed on the first or the
cighth rank. After the six men have been placed, White has the first
moye in the endgame thus generated

White's advantage in playing fizst seems to be more than ofiset by the
disadvantage of having to begin the placement sequence. If both players
play optimally, what is the result?




9. JRM 425 by David L. Silverman [image: image14.png]A white knight and a black knight are situated on diagonally opposite
corners of a 3 x 3 square. In tumm, starting with White, they move
randomly until (inevitably) Black captures White. What is the expected
number of Black moves to achieve capture?




10. JRM 446 by Michael Keith [image: image15.png]in a game of chess, what is the minimum number of moves required,
after which White will be legally entitled to 2 draw by vistue of a per-
petual check, the first move of the first eycle of which would take place
following Whites claim for the draw, ii

(2) No captures are made and the Black King does not move prior to
the perpetual checking cycle?

(b) No captures are mads but the restriction against moving the Black
King prior to the perpetual checking oyele is removed?

(c) No restrictions on movement of the Black King or against captures
are made?




11. JRM 468 by Frank Rubin [image: image16.png]Depicted iz an arrangement of fourteen black and fourteen white
queens, with 2 total number of 412 available moves. s there another ar-
rangement with the number of black and white pieces arbitrary in which
the number of available moves is larger?





12. JRM 475 by Ray Lipman [image: image17.png]I'wo opponents play on an infinite S-dimensional chessboard. One
has 2 king, the other 2 nondsseript-looking piece that can move to any
unoceupied cell. The king may not move to any cell that has once been
ocoupied by the other. It is conjectured that the king can be penned in in
2 finite number of moves regardless of how he moves. Prove or disprove.




13. JRM 493 by Emil Prochaska [image: image18.png]Lall asequence of consecutive chess moves a “stralghtjacket sequence”
if there is no “choice” of moves available; that is, if one and only one legal
move can be made by both White and Black at each stage in the sequence.
What is the maximum possible length of a straightjacket sequence?




14. JRM 540 by David L. Silverman [image: image19.png]A rook and a knight play a private game on an © X = chessboard, their
object being to capture the other. They start at opposite corners and
rook has first move

(2) Demonstrate rook wins in no more than 3 moves on the § X 3 and
4 x4'board, in no more than 4 moves on the 5 5 board, and in no more
than 5 on the 6 x 6 board

(b)* How about, boards of larger dimension?




15. JRM 561 by Emil Prochaska [image: image20.png]1s 1t possible to create a legal chess position with Iewer than eight
pieces such that the game is stalemated and such that it i impossible to
deduce whose move it 7




16. JRM 587 by Les Marvin and Sherry Nolan [image: image21.png]White to play in the adjoining diagram. If both players play optimally,
will White win, lose, or draw?

]
1%




17. JRM 680 by Sidney J. Rubin [image: image22.png]‘While doubled pawns (two pawns of the same color on the same file)
ocour frequently in chess games, tripled or quadruples pawns are rare,
It is possible, however, to have sextupled pawns on any file in a legal
game. It is even possible to have momentardy septupled pawns on the
King, queen, or either bishop file

The minimum number of moves necessary in 2 legal game to achieve
r-tupledness on the various files, known to the proposer, is presented in
the table shown. Fill in the gaps, reduce the known minimum numbers,
and/or offer proofs that no smaller numbers are possible.




18. JRM 703 by Sidney Kravitz [image: image23.png]A typesetter who works lor a chess magazine sets up chessboard di-
agrams by placing square type molds in an 8 x 8 array. He has 2 mold
that shows a black king on  black square, another for 2 black king on 2
white square, ete. He also has molds for unoccupied black squares and
unoceupied white squares. Taking account of all the pessibilities, how-
ever unusual, allowed by chess rules, how many molds must he have so
that he can compose any chess diagram arising from 2 legitimate game?




19. JRM 758 by Karl Scherer [image: image24.png]-Does there exist a legal chess position with more than 30 pleces, in
which the game is stalemated and in which it i impossible to deduce
whose movs it is?




21. JRM C7 by Les Marvin [image: image25.png]A knight starts at the corner of a standard 8 X 3 chessboard and moves
successively, at each stage randomly and with equal probability choosing
his next square from the ones legally available. Let E equal the expected
number of moves required to visit each of the 64 squares at least once.
The best bounds I have at the moment for B are 64 < E < co. Determine
E to 3-place decimal accuracy.




22. KOMAL F2259 [image: image26.png]Contestants 5 and C play the lollowing game. Player 5 places a queen
on some field of the top 10w of an 1 X n chess board. Then they make
moves with the queen alternately according to the rules of chess but they
are allowed to move only to fields nearer to the left bottom corner than
the field they move from. Player C' moves first. The player compelled to
move into the left bottom corner loses. Who wins if = 87 Find n such
that the other player has 2 winning strategy.




