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1. Introduction and Rules

Coin flipping games have become more popular ever since the introduction of the
commercidly avalable game “Lights Out” (which has been sudied by Anderson and Fell
[1]). Coin flipping games, dso known as S -games, are games in which coins adjacent to
the one being flipped are dso flipped (in cetan versons only the only the neighboring
coins are flipped). s -games ae dso populaly known as light-switching games, the
objective of these games being to turn dl the lights off (or coins over) given an initid
corfiguration. s -games have been sudied by Sutner [4, 5, 6] and by Barua and
Ramakrishnan [2].

In these games the boards are commonly m”™ m grids. We present here a game on a
triangulated graph, where the coin flipping is reaed to the triangles that they form. The
more generd game in nrdimensons with an abitrary labding sat (as opposed to a
heads/tails or black/white labeling) has been studied in [7].

The game is played on a board of coins (or disks with each sde a different color),
which are tightly packed. That is coins lad out so that the board is made up of little
triangles of coins (i.e. each triangle conssting of three coins). A generd board can be
formed by firg taking three coins, each touching the other two, then adding new coins,
one & a time, so that each new coin touches two other coins. Throughout this paper, dl
references to boards will be to boards of tightly packed coins formed in this way. Two
classc board shapes are the triangle and the hexagon, Fig. 1. A move in the game, which
we cal a ‘push’, conggs of turning over any triangle that is made up of three coins, Fig.
2. The object, classcdly, is to turn a board made up only of heads to a board made up
only of tals For smal boards trid and error would be sufficient to determine whether
and what solutions exis. And given enough time, for boards of Specific shapes, certan
patterns might arise with regards to the solutions.

Figure 1. A triangular, hexagond, and arbitrarily shaped board.



Figure2. A few different pushes.

While the game is dasscdly played with the objective of turning a board made up
exclugvely of disks (coins) of one color (heads) to disks of a different color (talls), the
game can be generdized to any two colorings of a board. That is, given two colorings of
a board, where a coloring is smply the assgnment of different colors to different disks,
we cal one board the initid board and the other board the terminal board. The object of
the game then, is to find a collection of pushes (a ‘solution set’) that turn the coloring of
the initid board into the coloring of the termind board. We mention ‘collection, as
opposed to an ordered set, because, as is eadily seen, pushes are commutative, and hence
the order of the pushes in the solution st is unimportant. In this paper we solve the
following more generd problems:

1 Given any two colorings of a board, is there a collection of pushes with
which we can turn the coloring of the initid board into that of the termina
board?

2 Given tha a solution to Problem 1 exists, how many different solutions
arethere?

To find a solution to Roblem 1, we introduce in Section 2 an invariant of the game. We
use this in Section 3 to solve the puzzle, while in Section 4 we determine the number of
different solutions that exist. In Section 5 afew specific examples are worked ot.

2. Underlying Graphs and an Invariant

If we replace each disk with a vertex, and for every two disks that touch assgn an
edge, then we can associate with each board an underlying graph, G (Fig. 3). The
underlying graph of a board can be thought of as little triangles pasted together by their
edges. We now associate with each color of a disk a labding of its respective vertex.
Choosing one gde of a disk as ‘face down' and the other side as ‘face up’ we might Iabel
a vertex O if it was face down and 1 if it was face up. Therefore, based on the coloring of
the board we attain a labeling of the grgph. Due to this association we will often refer to
the board as the graph and to the graph as the board.



Figure 3. The underlying graph of aboard

Let L(G):V(G)® Z, be a labding of the vertices of the underlying greph, G,
from the set {0, 1}. A push is a function f, :L,(G)® L,(G), acting on a triangle
T ={v,.,v,,v,}, such that f [L(v;)]=L(v;)+1 (mod 2). (The abelian nature of the
pushes can be seen from this definition.)

What we would like to find is a series of pushes, f,:L,(G)® L,,(G), that
induce a series of labdings, L,(G),L,(G),...,L,(G), in which L,(G) is our initid board
and L, (G) isour termind board.

For the given boards, it can be eadly shown that c(G) =3 (see Appendix). We
can therefore color the underlying graph with the symbols i, j, and k, such that i and |
generate the Klein 4group. le. i? =j?>=k? =ijk=e and ij =k,ik = j, jk=i. (Note
we are usng the term ‘color’ here in the sense of grgph coloring.  This coloring of the
underlying graph is unrdaed to the origina colorings of the board.)

For each vertex v,, we now have both a color and a label. Let v, be the vaue of the
color raised to the power of the labe. So, for example, if a given vertex v, had color k
and label 1, we would assign v, avaue of k* =k, if its label, however, was 0, we would

assign it a vaue of k®=e. Wha we have accomplished is that the only colorings
showing (i.e. which are not the identity) are those of vertices labeled 1. |.e. of those disks
that are face up.

