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ABSTRACT: The energy eigenvalues of an infinite potential well with a barrier potential embedded in it are obtained by a finite difference numerical solution of Schrodinger’s equation.
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Fig 1. Potential barrier embedded in an infinite square well. 

The Schrodinger equation is 
- (h’ 2 /(2m)) ( d 2Ψ/dx2 ) + { U1(x) + U2(x) } Ψ = E Ψ   (1)
or       H Ψ     = E Ψ , where H is the Hamiltonian operator.

where h’ denotes  hbar i.e . h/(2π) .

The potential U(x) of the infinite  well  is ,

U1(x) = 0     0 < x < a    
         = ∞   x  elsewhere 
and 

U2(x) = 0    ,   0 < x < a/2

          = V0            x > a/2    
The eigenvalues and eigenvectors of the unperturbed square well are

En = ( n2 π2 h’ 2 )/(2ma2) ,  Φn (x) = ( 2/a)1/2 sin (n π x/a)         (2)                

In reference (1) equation the problem is cast as a matrix diagonalization problem.

The function Ψ  is expanded in terms of the eigenfunctions of the square well,

                   Ψ (x)  =  ∑n=1 cn ( 2/a)1/2 sin (n π x/a)                         (3). 

multiplying by each ( 2/a)1/2 sin (m π x/a) ,  and integrating x from 0 to a we 

have the matrix eigenvalues problem  

                     <n/  H /m >cm =  δmn cn E                    .                      (4)

One has to use a finite basis set of N elements. Then (3) gives an N x N matrix that has to N unknown coefficients  for each eigenvalue E.

If N= 2 ,the matrix diagonalization  problem looks like,

         ( H11  - E ) c1     +   H12 c2 = 0

          H21 c1             + (H22 –E) c2 =0   .                                   (5)

Let the  height of the barrier V0 be  chosen relative to square well n-th state state , for example  
                                    V0  = E square well(n=5)=

                                           = (π2/2) 25   ,                        (6)
where we set m=1 , h’=1 and  a=1  in (2)
In this note we solve Schrodinger’s equation using the finite difference approximation

      psi2=2.*psi1*(1.-dx**2*(e(ie)-v(x-dx)))-psi0 .
Or 

Ψ(xn) = 2 Ψ(xn-1) { 1-∆x2 ( E – Vtotal (x- ∆x) ) }-  Ψ(xn-2) . (8)

The boundary conditions are  Ψ(0) ,  Ψ(a)  =0 . The initial slope is set at 

d Ψ(0)/dx= 1 and for an arbitaray E , eq(8) is integrated upt to x=a.

In Fig 2   the  sign  =  Ψ(a) / abs( Ψ(a) )= (+/-) 1 ,  is plotted vs E.
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Fig 2. The sign of Ψ(x=a) changes sign when the energy passes through an eigenvalue. 
                          Esquare well                    Ewith potential barrier 
n,esqwell=  1    0.4935E+01            ≈  18    
n,esqwell=  2    0.1974E+02                 64
n,esqwell=  3    0.4441E+02                 124
n,esqwell=  4    0.7896E+02                 146
n,esqwell=  5    0.1234E+03                 199
n,esqwell=  6    0.1777E+03                 244
n,esqwell=  7    0.2418E+03                 304
n,esqwell=  8    0.3158E+03                 379  
n,esqwell=  9    0.3997E+03                 454
n,esqwell= 10    0.4935E+03                559
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Fig. 3 . Comparison of energy eigenvalues.
 e,psifin=    0.0000E+00    0.1000E+01

