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Abstract. Membrane systems are parallel computational devices inspired from the cell function-
ing. Since the original definition, a standard feature of membrane systems is the fact that each rule
of the system is executed in exactly one time-unit. However, this hypothesis seems not to have a
counterpart in real world. In fact, in cells, chemical reactions might take different times to be exe-
cuted. Therefore, a natural step is to associate to each rule of a membrane system a certain time of
execution. We are interested in membrane systems, called time-free, working independently from
the assigned execution time of the rules. A basic and interesting problem in time-free membrane
systems consists in the synchronization of different rules, running in parallel, and having unknown
execution times. Here, we present different ways to approach this problem within the framework of
membrane systems. Several research proposals are also suggested.
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1. Introduction: The Time-Freeness Property

Standard features of membrane systems (known also as P systems) are the presence of a global clock,
common to all the regions, and the hypothesis that each rule is executed in exactly one time-unit. These
mathematical features, in general, do not have a corresponding counterpart in cell biology. Even more, in
the real world, a common global clock cannot be found in living beings: we can discover many different
systems that evolve independently, with different times, and that use particular methods to synchronize
their evolutions. In particular this is true when we consider our society as a collection of independent and
still interactive and “synchronized” human beings, living in a “parallel” way. Mathematical modeling of
human time has been afforded in the comprehensive surveys that can be found in [7, 8]. On the other
hand, this perfectly applies to systems where different communicating components, evolving in parallel,
can be identified.

An example of this can be found even inside nano-systems, like living cells, where different chemical
reactions are executed in parallel, with different execution times, and such that various processes are
synchronized via biological signals that move across different areas of the cell ([12]).

Starting from all these considerations, a model of membrane systems based on signals has been in-
troduced in [1]. Later, in [3], a model of membrane systems has been introduced where to each evolution
rule r is associated a certain integer vak(e) that indicates its execution time (in literature they are
known agtimed P systen)s

On the other hand, the execution time of a certain chemical reaction might be difficult to know
precisely and usually such parameter is very sensitive to environmental factors that might be hard to
control. Therefore it is interesting to construct systems that work in the way we expect as much as
possible independently from the values associated to the execution times of rules.

For this reason, in [3], time-free P systems have been introduced. Informally, a time-free P system is
a P system that produces always the same result, independently from the execution times of its rules.

One possible mathematical formalization of this idea is to take into account any possible value asso-
ciated to the paramete(r), for any ruler present in the system. A P system that generates (or accepts)
the same family of vectors of natural numbers, independently of the values assigned to the execution
time of its rules, is calletime-free

In this way, a time-free P system can be considered stable against “environmental” factors that might
influence the execution times of the rules.

As in real world where synchronization of independent events is fundamental, also in the case of
time-free P systems a similar problem must be considered: in order to get time-free systems that are
computationally powerful enough it is important to synchronize rules with different execution times and
that run in parallel. In this paper we present several approaches to this problem. Initially, we show how
signals can be useful to tackle this problem (several results on time-free P systems with signal-promoters
are recalled).

On other hand, synchronization can also be obtained by using a restricted kind of cooperative evo-
lution rules like bi-stable catalytic rules. Finally, we show how universal computational devices can be
obtained by making use of synchronization based only on communication (symport/antiport rules).

We conclude the paper with several open problems and research proposals.
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2. Time-Free P Systems: Definition

We recall the definition of time-free P systems as it was originally introduced in [3]. The systems defined
here make use of signal-promoters (introduced in [1]) and of (bi-stable) catalysts (recalled in [11]).

Definition 2.1. A P systemll of degreem > 1, with signal-promoters and bi-stable catalysts is a con-
struct
II = (V,C,D,u,wl,.. . ,wm,Rl,. . .,Rm,Rll,...,R;n,Zlo),

where:
e V is the alphabet off; its elements are calleabjects

e C' C V is the set of bi-stable catalysts; each bi-stable catalystan object that can be in two
states¢ andg (if for a bi-stable catalyst the two states coincides, thelis a catalyst);

e D C V is the set of signal-promoters;

e ;1 is a membrane structure consistingiefmembranes labeled 2, - - - , m, wherem is called the
degreeof the systenil;

e w;, 1 < i < m, specifies the multiset of objects present in the corresponding régithe
beginning of the computation;