23. KOMAL F2296 [image: image27.png]What I the maximum number of rooks placed on an & X 8 chessboard
such that each of them can be taken by at most one of the others?




24. KOMAL F2381 [image: image28.png]‘We placed Snpieces on a (inx Zn) chessboard. Show that it is possible
to cut out 2 lines and n columns o' that no pieces are on the remaining
n X 1 chessboard




25. KOMAL Gy1951 [image: image29.png]How many knights can you place on an 8 X 8 chessboard 1n such a way
that no bwo of them should be able to take each other? What can you
say about 2 5 X 5 chessboard?




26. KOMAL Gy2064 [image: image30.png]At most, how many rooks can be placed on a 4 X & chessboard such
that each could take one and only one of the others? Find the solution
for an 8 x 8 chessboard




27. KOMAL Gy2066 [image: image31.png]‘Using lour colors, paint the fields of an 8 3 chessboard In such a way
that the fields which have common corners should have different colors:
Show that in this case the fields on the four corners of the chessboard
have different colors,




28. KOMAL Gy2094 [image: image32.png]How many squares are crossed by the diagonal of a 1983 X 999 chess-
board?




29. KOMAL Gy2110 [image: image33.png]At most, how many rooks can be placed on a k X2 chessboard so that
cach of them could take exactly one of the others?




30. KOMAL Gy2119 by Bogl\'arka Bod\'o [image: image34.png]in how many different ways can one place two kings on an 8 X §
chessboard so that they should not take each other?




1. AMM 6415 by Raphael M. Robinson [image: image35.png]1t Pleg,®g,...,@p) 8 2 polynomial with integer coefficients, find m
and 2 homogeneous polynomial

Qe 02, 0m)

with integer coefficients, so that P =0 has a solution in rationals if and
only if @ = 0 has a solution in integers not all zero





2. AMM AL-33 by C. E. White [image: image36.png]Show that every algebralc equation of the nth degree, n2 being greater
than_two, which i complete in its terms may be transformed into an
infinite number of squations which want their second term.




3. AMM AL-60 by C. E. White [image: image37.png]Prove that every algebralc equation can be transiormed into another
equation of the same degree, but which wants its nth term




4. AMM AL-115 by A. F. Kovarik [image: image38.png]Find the conditions of the coefficlents of a general biquadratic equation
so that it may be solved by quadraties




5. AMM AL-131 by H. S. Vandiver [image: image39.png]It is well known that, when we define the symbol {¥a after the manner
of clementary textbooks on algebra, certain irrational equations may be
written down which have no real ot imaginary roots. Find, then, the
condition, if any, between 6, b, ¢, and d such that the equation

aw +b+Veel +d

shall have no root, real or imaginary.

0




6. AMM AL-154a by F. P. Matz [image: image40.png]Deduce the Sylvestrian Reciprocant of

o’ + 3bely? 4 agf +d




7. AMM AL-172 by L. E. Dickson [image: image41.png]‘Without solving the algebralcally solvable quintic
1
ot 4 gyt =0,

prove that it is irreducible in the domain of rationality (o, #).




8. AMM AL-208a by W. J. Greenstreet [image: image42.png]Find the conditions that the roots of
o4 po +
may not lie between —1 and +1





9. AMM AL-295 by C. Gilpin,~Jr [image: image43.png]In the equation
o —aetb=0,

we have the following relation between the coefficients and the roots:
(2) When

3
&
=6
there are three real roots, two of which are equal;
(b) when
3
<6
there are two inaginary roots and one real one; and
(c) when
3
2> 6

there are three real, unequal roots.




10. AMM AL-391 by C. N. Schmall [image: image44.png]Show that the roots of the quadratic ae® + 2be + ¢ = 0 are imaginary
if @, b, ¢, are in harmonic progression and have the same sign,




11. AMM AL-428 by F. Irwin [image: image45.png]i1 the roots of the equation

i

are all real, the condition that they should all be equal s o = az. A proof
of the suffiency of the condition & resdily obtained from 3 cotsideration
of derivatives. A proof is desired not based on such considerations.




12. AMM E2878 by M. Slater [image: image46.png]When does a real quartic have no real zeros?




13. AMM MI-113 by F. P. Matz [image: image47.png]Deduce the bylvestrian Reclprocant from
o = dety?




14. AMM PR-70 by L. Miller [image: image48.png]£ ship at A observes another at 5, whose course Is unknown. Sup-
posing their speed it the same, prove that the probability of their coming
within a given distance d of sach other is always

9

whatever the course taken by A, provided its inclination to AB i not

greater than
=)

s =],

a

where AB — a.