Let PIL@G)] = O , then

vV (G)

Lemmal P[L(G)] isinvariant under pushes.

Pr oof Let i*,j°, k% be the set d vaues assigned to the vertices of an arbitrary
trianglein G. A push on this triangle would send i? — i**,j° > j°*,k® > k. Thus
we have i%j°k9® i*"™j°PKke™ =i* j°kI(ijk) =i® j°k®  (dnce ijk=e). Therefore
P[L(G)] isinvariant under pushes. O



3. A Solution to the Puzzle

The fact of whether a solution exists is dependent upon this invariant. We show
that as long as two labdings have the same vadue for this invariant then it is possible to
congtruct a solution.

Theorem 2  Given two labelings, L, and L,, of a board, there exists a set, F, of
pushes, such that F[L,(G)] = L,(G) iff P[L,(G)] = P[L,(G)], where G is the underlying
graph of the board.

Proof By Lemma 1, P[L,(G)] is invariant under pushes, the necessty of the equdity
therefore follows.

To show the sufficiency of the equdity we condruct a solution. By the condruction of
our boards it is easy to see that we can form a path from any triangle to any other triangle
viaadjoining triangles (that is, triangles which share an edge with another triangle).

We can therefore find three paths |, J, and K, such that:

@ 1= 10,1, isapah of tiangles such that |l ;) G 1| =2, and the

coloring of the vertices in |, ,, Cl,, ae both i. (Smilaly for Jand K
replacing i with j or k, respectively.)

(i)  Givenany vi V(G) with coloringi, vi t, for somer.

(i)  Pathsl, J, and K dl end with the same triangle.

Remark: No other conditions are placed upon these paths, therefore it is possble for one
of these pathsto crossitsdf or even retrace part of itself.

Let us assume that the two labdings of G differ in only one triangle. Let f be apush on
this triangle. Since  P[L,(G)] = P[L,(G)] (by assumption), by the identities of the Klein
4-group it is clear that dl the vertices must now be labeled the same. This can be seen to
be true by letting, without loss of generdity, the vertex colored i be a vertex that is
labded differently. The push, then, will result in them being labeed the same. Due to
the invariant, however, the product of the two remaning vertices must have the same
vaue, but this is only possble if they are either both labeled O, or both labeled 1. Thus
al thelabdingswill be the same.

Let us now assume that the two labelings differ arbitrarily. We form three sequences of
pushes dong the paths I, J, and K, as follows. Where the sequence for the path | is



f £ e f,2 " where the (2k - D term s of the form f ™52 and the (2k)™
term is of the form  f,}" * for k={1.2,...}, and where P.1,; IS the power (either O or 1)
necessary <o that if v is the vertex in the triangle colored i, then 1] 2% ()| =1,(v). e

the labding of that vertex is (now) the same asin L,(G). The sequences for the paths J
and K are formed in asmilar manner.

The lagt term in each of the sequences will either be of the form f ;" or of the form

fz’;(jk'l’"ﬂ, depending upon whether there is an odd or an even number of eements in the
path.

Note that since |t(2k—1),i (;t(Zk),i|:2, where the t's are dements in one of the paths,

f oo £ raises the exponent of the values assigned to esch vertex, except those
vertices that are colored i, by 2. Therefore, snce the order of dl the dements in the
Klen 4-group is 2, al vertices, except those colored i, reman unchanged. (And similaly
withj and k.)

The sequence on the path | will therefore change the labdings of dl those vertices of G
colored i, except for possbly that of the last triangle of the path, as will the sequences on
the path J and K change the labdlings of al those vertices colored j and k (respectively),
except for possbly that of the last triangle of the paths. We need only concern ourselves,
therefore, with this lagt triangle, which, by condtruction, is the same for each of the paths.
However, having aready proven the theorem for that case our proof is complete. O

4. The Number of Different Solution

Now that we know when a solution exists, we wish to determine how marny
different solutions there are. To accomplish this, we firgt show that the set of labdings of
G form equivdence cdases of the same sze We dat by defining an equivdence
relation on the labdlings of G.

Definition 3 Let L,(G) & L,(G) betwo labelings of a board. Then we say that L, (G)
islabd-equivdent to L, (G), writtenas L,(G) ~ L,(G) , if P[L,(G)] = P[L,(G)].

The rdation L,(G)~L,(G)can be shown, usng Theorem 2, to be an eguivdence
relation. Since an equivaence relation creates a decompostion of the st into mutualy
digoint subseats (see [3] for asmple proof), we have the following:



Lemma4 The equivalence relation ~, provides a decomposition of the set of all
labelings of G into distinct (mutually digoint) equivalence classes.