e R;, 1 < i < m, are finite sets of evolution rules ovétr associated with regionk, 2,...,m
of u; there are rules of two types, non-cooperative, that are of the form v wherea is an
object fromV \ (C U D) andv is a string ovef{anere, Gout | @ € V \ (C U D)} U {apm,; |
a € V\(CUD)1 < j < m}, and catalytic rules (using bi-stable catalysts) of the forms
ca — cv,ca — ¢v,ca — ¢v, andéa — cv, wherea is an object fromV \ (C U D), v is a string
over{anere; Gout | a € V\ (CUD)}U{aim; |a €V \ (CUD),1<j<m}, andc e C;

e R, 1< i< m,are finite sets of signaling-rules ovBrassociated with regions 2, . .., m of yx;
the signaling-rules are of the form— v|, or ca — cv|,, wherea is an object fronV \ (C' U D),
v is a string ovelV \ (C' U D), z is a string representing a subset{@p, here), (p,out) | p €
D} U {(p,in;) | p € D,1 < j < m}, andc € C; if there is no ambiguity on the target, then the
targetin; is simply written asn;

io € {0,1,--- ,m} is the label of theutput region(0 represents the environment).

Given a computable mapping
e:RU---UR,UR{U---UR, — N
and systenil as defined above, it is possible to construtiteed P systeras
H(e) = (V,C,D, p, w1, ..., W, R1,..., Ry, Ry, ..., Rl 00, €)

working in the following way.
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We suppose to have an external clock (that does not have any influence on the system) that marks
time units of equal length, starting from a tirae

To each region of the system is associated a finite number of objects (among them, signal-promoters
and catalysts) and a finite number of evolution rules and of signaling-rules.

At each time, in the regions of the system we have together rules in execution and rules not in
execution. At each time, all the rules that can be applied (started) in each region, must be applied.

Ifaruler € R;, R}, 1 <1i < m,is applied, then all objects that can be processed by the rule have to
evolve by this rule.

To apply an evolution rule — v or u — v|, in a region; means to remove the multiset of objects
identified byu from region:, and to add the objects specified by the multiseh the regions specified
by the target indications associated to each object in

Signaling rules are evolution rules, promoted by the signal-promoters specified in the: ¢tiigaal-
promoters work like standard promoters but they can only be moved and not created, see [1]).

In the case of a signaling-rule — v, also the signal-promoters specified bare moved to the
regions according to their target indications. In every region the signal-promoters are presersein the
sensei.e., in each region cannot be more than one copy of the same signal-promoter.

When a rule- (either evolution or signaling) is started at tinjiethen its execution terminates at time
j + e(r) (the objects produced as well as the signal-promoters moved by the rule can be used starting
from the timej + e(r) + 1).

If two rules start at the same time, then possible conflicts for using the occurrences of objects are
solved assigning the occurrences in a non-deterministic way. The rules are applied in the maximally
parallel way, as usually defined in the P systems framework.

Notice that, when the execution of a rulés started, the occurrences of objects used by this rule are
not available for other rules during the entire execution.of

The computation stops when no rule can be applied in any region and there is no rule in execution.

The output of a halting computation is the vector of numbers representing the multiplicities of objects
present in the output region in the halting configuration.

Collecting all the vectors obtained, for any possible halting computation, we get thedéte)) of
vectors of natural numbers generated by the sysiéa).

Definition 2.2. A P systemll = (V,C, D, p, w1, ..., wm, R1,...,Rm, R}, ..., R, io) is time-freeif
and only if every timed system in the set

{Il(e) | e : R — N, e computablé,

whereR =Ry U---UR,, UR] U---U R, , produces the same set of vectors of natural numbers.

We use the notation
PsPy,(a, j, free),a € {ncoo, coo} U {2caty, caty | k > 0},

to denote the family of sets of vectors of natural numbers generat@méyfreeP systems with at most
membranes, at mogtsignal-promoters, evolution rules and signaling-rules that can be non-cooperative
(ncoo), or catalytic(caty /2caty ), using at mosk catalystsk bi-stable catalysts (as usualis used if the
corresponding number of membranes, signal-promoters or catalysts/bi-stable catalysts is not known).
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3. Time-Free and Non Time-Free P Systems: Two Examples

The reader can easily see that every P systems using non-cooperative rules (so in the Definition 2.1 the
setsC' and D are empty) is time-free (a formal proof can be found in [2]).