15. AMM PR-181 by W. J. Greenstreet [image: image49.png]At a seaside excursion lor # men there are boats enough lor g men,
and carriages enough for #. But p do not care for driving, and g would
feel indifferently comfortable on the water, while the rest do not care
cither way. Each man has what he prefers as long as 2 seat is left for
him in carriages or boats, and those who do not care either way choose
at randorm, Find the chance that all will be satisfied.




16. FUNCT 7.2.2 [image: image50.png]chow that 1t
(a+b+0)®=a® +5° 45,

then
(ot b4cf =a® 48545





17. ISMJ 11.6 [image: image51.png]whow that if p, ¢, p1, and gy are real numberssuch that ppy = Z(g+q1),
then at least one of the equations

o tpetq=0
e dpreta =0

has real roots.




18. JRM 568 by Michael Lauder [image: image52.png]4l, Bob, Larl, and Don were the lour quarterfinalists in a Pong "Tour-
nament. They were paired off for the two semifinal matches. Then the
two winners played in the finals for the championship, while the fwo semi-
final logers played  consolation match for third place. I had had 2 hunch
that Al would meet Bob in the tournament and would beat him, but
when I asked Al if my hunch had been right, he said no. Assuming he
told me the truth, what is the probability that Bob won the tournament?




19. JRM 984 by Leonardo Presciuttini [image: image53.png]The n+ 1 coefliclents of an algebralc equation ol degree n are chosen
at random in (—1,1) with uniform distribution. What is the probability
of finding ms real roots, 0 < m < m, When

) n=27
b) n= 37
OIS





20. JRM 1041 by David L. Silverman [image: image54.png]The equation @*—82415 may be solved by iteration using the recursion
formula o541 = (2% + 15)/8. If the initial value of e, v, is uniformly,
randomly distributed between -10 and 10,

Eag What is the probability that the process will converge?

'b) What is the probability that it will converge to the oot @





21. KOMAL F2434 [image: image55.png]Prove that the squation @° + 42 4+ 62 + ¢ = 0 cannot have three

distinet real roots for any real number c.




22. KOMAL F2447 [image: image56.png]chow that the equation

% — (a1 + 8z + a3 + ag)e + a103 + 6204
has two different roots if &y > ag > ag > ay




23. KOMAL Gy2070 [image: image57.png]“l'he semli-finished equation

Wb ety et =0

is written on the blackboard. Two boys play the following game. The
first, boy begins by writing 2 suitable integral number in one of the three
spaces. Then the second boy writes an arbitrary integral number in one
of the remaining two spaces. Finally the first writes 2 suitable integer in
the last remaining space. Prove that the fizst player can always obtain
2 cubic equation which has three — not necessarily different — integral
roots.




24. KOMAL Gy2080 [image: image58.png]T'he unfinished cubic
24 P4 e =0

is written on the blackboard. Two boys play the following game. The
first boy begins by writing 2 suitable non-zero integer in one of the three
spaces. Then the second boy writes an arbitrary integral number in one
of the remaining two spaces, Finally the first writes 2 suitable integer in
the last remaining space. Prove that the fizst player can always obtain
2 cubic equation which has three — not necessarily different — integer
roots.




25. KOMAL Gy2158 [image: image59.png]For what parameters o and & has the equation

2—a o—b

2
2—2 o—3%

a solution? For what values of & and b is the solution unique?




26. KOMAL Gy2175 [image: image60.png]Prove that the following system of equations has no solution in the set
of real numbers. s 2
=2

el teytf—y





27. KVANT M806 by A. Gohberg and M. Ovetski [image: image61.png](a) Prove that if

oz o3 e
ot F T+

then the polynomial ane™ ! + ap 0™ 2+ ... +age + a1 has a oot
between 0 and 1.
(b) Prove that if, for some b >0,
i .
priterz s + 3

then this polynomial also has a root between 0 and 1.

oty





28. LMO 1988/19 [image: image62.png]1t is known that abc=1and a + o +¢=1/a +1/0+1/c. Prove that
one of these real numbers & equal to 1,




29. LMO 1988/27 [image: image63.png]It is known that o < &< c. Prove that there are exactly two roots &y
and o of the equation

1 1 1
-t

e—a e—b e

and that they satisfy the inequality 6 < @ < b< ey < o




30. LMO 1989/21 [image: image64.png]FProve that the system of equations
etyta=0,
111
St-+-=0
ey w

has no real solutions.




31. LMO 1989/47 [image: image65.png]Prove that if the equation 4e* 4 (C'— B)e + (B — D) =0 has a real

root greater than 1, then the equation Ae? + Be® + Col + Do+ B =0
has at least one real root.




