Numerical approach to the normal modes of coupled oscillators
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Abstract :

A numerical procedure is given to obtain the normal modes of coupled oscillators. The equation of motions are solved numerically subject to IC all initial velocities are zero while  , x1(0) ≠ 0 and all other xi(0)=0. The peaks and lows of the integrals   I1(ω) =  ∫ x1(t) cos (ωt) dt  ,  I2 (ω) = ∫ x1(t) sin (ωt) dt  reveal the eigenfrequncies.
The equations of motion are  
m1 d2 x1 /dt2   =  -k x1+ k (x2-x1)                                       ,         (1)
m2 d2 x2 /dt2   =  -k x2+ k (x1-x2)                                       .        (2)
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Fig 1 . Two coupled oscillators. The force constants are equal to k.  

Following standard procedures (ref 1,2)  equations 1-2 are cast into an eigenvalue problem of the form ,
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   . (3)

The eigenvalues are readily found to be 

                           ω2  =    k/m   , 3 k/m                         ,  (4)

thus  ω1 = (k/m)1/2   ,   ω2 = (3k/m)1/2   .

Susbstitution of the roots in (3) gives the relative magnitudes 

A1 = A2 (ω1 ~ symmetric mode) and A1 = - A2 (ω2 ~ antisymmetric mode ).

 Relabeling A1 =A and   A11 = A ,  A12 =A  , A21=A  , A22=-A , one has that the general solution is of the form ,
x1(t) = c1 A11 cos(ω1t + φ1) + c2 A21 cos(ω2t + φ2)               (5-a)

x2(t) = c1 A21 cos(ω1t + φ1) + c2 A22 cos(ω2t + φ2)            .  (5-b)  

The coefficients  c1, c2 and the initial phases  φ1, and φ2, are determined by the initial conditions of the problem , x1(0) , x2(0) , dx1(0)/dt, and dx2(0)/dt .

Choosing x1(0)= x0 ≠ 0 and  x2(0)=0 , dx1(0)/dt = dx2(0)/dt =0 , is consistent with 
φ1 = φ2 =0 and therefore , the solutions are reduced to ,
x1(t) = c1 A21 cos(ω1t ) + c2 A22 cos(ω2t )            

x2(t) = c1 A21 cos(ω1t ) + c2 A22 cos(ω2t )                          .  (6)

Now assume we don’t have the analytic expression (6) but we can solve numerically the equations of motion subject. to the stated IC . We show how we can extract the eigen frequencies from the numerical solution.

 What we propose is to find the eigenvalues  by plotting certain definite integrals  I1(ω) , I2(ω) vs. a wide range of frequencies ω. The integrals are 
                              I1(ω) =  ∫ x1(t) cos (ωt) dt       (5)

                             I2 (ω) = ∫ x1(t) sin (ωt) dt     , (6)

where the interval of integration goes from t= 0 to t = “tlarge “ . By  

t large_we mean an instant where a number of oscillations have occurred.
We expect  I1(ω) to show maximas when ω coincides with the eigenfrequencies  while  I2 (ω) is zero or goes through minimas at the same point.
Equations (1) and (2) are solved by finite differences subject to initial conditions x1(0) = x0 ≠ 0 , x2(0)=0 , dx1(0)/dt =0 and  dx2(0)/dt=0.  

Using finite differences , the solutions are 
  x1(tn ) =2 x1(tn-1 ) - x1(t n-2)  +

                 ( ∆t2/m1) *{ -k x1(tn-1 )   + k ( x2(tn-1 )-x1(tn-1 ) ) }  ,  (7)                                   
  x2(tn ) =2 x2(tn-1 ) – x2(t n-2)  +

                 ( ∆t2/m2) *{ -k x2(tn-1 )   + k ( x1(tn-1 )-x2(tn-1 ) ) }  .  (8)                                   
Results: Figure 1 shows that the eigenfrequencies can be read off from the graph. This is an alternative procedure to the algebraic procedure involving a matrix formulation.
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Fig 1. Integrals I1 and I2  elevated to the fourth power to highlight the maximas. I1 shows maxima at ω =1 , 1.7 and the plot of I2  is zero at ω =1 , 1.7. 
FORTRAN code
c Normal modes of coupled oscillators

c ref Wikipedia  http://en.wikipedia.org/wiki/Normal_mode

      real k ,m1,m2 ,m

      dimension osc1(0:10000),osc2(0:10000)

      data k,m1,m2/1.,1.,1./

      ac1(x1,x2)=(1./m)*(-k*x1+k*(x2-x1))

      ac2(x1,x2)=(1./m)*(-k*x2+k*(x1-x2))

      pi=2.*asin(1.)

      m=m1

      tscale=sqrt(m/k)

      tf=20.*tscale

      dt=tscale/100.

      nstep=int(tf/dt)

      kp=int(float(nstep)/70.)

      kount=kp

      x10= .5

      x11= x10

      x20=0.

      x21=x20

      osc1(0)=x10

      osc1(1)=x10

      osc2(0)=x20

      osc2(1)=x20

      w1=sqrt(k/m)

      w2=sqrt(3.*k/m)

      print*,'w1,w2=',w1,w2

      print*,'   '

      print 100 ,0.,x10,x20

      do 10 i=2,nstep

      t=dt*float(i)

      x12=2.*x11-x10+dt**2*ac1(x11,x21)

      x22=2.*x21-x20+dt**2*ac2(x11,x21)

      osc1(i)=x12

      osc2(i)=x22

      if(i.eq.kount)then

c      print 100 ,t ,x12,x22

      kount=kount+kp

      endif

      x10=x11

      x11=x12

      x20=x21

      x21=x22

10    continue

      print*,'  '

c     call spectra(osc1,pi,nstep,dt,wi,wf)

      call spectra(osc1,osc2,pi,nstep,dt,.5,2.)

100   format('t,x1,x2=',3(3x,e10.3))

      stop

      end

      subroutine spectra(osc1,osc2,pi,nstep,dt,wi,wf)

      dimension osc1(0:10000) ,osc2(0:10000)

      nw=70

      dw=(wf-wi)/float(nw)

      do 10 iw=1,nw

      w=wi+dw*float(iw)

      sumcos=0.

      sumsin=0.

      do 20 i=1,nstep

      t=dt*float(i)

      sumcos=sumcos+(dt/2.)*(osc1(i)*cos(w*t)+osc1(i-1)*cos(w*(t-dt)))

      sumsin=sumsin+(dt/2.)*(osc1(i)*sin(w*t)+osc1(i-1)*sin(w*(t-dt)))

c      sumcos=sumcos+(dt/2.)*(osc2(i)*cos(w*t)+osc2(i-1)*cos(w*(t-dt)))

c      sumsin=sumsin+(dt/2.)*(osc2(i)*sin(w*t)+osc2(i-1)*sin(w*(t-dt)))

20    continue

      print 100,w,sumcos**4,sumsin**4

10    continue

100   format('w,sumcos**2,sumsin**4=',3(3x,e10.3))

      return

      end