e,psifin=    0.7500E+01    0.1000E+01

e,psifin=    0.1500E+02    0.1000E+01

e,psifin=    0.2250E+02   -0.1000E+01
e,psifin=    0.3000E+02   -0.1000E+01

e,psifin=    0.3750E+02   -0.1000E+01

e,psifin=    0.4500E+02   -0.1000E+01

e,psifin=    0.5250E+02   -0.1000E+01

e,psifin=    0.6000E+02   -0.1000E+01

e,psifin=    0.6750E+02    0.1000E+01

e,psifin=    0.7500E+02    0.1000E+01

e,psifin=    0.8250E+02    0.1000E+01

e,psifin=    0.9000E+02    0.1000E+01

e,psifin=    0.9750E+02    0.1000E+01

e,psifin=    0.1050E+03    0.1000E+01

e,psifin=    0.1125E+03    0.1000E+01

e,psifin=    0.1200E+03    0.1000E+01

e,psifin=    0.1275E+03   -0.1000E+01

e,psifin=    0.1350E+03   -0.1000E+01

e,psifin=    0.1425E+03   -0.1000E+01

e,psifin=    0.1500E+03    0.1000E+01

e,psifin=    0.1575E+03    0.1000E+01

e,psifin=    0.1650E+03    0.1000E+01

e,psifin=    0.1725E+03    0.1000E+01

e,psifin=    0.1800E+03    0.1000E+01

e,psifin=    0.1875E+03    0.1000E+01

e,psifin=    0.1950E+03    0.1000E+01

e,psifin=    0.2025E+03   -0.1000E+01

e,psifin=    0.2100E+03   -0.1000E+01

e,psifin=    0.2175E+03   -0.1000E+01

e,psifin=    0.2250E+03   -0.1000E+01

e,psifin=    0.2325E+03   -0.1000E+01

e,psifin=    0.2400E+03   -0.1000E+01

e,psifin=    0.2475E+03    0.1000E+01

e,psifin=    0.2550E+03    0.1000E+01

e,psifin=    0.2625E+03    0.1000E+01

e,psifin=    0.2700E+03    0.1000E+01

e,psifin=    0.2775E+03    0.1000E+01

e,psifin=    0.2850E+03    0.1000E+01

e,psifin=    0.2925E+03    0.1000E+01

e,psifin=    0.3000E+03    0.1000E+01

e,psifin=    0.3075E+03   -0.1000E+01

e,psifin=    0.3150E+03   -0.1000E+01

e,psifin=    0.3225E+03   -0.1000E+01

e,psifin=    0.3300E+03   -0.1000E+01

e,psifin=    0.3375E+03   -0.1000E+01

e,psifin=    0.3450E+03   -0.1000E+01

e,psifin=    0.3525E+03   -0.1000E+01

e,psifin=    0.3600E+03   -0.1000E+01

e,psifin=    0.3675E+03   -0.1000E+01

e,psifin=    0.3750E+03   -0.1000E+01

e,psifin=    0.3825E+03    0.1000E+01

e,psifin=    0.3900E+03    0.1000E+01

e,psifin=    0.3975E+03    0.1000E+01

e,psifin=    0.4050E+03    0.1000E+01

e,psifin=    0.4125E+03    0.1000E+01

e,psifin=    0.4200E+03    0.1000E+01

e,psifin=    0.4275E+03    0.1000E+01

e,psifin=    0.4350E+03    0.1000E+01

e,psifin=    0.4425E+03    0.1000E+01

e,psifin=    0.4500E+03    0.1000E+01

e,psifin=    0.4575E+03    0.1000E+01

e,psifin=    0.4650E+03   -0.1000E+01

e,psifin=    0.4725E+03   -0.1000E+01

e,psifin=    0.4800E+03   -0.1000E+01

e,psifin=    0.4875E+03   -0.1000E+01

e,psifin=    0.4950E+03   -0.1000E+01

e,psifin=    0.5025E+03   -0.1000E+01

e,psifin=    0.5100E+03   -0.1000E+01

e,psifin=    0.5175E+03   -0.1000E+01

e,psifin=    0.5250E+03   -0.1000E+01

e,psifin=    0.5325E+03   -0.1000E+01

e,psifin=    0.5400E+03   -0.1000E+01

e,psifin=    0.5475E+03   -0.1000E+01

e,psifin=    0.5550E+03   -0.1000E+01

e,psifin=    0.5625E+03    0.1000E+01

e,psifin=    0.5700E+03    0.1000E+01

e,psifin=    0.5775E+03    0.1000E+01

e,psifin=    0.5850E+03    0.1000E+01

e,psifin=    0.5925E+03    0.1000E+01

Conclusion: The value of E  are higher than the square well values , but approach those of the square well when   (π2/2) n2 >> V0 .  The V0 becomes a small perturbation.
FORTRAN code

c potential barrier emebedded in an infinite square well april 13,2009

c ref AJP  Vol 77 F.  Marsiglio page  253,  March 2009

      dimension e(100), psifin(100)

      data a,ne,nstep/1.,80, 1000/

      ebox(n)=(pi**2/2.)*float(n)**2

      pi=2.*asin(1.)

      v0=ebox(5)

      xlim=1.0

      dx=xlim/float(nstep)

      ei=0.

      ef=ebox(8)

      de=(ef-ei)/float(ne)

      e(1)=ei

      do 40 n=1,10

      print 130 ,n,ebox(n)

40    continue

      print*,' '

      kstep=int(float(nstep)/20.)

      kount=kstep

      do 10 ie=1,ne

      psi0=0.

      psi1=dx

      do  20 i=2,nstep

      x=dx*float(i)

      psi2=2.*psi1*(1.-dx**2*(e(ie)-v(x-dx,a,v0)))-psi0

c      if(i.eq.kount)then

c      write(6,110) float(i)*h, psi2

c      print*,'x,psi=',x , psi2

c      kount=kount+kstep

c      endif

      psi0=psi1

      psi1=psi2

20    continue

      psifin(ie)=psi2

      psifin(ie)=psifin(ie)/abs(psifin(ie))

c      print*, psifin(ie)

c      print*,'e(ie) ,psifin=',e(ie),psifin(ie)

110   format(1x,'x=',e12.4,3x,'psi=',e12.4)

      e(ie+1)=e(ie)+de

10    continue

      do 30 i=1,ne

      print 120 ,e(i),psifin(i)

30    continue

120   format('e,psifin=',2(3x,e11.4))

130   format('n,esqwell=',i3,3x,e11.4)

      stop

      end

      function V(x,a,v0)

      if(x.lt.a/2.)v=0.

      if(x.ge.a/2.)v=v0

      return

      end

