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The heat equation in three dimensions is 
                ∂u /∂t = K (∂2u/∂x2  +  ∂2 u/∂y2 +∂2 u/∂z2 )      .              (1)

K has dimension ~ length2/time. Let the surface be of infinite extent and the initial condition be 

                                    u(x,y,z,t=0) =  f(x,y,z)               . (2)     
The solution is given by the triple integral
u(x,y,z,t) =
 1/(4 π K t )3/2  ∫ f(u,v,s) exp{-[(x-u)2 +(y-v)2 +(z-s)2 ]/(4Kt) } dudvds   .   (3)   
We give a numerical code for   (3) in the case of two dimensions.

In two dimensions      
u(x,y,t) =

    1/(4 π K t )  ∫ f(u,v) exp{-[(x-u)2 +(y-v)2  ]/(4Kt) } dudv   .  (4)  
We suppose that  the initial condition is given by 

                     f(x,y) = A exp( - α( x2 + y2 ))                      .  (5)

Setting         exp(-α r2) = 0.01   we find an effective radius 

                                      r0 = ( -ln(.01)/ α )1/2                       (6)

for the initial distrution. That is at t=0 ,we consider that for points 

(x2  + y2 )1/2  > reffective   the temperature is zero.

Let α = 3 /m2 , then  r0 = 1.24 m.

For a particular instant t how far out should the integration be carried out ?

One could define a velocity scale from the combination

     vscale = K  α1/2 ~ ( m2 /s) ( 1/m2 )1/2 .  If we take  K= 1 m2 /s , the velocity scale is   vscale = (1) 31/2 = 1.73 m/s . This means that at time t the effective radius of influence has grown to 
                                  rt = r0 +1.73 t                            .  (7)

On the other hand K and α also serve to define a time scale

                           tscale = 1/(K α)  = 1/3 sec              .      (8)

Data :

K= 1 m2 /s   , α = 3 /m2   , tscale =1/3 sec.

Temperatures along the X axis for different instants.
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Fig 1. Temperature along X axis  for  t= .05*tscale. “Infinity” equals 1.25 m
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Fig 2. Temperature along X axis  for  t= 0.5*tscale. “Infinity” equals 1.50 m
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Fig 3. Temperature along X axis  for  t= tscale. “Infinity  ” equals 1.73 m.
FORTRAN code

c heat equation in two dimensions H. F. Weinberger   page 331

c power in kernel = number of dimensions/2. , e. g. one dim power=1./2.

c two dim power=2./2. , three dim power =3./2.

      real kernel,K

      dimension temp(0:20,0:20,0:20)

      data K,alfa ,a/1., 3.,100./

      data nstep ,ti,nt /10,0., 1/

      equivalence (ds,du) ,(ds,dx) ,(dx,dy)

      f(s,u)=a*exp(-alfa*(s**2 + u**2))

      kernel(x,s,y,u,t)=(1./K)*(1./(4.*pi*t)**power)*exp(-((x-s)**2+

     $ (y-u)**2 )/(4.*K*t))

      pi=2.*asin(1.)

      power =2./2.

      tscale=1./(k*alfa)

      vscale=k*alfa**.5

      reff=2.*vscale*tscale

      tf=1.*tscale

      s2=reff+vscale*tf

      s1=-s2

      u1=s1

      u2=s2

      dt=(tf-ti)/float(nt)

      ds=(s2-s1)/float(nstep)

      nx=nstep

      ny=nstep

      do 10 it=1,nt

      t=ti+dt*float(it)

      print*,'limit s2,tscale,t=',s2 ,tscale, t

      print*,' '

c do 30  loop for x and y

      do 30 ix=0,nx

      x=s1+dx*float(ix)

      do 30 jy=0,ny

      y=s1+dy*float(jy)

      sum=0.

      do 20 i=1,nstep

      s=s1+ds*float(i)-ds/2.

      do 20 j=1,nstep

      u=u1+du*float(j)-du/2.

      sum=sum+ds*du*f(s,u)*kernel(x,s,y,u,t)

20    continue

      temp(ix,jy,it)=sum

30    continue

10    continue

      do 50 i=0,nx

      x=s1+dx*float(i)

      y=0.

      midy=int((y-s1)/dy)

      print 110 ,x,y,reff,temp(i,midy,nt)

50    continue

c      print 100 ,((temp(i,j,nt),j=0,4),i=0,4)

c100   format('temp', 5(/,1x,5(e9.2,1x)))

110   format('x,y,reff,u=',4(3x,e10.3))

      stop

      end

