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ABSTRACT: The energy eigenvalues of a  harmonic oscillator embedded in an infinite square well are obtained by a finite difference numerical solution of Schrodinger’s equation.
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Fig 1. Harmonic oscillator embedded in an infinite square well. 

The Schrodinger equation is 
- (h’ 2 /(2m)) ( d 2Ψ/dx2 ) + { U(x) + (1/2) k(x-a/2)2 } Ψ = E Ψ   (1)
or       H Ψ     = E Ψ , where H is the Hamiltonian operator.

where h’ denotes  hbar i.e . h/(2π) .

The potential U(x) of the infinite  well  is ,

U(x) = 0     0 < x < a    
         = ∞   x  elsewhere .

The eigenvalues and eigenvectors of the unperturbed square well are

En = ( n2 π2 h’ 2 )/(2ma2) ,  Φn (x) = ( 2/a)1/2 sin (n π x/a)         (2)                

In reference (1) equation the problem is cast as a matrix diagonalization problem.

The function Ψ  is expanded in terms of the eigenfunctions of the square well,

                   Ψ (x)  =  ∑n=1 cn ( 2/a)1/2 sin (n π x/a)                         (3). 

multiplying by each ( 2/a)1/2 sin (m π x/a) ,  and integrating x from 0 to a we 

have the matrix eigenvalues problem  

                     <n/  H /m >cm =  δmn cn E                    .                      (4)

One has to use a finite basis set of N elements. Then (3) gives an N x N matrix that has to N unknown coefficients  for each eigenvalue E.

If N= 2 ,the matrix diagonalization  problem looks like,

         ( H11  - E ) c1     +   H12 c2 = 0

          H21 c1             + (H22 –E) c2 =0   .                                   (5)

The authors of reference 1, used a basis set of N=400 elements which means there is matrix Hnm of order 400. This was fed into an eigenvalue/eigenvector solver or to software packages provided in  Matlab, Mathematica or Maple.
The strength of the oscillator (in ref. 1) was chosen relative to square well ground state to be   
                                    h’ ω / E1 = 50 .                         (6)
This says that the strength of k satisfies

(k/m)1/2 (2m a2) /(h’ π2 ) = 50                                         .  (6)

Letting now m=1  , h’=1 and  a=1 one gets for the oscillator force constant
                    k = π4 (50)2 /4 =6.09 E4                           .   (7)

Equating     h’ ω = E1 n2    one  finds that  n ≈ (h’ ω/E1 )1/2  would be the eigenvalue of the square energy level where the energy start a transition away from the oscillator values and resemble the values of the infinite well.

Using the specification given by  (6)   results in 
       n ≈ ( 50 )1/2 =7 . So for n >> 7 the  E values should start to approach the square well eigenvalues.

In this note we solve Schrodinger’s equation using the finite difference approximation

      psi2=2.*psi1*(1.-dx**2*(e(ie)-v(x-dx)))-psi0 .
Or 

Ψ(xn) = 2 Ψ(xn-1) { 1-∆x2 ( E – Vtotal (x- ∆x) ) }-  Ψ(xn-2) . (8)

The boundary conditions are  Ψ(0) ,  Ψ(a)  =0 . The initial slope is set at 

d Ψ(0)/dx= 1 and for an arbitaray E , eq(8) is integrated upt to x=a.

In fig 1   the sign  =  Ψ(a) / abs(Ψ(a) ) is plotted vs E.

                               Eoscillator          Esquare well          Eembeded osc. ≈
n,eosc,esw=  1      0.3927E+02    0.4935E+01    0.3927E+02
n,eosc,esw=  2      0.1178E+03    0.1974E+02     0.1178E+03

n,eosc,esw=  3      0.1963E+03    0.4441E+02     0.1964E+03
n,eosc,esw=  4      0.2749E+03    0.7896E+02     0.2749E+03
n,eosc,esw=  5      0.3534E+03    0.1234E+03     0.3535E+03
n,eosc,esw=  6      0.4320E+03    0.1777E+03     0.4323E+03
n,eosc,esw=  7      0.5105E+03    0.2418E+03     0.5120E+03
n,eosc,esw=  8      0.5890E+03    0.3158E+03     0.5936E+03
n,eosc,esw=  9      0.6676E+03    0.3997E+03     0.6799E+03
n,eosc,esw= 10     0.7461E+03    0.4935E+03     0.7726E+03
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Fig 1. The sign of Ψ(x=a) changes sign when the energy passes through an eigenvalue. 
RUN
e,psifin=    0.000E+00    0.100E+01