This result does not hold for P systems using catalytic rules (even with only one catalyst) as it is
shown by the following example.

Example 3.1. Consider the following P system with one catalyst:

IT= (‘/7 C7D7M7w17R17RI17i0 = 0)7

where:
V ={B,B" ¢ X,D,b,a};
¢ ={ch
D =10;
o=l
wy = B'B’¢;
Ry ={r: B —byuX, r9:¢B" ¢, r3: X =D, rs:cX —ec,r5:D— Qout }
R, =0.

The systenil is not time-free. To prove this assertion, we show that it generates two different set of
vectors in case two different time-mappingsdnde”) are considered.
These mappings are defined as follows:

e(r;) = k', forsomek’ € N, fori= 34,5,

e'(r;) = k", forsomek” e N, fori=3,4,5.

If the execution times of the rulesIhare given by the mapping, then one can see thB(I1(¢')) =
{(1,1)}. In fact, both rules:; andr, are started in parallel. When terminates, the objectsand X
are produced. Then, at stepthe rulers is applied and the objed? is produced. Notice that, in st&p
the rulers is the only one that can be applied, and this is because-sugestill in execution (therefore,
the catalyst is busy). In ste®, the objecta is produced byD — a,,; and sent to the environment.
Therefore this is the only possible computation and the output of the system is {lieé,det.
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If the execution times of the rules i are associated by using the mappirfigthen Ps(I1(e”)) =
{(1,0),(1,1)}.

In fact, rulesr; andrs are started in parallel as in the previous case but, because of the time-mapping
e, rulery ends after rule;. Then, after two steps, objest is produced andis sent to the environment;
in the next stepX can be rewritten in two possible ways. In the first way the catalgsin be used to
apply ruler, and then the computation halts producing as output the véttoy. In the second way
rulesrs and thenr; are used. Rules produces and sends the objedb the environment. Therefore,
in this case, we have as the output of the system thé(set), (1,0)}. Notice that for any computable
time-mapping:, Ps(Il(e)) # 0.

On the other hand, it is easy to construct (computationally powerful) time-free P systems using
signal-promoters, as shown in the following example.

Example 3.2. We consider the system

Ir= (V7 C7D7,u7w17w27R17R2aR/17R/27i0)7

where:
V ={a,b,p}; Ry =10
C =0 Ry = 0);
D = {p}; Ry = {b— blpinys b= blpoun) };
p="1l2]2] Ry = {a — aalpou)}
wy = bp; 19 = 2.
Wo = @,

The rulea — aa is activated by the signal-promotgrwhich is present at the beginning of the
computation in regiori. The rule is applied an arbitrary number of times in the maximally parallel
manner. Every time that the signal-promaotds sent to regiori, one of the rules present in that region
is applied. If ruleb — b|, ) is applied, then the process can be iterated. If tule: b|, o) is
applied, then the signal-promoter is sent to the environment and the computation halts with a number of
objects in regior2 that is a power oR. It is trivial to see that the system generates the Parikh image
of {a®" | n > 0} independently from the execution times of the rules and, therefore, the siistem
time-free.

4. Synchronization by Signals: Computational Results

Using signals, as presented in Example 3.2, it is possible to synchronize in an easy way the rules of the
system and to get time-free systems with enough computational power. In what follows we recall from
[3] a series of results for time-free P systems using signal-promoters. Initially, we consider time-free P
systems using only non-cooperative rules and signal-promoters. As soon as we increase the power of the
rules to be bi-stable catalytic ones, then we obtain universality even without using signals (in this case
the synchronization is obtained by making use of the short term memory of the bi-stable catalysts). On
the other hand, the short memory of bi-stable catalysts can be simulated by signal-promoters and, in this
way, we get an universality proof for time-free P systems using catalysts and signal-promoters.
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4.1. Time-Free P Systems using Non-Cooperative Rules and Signals

Using only non-cooperative rules, signal-promoters, and two regions it is possible to generate at least
the family of Parikh images of languages generated by Indian parallel grammars (dendted ).

Indian parallel grammars can generate non semilinear languages, then whose Parikh setits@'dt in

(for details on these grammars we refer to [4]).

Theorem 4.1. PsIPG C PsPy(ncoo, *, free).

The proof of this result can be found in [3].