32. LMO 1989/68 [image: image66.png]How many real solutions does the Iollowing equation haves

sin(sin (sin(sinEn(e))) = «/3




33. LMO 1990/41 [image: image67.png]A positive real number X satisfles the equality X™ = X" 4 X7
+X +1. Prove that 2 » X > 2 — 1/n.




34. LMO 1991/39 [image: image68.png]Do there exist four distinct real numbers such that any two of them—
say, » and y—are connected by the relation

20 ¥ g o® o p e 40 =17




35. MATYC 88 by Roger Lindley [image: image69.png]chow that the system

aye” — oy — a19f +age — by +ag =0
bro? + Dagey — b1y + byo +agy+ by =0

has at least one and at most two distinet real solutions.




36. MATYC 138 by Mangho Ahuja [image: image70.png]1f &, &, ¢, andd are In arithmetic progression, then prove that the roots
of the equation

1 1 1
Tt

Py

Py

are also in arithmetic progression.




37. MM 1034 by Marlow Sholander [image: image71.png]We are familiar with the standard clover-leaf interchange [CLI] which
has, inside the four ramps for making right-hand turns, the arrangement
whereby left-hand turns are achieved by turning right into lanes which
outline the four leal clover. Your car approaches the CLI from the south
& mechanism has been installed so that at each point where there exists
2 cholce of directions, the car turns to the right with fixed probability

(@)1r=1/2, what is your chance of emerging from the CLI going
west?

(b) Find the value of » which maximizes your chance of westward
departure,




38. MM 1074 by Chandrakant Raju and R. Shantaram [image: image72.png]Suppose that all three roots of the cuble

o®—petq=0 (p>0,9>0)

are real. Show that the numerically smallest root lies between g/p and
24/ p.




39. MM 1145 by Kenneth A. Brown,~Jr. [image: image73.png]Leb f() = ae® 4+ be + ¢ be a quadratic polynomial with integral
coefficiénts, where a 7 0. Show that;

(2) if 7(v) is factorable into linear factors with integral coeficients,
then there are integers d and e such that de = ac and d + 2 = b; and

(b) if the integers d and e satisly de = ac and d +2 = b, then

aet+d  aete

I = dled e d)’

where each of the linear factors has integral coefficients,




40. MM 1169 by Peter Schumer [image: image74.png]Suppose that two players, Fy and P, are engaged in a best-of-three
chess tournament, with Py playing the white picces in the first game. Let
py be the probability that F{ wins when playing the white pieces, and
let py be the corresponding probability for Fy. Suppose that 0 < py < 1
and 0 < py < 1, and that the probability of a draw is 0

(2) When is it betier for P to purposely lose the first game (rather
than play to win) if the loser of the first game plays the white picces for
the remaining game(s)?

(b) Show that it is never to Fys advantage to purposely lose the first
game if the rule is that the loser of any game plays the white picces in
the next game.




41. MM 1172 by M. S. Klamkin [image: image75.png]Determine the number of real solutions @ (0 = @ = 1) of the equation
(1= a)™H (1 sy,

where 0 < a < 1 and m is a positive integer.

(™ _ gy oy





42. MM Q626 by Philip Tracy [image: image76.png]If @, b, and ¢ are real and b* < 2ac, prove that the cubic @°+ae’+betc
has only one distinet real root.




43. MM Q677 by Herbert L. Holden [image: image77.png]Let P be a polynomial of degree n = Z with real coefficients:

Ple) =™+ b T pe® 4,
where o # 0
Show that P has at most n— 2 distinct real zeros if 4 — 2%ae < 0.




44. NAvW 630 by R. J. Stroeker [image: image78.png]Let real numbers a1, ay and a3 be given such that 2a; # ) Ja; for
5=1,2,3. Show that the system of equations

— % 1,2,8
rere s € )

has a solution (s1,5,¢3) if and only if (3 a;)? # 23 of. Prove also
that this solution i unique and determine this solution.





45. NAvW 694 by M. L. J. Hautus [image: image79.png]Does there exist a real number such that the equation
o=@+ 2o +a=0

has only rational roots?




46. OMG 16.1.4 [image: image80.png]Find an equation that would generate the Ifollowing table of values.
RN EFRERD
s |0 |2 |6 |12




47. OMG 17.1.6 [image: image81.png]Find all real values of & so that the equation
of 4 o? —dke —dk =0

has two of its three roots squal.




48. OSSMB 83-13 [image: image82.png]Suppose & and o are two distinct solutions ot

F et fett=
What is the value of a2b + ab? + 3ab?





49. OSSMB 83-4 [image: image83.png]Let

nes
ple) =+ o™ 4o 24 S ant,

=0
where a; € R. Show that not all the roots of p(e) are real.




50. OSSMB 83-5 [image: image84.png]Liet "
ple)=1+o+ol+3 o’
=
where &; € R. Show that not all the roots of p(e) are real,