e,psifin=    0.100E+02    0.100E+01

e,psifin=    0.200E+02    0.100E+01

e,psifin=    0.300E+02    0.100E+01

e,psifin=    0.400E+02   -0.100E+01

e,psifin=    0.500E+02   -0.100E+01

e,psifin=    0.600E+02   -0.100E+01

e,psifin=    0.700E+02   -0.100E+01

e,psifin=    0.800E+02   -0.100E+01

e,psifin=    0.900E+02   -0.100E+01

e,psifin=    0.100E+03   -0.100E+01

e,psifin=    0.110E+03   -0.100E+01

e,psifin=    0.120E+03    0.100E+01

e,psifin=    0.130E+03    0.100E+01

e,psifin=    0.140E+03    0.100E+01

e,psifin=    0.150E+03    0.100E+01

e,psifin=    0.160E+03    0.100E+01

e,psifin=    0.170E+03    0.100E+01

e,psifin=    0.180E+03    0.100E+01

e,psifin=    0.190E+03    0.100E+01

e,psifin=    0.200E+03   -0.100E+01

e,psifin=    0.210E+03   -0.100E+01

e,psifin=    0.220E+03   -0.100E+01

e,psifin=    0.230E+03   -0.100E+01

e,psifin=    0.240E+03   -0.100E+01

e,psifin=    0.250E+03   -0.100E+01

e,psifin=    0.260E+03   -0.100E+01

e,psifin=    0.270E+03   -0.100E+01

e,psifin=    0.280E+03    0.100E+01

e,psifin=    0.290E+03    0.100E+01

e,psifin=    0.300E+03    0.100E+01

e,psifin=    0.310E+03    0.100E+01

e,psifin=    0.320E+03    0.100E+01

e,psifin=    0.330E+03    0.100E+01

e,psifin=    0.340E+03    0.100E+01

e,psifin=    0.350E+03    0.100E+01

e,psifin=    0.360E+03   -0.100E+01

e,psifin=    0.370E+03   -0.100E+01

e,psifin=    0.380E+03   -0.100E+01

e,psifin=    0.390E+03   -0.100E+01

e,psifin=    0.400E+03   -0.100E+01

e,psifin=    0.410E+03   -0.100E+01

e,psifin=    0.420E+03   -0.100E+01

e,psifin=    0.430E+03   -0.100E+01

e,psifin=    0.440E+03    0.100E+01

e,psifin=    0.450E+03    0.100E+01

e,psifin=    0.460E+03    0.100E+01

e,psifin=    0.470E+03    0.100E+01

e,psifin=    0.480E+03    0.100E+01

e,psifin=    0.490E+03    0.100E+01

e,psifin=    0.500E+03    0.100E+01

e,psifin=    0.510E+03    0.100E+01

e,psifin=    0.520E+03   -0.100E+01

e,psifin=    0.530E+03   -0.100E+01

e,psifin=    0.540E+03   -0.100E+01

e,psifin=    0.550E+03   -0.100E+01

e,psifin=    0.560E+03   -0.100E+01

e,psifin=    0.570E+03   -0.100E+01

e,psifin=    0.580E+03   -0.100E+01

e,psifin=    0.590E+03   -0.100E+01

e,psifin=    0.600E+03    0.100E+01

e,psifin=    0.610E+03    0.100E+01

e,psifin=    0.620E+03    0.100E+01

e,psifin=    0.630E+03    0.100E+01

e,psifin=    0.640E+03    0.100E+01

e,psifin=    0.650E+03    0.100E+01

e,psifin=    0.660E+03    0.100E+01

e,psifin=    0.670E+03    0.100E+01

e,psifin=    0.680E+03   -0.100E+01

e,psifin=    0.690E+03   -0.100E+01

e,psifin=    0.700E+03   -0.100E+01

e,psifin=    0.710E+03   -0.100E+01

e,psifin=    0.720E+03   -0.100E+01

e,psifin=    0.730E+03   -0.100E+01

e,psifin=    0.740E+03   -0.100E+01

e,psifin=    0.750E+03   -0.100E+01

e,psifin=    0.760E+03   -0.100E+01

e,psifin=    0.770E+03   -0.100E+01

e,psifin=    0.780E+03    0.100E+01

e,psifin=    0.790E+03    0.100E+01

FORTRAN code
c harmonic oscillator emebedded in an infinite square well

c ref AJP  Vol 77 F.  Marsiglio page  253,  March 2009

      real k

      dimension e(100), psifin(100)

      data a,ne,nstep/1.,80, 1000/

      v(x)=(1./2.)*k*(x-a/2.)**2

      ebox(n)=(pi**2/2.)*float(n)**2

      pi=2.*asin(1.)

      xlim=1.0

      dx=xlim/float(nstep)

      k= (pi**2/4.)*50.**2

      ebox1= pi**2/2.

      eho=sqrt(k)

      ei=0.

      ef=820.

      de=(ef-ei)/float(ne)

      e(1)=ei

      do 40 n=1,10

c      call eigenval(n,k,pi,eosc,esw)

c      print 130 ,n,eosc,esw

40    continue

      print*,' '

      kstep=int(float(nstep)/20.)

      kount=kstep

      do 10 ie=1,ne

      psi0=0.

      psi1=dx

      do  20 i=2,nstep

      x=dx*float(i)

      psi2=2.*psi1*(1.-dx**2*(e(ie)-v(x-dx)))-psi0

c      if(i.eq.kount)then

c      write(6,110) float(i)*h, psi2

c      print*,'x,psi=',x , psi2

c      kount=kount+kstep

c      endif

      psi0=psi1

      psi1=psi2

20    continue

      psifin(ie)=psi2

      psifin(ie)=psifin(ie)/abs(psifin(ie))

c      print*, psifin(ie)

c      print*,'e(ie) ,psifin=',e(ie),psifin(ie)

110   format(1x,'x=',e12.4,3x,'psi=',e12.4)

      e(ie+1)=e(ie)+de

10    continue

      do 30 i=1,ne

      print 120 ,e(i),psifin(i)

30    continue

120   format('e,psifin=',2(3x,e11.4))

130   format('n,eosc,esw=',i3,2x,2(3x,e11.4))

      stop

      end

      subroutine eigenval(n,k,pi,eosc,esw)

      real k

      eosc=sqrt(k)*(float(n)-1.+1./2.)

      esw=(pi**2/2.)*float(n)**2

      return

      end