4.2. Time-Free P Systems Using Catalysts and Signal-Promoters:
Universality

In time-free P systems synchronization can be obtained by using the short term memory of bi-stable
catalysts. In [2] we can find the following universality resuRs(RE denotes the family of Turing
computable sets of vectors of natural numbers).

Theorem 4.2. PsRE = PsP)(2cat,, 0, free).

Concerning this last result, the following considerations need to be done. The class of time-free P
systems seems to have similitudes with the classoofsynchronized P systemegalled in [11] (non-
synchronized P systems are systems with symbol-objects where in each regiod asulkis present,
for each symbolA in the alphabet). In fact, in both models, there is a certain degree of “asynchro-
nism” that must be tackled during the computation. But the results obtained are strongly different for
the two models: while time-free P systems using bi-stable catalysts are universal (as recalled above),
non-synchronized P systems can generate only the length sets of context-free languages when using bi-
stable catalysts (the proof can be found in [11]). Such big difference of computational power is due to
the fact that in time-free P systems is still possible to make use of the maximal parallelism as a tool for
synchronizing different computational branches.

On the other hand, as we can see in the next theorem, a time-free P system without signals, with
bi-stable catalysts and a membrane structure of the formn[; [ -+ [ |m -+ ]2 ]1 can be simulated
by a time-free P system using only catalysts, (at most) 1 membranes, and signal-promoters (the
following result improves the result presented in [3] where also a priority relation on the set of rules is
used). The idea of the proof follows the one given in [3].

Theorem 4.3. PsRE = PsPy(caty, *, free).

Proof:
To prove the theorem we show how a time-free P system

I, = WV,CL0 L2 mlm 2], wit, w12, Wim,
Rl,laRl,Qy' o 7R1,m7®7®a' te >®7i0)7

using bi-stable catalysts; membranes can be simulated by a time-free P system
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Iy = (Vo,C2, Do foli 2 [mlm ]2 |1 Jo, w20, w21, w22, , w2 m,

/ / / / .
R2,07 R2,17 R2,27 to ;R2,m, 2,00 11215 R2727 Ty 2,m7Z0>7

using catalystsy + 1 membranes and signal-promoters (both systimdI, are written according to
the notation given in Definition 2.1). Without loss of generality, we suppose that each occurrence of the
bi-stable catalysts present in the regiondlgfis named differently. We suppose that the set of bi-stable
catalysts used ifl; isCy = {c1,¢c2, - ,cn}-
We construct the systef, in the following way.
Suppose € {1,2,--- ,h}. For each rule’ ;!

i{a—w)

: ¢ja — cjw thatis present iR, ; we add toR; ;
. . 2,
the S|gnaI|ng-ruIe¢i<
" "
Xj = X |y im)-
In a similar way, for each rulellé

2
i(a—w)

. / H H "
L cja — ¢jwl(ps outy, ANA tOR, ; the signaling-rules(; — X7| - perey and

1
a—w)

: ¢cja — c;w that is present i, ; we add the signaling-
2,2 .o ) / / ; iy " /
rule Tiamw) © Ci® = ¢jwl(p; out) 10 Ry, and toRy ;4 the signaling-rulesX” — X[, nerey @and
!/

Xj = Xilgin)-
For each rule-;’
i{a—w)
/. 14 . i
cja — ¢jw| gz here) 10 Ry ;5 for each ruler;;, .,y : ¢je — cjw presents ink,; we add the rule

2.4
t{a—w)

For each non-cooperative ruz}g%’gbw> : X — wthatis present ik, ; we add the non-cooperative

rule T?{?@@ : X — w to the setRy ;.

We take the alphabét, = V; U {X;, X', X/, X/ | 1 <1 < h} and the set of signal-promoters as
Dy = {pi,pi | 1 < i < h}. The set of catalyst§ is exactly the se€’; except the fact that objects in
Cy are used as catalysts and not as bi-stable catalysts.

Finally we constructv ;, for 0 < I < m, in the following way. Add tav, ; all the objects: € Vi \C4

. Gja — cjw that is present inR;; we add the signaling-ruleff’

a—w) °

. . . /
L eja — Wl here) 1O 1Y ;.

present inwy ; (by definition,wp g = X). If wy; containsc;,, for somej’ € {1,2,---,h}, then add
pj andcj to wyy; if wy; containscy for somej’ € {1,2,---,h}, then addp; andcj to way; if
wy 41 containsg;7, for somej’ € {1,2,--- ,h}, then addX, to wy; if w41 containse;/, for some

j € {1,2,--- ,h}, then addX 7/ to wy.

The main idea of the proof is that the “change of state” of a bi-stable catalyst present inregion
II; is simulated by an exchange of signal-promoters between régiod the surrounding regian— 1
in II5.

For instance (in all other cases the situation is similar), the execution of thejéul%> 1 Gja — cjw
present in region of I1;, for somej € {1,2,--- ,h}, is simulated inll, in the following way. First,
rule cja — cjw|; Hur) is €xecuted in regior at the end of its execution the signal-promgigis sent
out to the surrounding regian— 1. There, the two rules(; — X7| (5= nere) @aNA X7 — X[, i) are
executed sequentially and they send inside regtbe signal-promotep;. In region: of I1, the presence
of signal-promotep; activates now all (and only) the rules catalyzedchyin this way the simulation
of the execution of ruleiléﬂm : ¢ja — c;w in IT; has been completely simulated (the obtained object
X7"in regioni — 1 stores the information thaj is in statec;).

The execution of rule;;” : cja — cjw present in regioni of IT; is simulated infl, in the
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following way. First the rulezrf(aaw> L cja — cjwly, oury IN Ry of Ty is executed; at the end of its
execution the signal-promotey is sent out to the surrounding region- 1. There, both ruIesYJ’f’ —
X]’.|(pj7he,1€) ande’. — Xj|(p—j,m) are executed and the signal-promaigiis sent to regiori. In region
i of I, the presence of signal-promofgr activates now all (and only) the rules catalyzedchyin this
way the simulation of the execution of ru;lé{jﬁw> : ¢cja — ¢;w has been completely simulated (the
objectX; obtained in region — 1 stores the information that is in statec;).

From the way we construtis and becausH; is time-free, then alsi; is time-free; moreover, they
generate the same set of vectors of natural numbers. Therefore, because of Theorem 4.2, the statement

is true. O

As a consequence of Theorem 4.3, a natural question concerning time-free P systems using only
catalysts arises: are they universal? In standard P systems (where the time of each rule is fixed to be one
clock step) the answer is known to be positive ([5]). In case of time-free P systems we conjecture that
the answer is negative, because catalysts do not have memory and, therofore, it seems that they cannot
be used to synchronize rules with different (and unknown) times of execution.

5. Synchronization by Transport Mechanisms:
the Case of Symport/Antiport Rules

As mentioned in the Introduction, synchronization in time-free P systems can be also obtained by using
transport mechanisms. We consider interesting to investigate systems where the synchronization during
the computation is obtained by only moving objects across the regions of the system.

In particular, in this section, we start the investigation of time-free P systems with symport/antiport
rules. These kinds of rules have been originally introduced in [10] and have been motivated by the
biological mechanisms of moving chemicals through the cell regions.

We recall the definition of P sytems with symport/antiport rules in the accepting variant (see [11] for
further details). A P system with symport/antiport is a construct

II= (V, Wy, e, Wy, Einnyfilea oy R, iinp)a
where:
e V is the alphabet off; its elements are calleabjects

e ;1 isamembrane structure consistingleinembranes injectively labelled with 2, - - - , m, where
m is called thedegreeof the systenil,

e w;, 1 < i < m, specifies the multisets of objects present in the corresponding régibthe
beginning of the computation;

e I,y C V is the set of objects which are supposed to appear in arbitrary many copies in the
environment;

e Iy, specifies the multiset of objects present, at the beginning of the computation, in a finite
number of copies, in the environment;
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e Ri,---, R, are finite sets ofymport/antiport rule®verV associated with the membranes
1,2---,m of u; asymport ruleis of the kind(z,in) or (x, out), while anantiport ruleis of the
kind (z, out; y, in), wherex, y are strings representing multisets of object¥ ofor a symport rule
(z,in) or (z, out) we say thatz| is theweightof the rule; in case of an antiport rule, out; y, in),
theweightis defined asnaxX|z|, |y|};

e iimp € {1,2,--- ,m} is the label of thenput region

In a P system with symport/antiport, a configuration is described byrttiaples of multisets of
objects present in the: regions of the system and by the multiset describing the objects present in the
environment in a finite number of copies.

The objects of;,, ; are supposed to be present in the environment in an arbitrarily number of copies,
their numbers remains arbitrarily irrespective of how many copies have been introduced in the system
during the computation.

The application of theymport rule(x, in) to membrané means to bring in membrarehe objects
represented by, from the surrounding region.

If the symport(z, out) is applied to membrang then the objects represented by the multisetove
out from this membrane to the surrounding region.

Finally, if the antiport rule (z, out; y, in) is applied to membrang then the objects represented by
multisetx are sent out of membrarnieto the surrounding region while, at the same time, the objects
represented by the multisgimove in the opposite direction.

In the accepting mode, a systéiras above starts computing in the configuration obtained by adding
amultisetr to w;,,. The vector of multiplicities of objects inis accepted if and only if the computation
halts.

The definition of time-free P systems with symport/antiport rules follows the one given previously in
Definition 2.2.

Given a computable mapping

e:RiU---UR,, — N

and systenil as defined above, it is possible to construtinged P system with symport/antiport rules
II(e) as(V, u, w1, - s W, Eing, EginR1, -+, R, tinp, €) Working in the following way.

As earlier described, we suppose to have an external clock (that does not have any influence on the
system) that starts at tinfieand ticks from each timg to the next ong + 1.

The computation (and the accepting of a vector of natural numbers) in a timed P system with sym-
port/antiport rules is defined like for P systems with symport/antiport excepien a ruler (either
symport or antiport) is started at timg then its execution terminates at tighe- e(r) (the objects moved
can be used starting from the timie-e(r) + 1). If two rules start at the same time, then possible conflicts
for using the occurrences of objects are solved assigning the occurrences in a non-deterministic way.

The computation stops when no rule can be applied in any region and no rule is in execution.

Definition 5.1. A P system with symport/antiport

= (V,M,wl, T awmaEinfaEfinaRlv to >Rm>iinp)a
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is time-freeif and only if every timed system in the set
{Il(e) | e : R — N, e computablé,

for R = Ry U---U R,,, accepts the same set of vectors of natural numbers.

We use the notation
PsPP,,(i, k, free)

to denote the family of sets of vectors of natural numbers acceptéthbyfreeP systems with at most
m membranes, symport rules of weight at mgstnd antiport rules of weight at makst

In what follows we present a brief description of register machines and of their computational power.
More details can be found in [9].

An n-register machine is a construtf = (n, P, ly, ;) wheren is the number of registers (each
register stores an arbitrary natural numbé?){the programof the machine) is a finite set of labeled
instructions of the form(l; : op(r), l2,l3) Whereop(r) is an operation on registerof M, l,ls,1l3 €
Lab(P) (whereLab(P) denotes the set of labels of the instructions frBin [y is the initial label;l;, is
the final label.

The operations allowed by anregister machine are:

e (I : ADD(r),l2,13) — increment the value stored into registeand proceed, in a non-deterministic
way, to the instruction labeled or to the instruction labelefd (I2 = I3 for the deterministic variant and

then the instruction is written in the ford, : ADD(r), l2));

e (I; : SUB(r),l2,13) — jump to instruction labelet} if the registerr is empty; otherwise subtract one
from the value stored into registerand jump to instruction labeldd;

e (I, : HALT) — halts the computation (there is an unique halting instruction).

A register machiné/ = (n, P, ly,l;,) accepts a vectdpry, - - - ,r,_o) € N2 iff, starting from the
instruction labeled,, with registerj having valuer; for 1 < j < n — 2, and the contents of registers
n — 1 andn being empty, the machine halts.

It is known (see [9]) that deterministic register machines accept exactly the family of Turing com-
putable sets of vectors of natural numbers.

Theorem 5.1. PsRE = PsPPi(1,2, free).

Proof:
Consider a register machind = (n,P,lo, ;). We will simulate its accepting computation with a P
system constructed in the following way. The value stored in regjstér\/ will be represented by the
multiplicity of an associated objeat. Let Lab(P) = {l1,l2,--- 14}

Formally, we construct the P systdin= (V, i, w1, Einf, Etin, R1, 1) Where:
V = Lab(P)U{S,T; |l € Lab(P)} U Ein s U{k,k1};

Einf:{ar|1§7"§n};
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Efm = l1l2 ce lq51S2 R SqT1T2 v qukl;

p=1[]u

wy = lp; in addition, for a vectofry, - -- ,r,_2) to be accepted by/, we introduce in the input region
1 the multiseta}* - - - a,";

n—21

R, is defined as follows:

o for each addition instructiofi; : ADD(r),l2) € P, l1,l2 € Lab(P),1 < r < n, we add toR; the
rule (11, out; a,la, in);

o for each subtraction instructidid, : SUB(r), ls,l3) € P, l1,l2,l3 € Lab(P),1 < r < n, we add
to R, the rules:

(11, out; Sy, k,in),
(S ars out; Ty, in),
(k,out; ky,1in),
(Si, k1, out;l3,in),
(T3, k1, out; la, in);

o for instruction(l;, : HALT ) € P, l;, € Lab(P), we add taR; the rule(l, out).

The systenil simulates the work of the register machine program as follows. Suppose that the
content of regiorl is described by the muItisezfl1 cealnly.

The simulation of an instructioi; : ADD(r),ls) € P is straightforward: the objedf (which
corresponds to register machine instruction lakglis sent out of the membrane, while, in the same
time, objectsa,, andl, are brought inside. In this way, the new instruction label is generated and the
number of objects,. is incremented.

If an instruction(l; : SUB(r),l2,13) has to be executed by, then object/; is sent out, as in
the previous case, and at the same time, objégteind k are brought inside the region. Objes{,
represents the “command” to remove one objgecfrom the current multiset in case this is possible;
objectk represents a “checker” — it will check whether or not the subtraction command was successfully
accomplished.

If in the region there exists at least one copy of objgctthen rule(S;, a,., out; Tj, , in) starts in the
same time with rul€k, out; k1,in). Next, since object;, is not anymore in region, only the rule
(T3, k1, out; l2,in) can start. Therefore, the labglof the next register machine instruction is generated
and the simulation can continue.

In case in regionl there is no object.,, only rule (k, out; k1,in) can be started (in fact, rule
(S1,ar,0out; Ty, ,in) cannot be started). Next, since in regibrihere is no objecfl;,, only the rule
(S1, k1, 0ut;l3,in) can be started. Therefore, the lalglof the next register machine instruction is
generated and simulation can continue.

When objectl;, appears in region, indicating that the register machine program has to terminate,
then the rulgl;,, out) is executed and the simulation terminates as well.

One can notice that the simulation of register machine instructions is deterministic. In addition, the
result of the simulations does not depend on the execution times of rules. Therefore, the constructed
system is time-free. Consequently, the sysfidmaccepts the same set of vectors as acceptedi/by
irrespective of the duration of rules. O
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6. Open Problems and Concluding Remarks

Several open problems and research proposals can be easily distinguished for time-free P systems. As a
general suggestion, it would be interesting to see which are the results known for standard P systems that
remain true also for time-free P systems. For instance, as already mentioned, it would be interesting to
know if time-free catalytic P systems are universal. In this respect we have conjectured that the answer
to this question is negative. Such an answer would imply that for the class of catalytic P sijsteriss
importantto get universality.

Another interesting way to investigate time-free P systems is to impose certain conditions on the time
of execution of the rules (this class of systems has been refergedtadly time-free P systenia [3]).

How to formalize and to use such conditions? Which are the conditions that should be used (that means,
“realistic”)? These are only two of the many questions concerning this class.

As we have seen in Example 3.1, even using only one catalyst is possible to construct non time-free P
systems. A rather natural question is the following one: given an arbitrary system is it possible to decide
if it is time-free? This problem has been addressed in [2] where it has been shown that it is undecidable
if a P system using bi-stable catalysts is time-free. It would be useful to find a¢latB systems with
enough computational power, with two more features: given any systéntliere exists an equivalent
time-free system il’, producing the same output or accepting the same input; given an arbitrary system
ITin C itis possible to decide (in an easy wayTlfis time-free. The class of catalytic P systems seems
to be a good candidate.

Moreover, something that can be further investigated concerns new methods to synchronize the com-
putation in time-free P systems. We have mainly used signal-promoters; are there other synchronizing
devices (maybe inspired from cell functioning)? This work might also have impact on the more general
field of asynchronous parallel computing.

It is also possible to add other parameters to construct a “more realistic” P system; for instance, it
would be very interesting to associate to each rule a time of delay that indicates the time to wait before a
rule is started and then to study a class of delay-free systems. This might model the fact that, sometimes,
chemical rules are not started immediately, even in the presence of the necessary chemicals.

We conclude with the belief that these lines of research deserve further investigations.
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