Corollary 5 Thereare 4 distinct equivalence classes.

Proof The proof follows essly from Theorem 2 and the fact that P[L(G)]) can be
anyore of 4 different values. O

Let us add to our collection of pushes acting on G, 2 additiona dements which
adso act upon a triangle (the specific triangle it acts upon is irrdevant). Whereas a push
acts upon a triangle by increasing the labeling of each vertex in a triangle by 1, our new
moves only increase the labdling of one vertex in the triangle by 1. Let h be the move
that adds 1 to the labdling of the vertex colored i, and let | be the move that adds 1 to the
labding of the vertex colored j. P[L(G)] can now take on any vaue, since given any
labding of G, multiplying it by h, I, or hl will each change the vdue of P[L(G)]
differently. Therefore it is now possble for us to change from any labding of G to any
other labding of G.

We now form classes of labdings of G such that two labdings, K and L, are in the same
dassif P[K(G)] =P[L(G)].

Let h (or | or hl) be a mapping from one class of labelings to another class, then if K and
L are two labdings in some cdass, hK and hL will be two labdings in this other class
However, it is eadly shown that hK = hL if and only if K = L. Therefore there is a one to
one relation between the different equivalence classes, and we have

Corollary 6 The equivalence relation ~ divides the set of labeled graphs into
equivalence classes of equal size.

By Cordlay 4 we know that there are 4 different vaues that P can take on. Setting
IV (G )| =, we see that there are 2" different labelings of G. Since, by Corollary 6,

the sizes of the equivaence classes are the same, there are 2"°? different labdings for
each class. Therefore we have that

Corollary 7 There are exactly 2" elements in each equivalence class formed by the
equivalence relation ~.



We now form classes of pushes that dl act in a Smilar manner on a labding. Let R(G)
bethe st of dl trianglesin G.

Definition 8 Let f and g be two wordsin R(G), and L some labeling of G, then we say
that f is congruent to g, written asf® g, if f[L(G)] = g[L(G)] .

The reaion f © g can be shown to be an equivdence relaion. As before, sSnce an
equivaence relation creates a decompostion of the set into mutudly digoint subsets (see

[3]), we have that the equivaence rdation © provides a decompostion of the set of dl
wordsin R(G) into digtinct (mutudly digoint) equivaence classes.

Corollary 9 The equivalence relation © divides R(G) into equivalence classes of equal
sze.

Proof We form a mapping j , : K ® L from one equivaence dlass, K, into another
equivdence dass, L, by f — nfi, where mrissuchthat il L. Then it can be shown
that Mh° ng iff f°g, and nhi=ng iff f =g. Theefore snce K and L were
arbitrary, there is a one to one correspondence between equivaence classes. O

Let |R(G)| =, then there are 2" different sets of moves possible on G. Since we

know by Corollary 9 that the classes of moves are each the same size, and by Corollary 7
that there are 2" different classes of labelings upon which these moves act, we have

r

that there are =2"""? different sets of pushes for each dass of labdings. Thus we

2n— 2

have proved

Theorem 10 Given a graph G, asin Theorem 2, the number of solutions that exist with
which one labeling can be changed into another labeling, so long as a solution exists, is
2r— n+2 ]

5. Examples

Let us take, as an example, a game on a triangular board of four rows, where we
wish to turn a board made up exclusvdy of white (face down) disks (the initid board) to
a boad made up exclusvely of black (face up) disks (the termind board) (Fig. 4).



Coloring the vertices of the underlying graph with i, j, and k, we quickly notice that the P
vaue of the face down board (white disks) is not equa to the P vdue of the face up
(black disks) board. (Recal that since we labdl the vertices of a face down disk O the
initid board automaticdly has a P vdue of e. And if we color the uppermogt disk i, the
termina board will have a P vdue of i) Therefore there is no solution to the game. l.e
there is no set of pushes that can change the face down board into the face up board.

However, if instead of an al face down board we use as our initia board a board with the
uppermost disk dready turned over, then we find that snce the P vaues are equd a
solution does exist. (Usng the same coloring as before, i.e. with the uppermost disk
colored i, the P values of both boards are i.) And since 2" ™2 = 2%1%2 = 2! there are two
different solutions. See Figures4 and 5.
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Figure 4. No solution exids for the firs game, however, snce the P vaues are equd
in the second game, a solution exigts.

A S Ak

Figure5. A four row triangular board with its two solutions (where the vertices of
the colored triangles represent the coins that are flipped. That is, the
pushes act upon the colored triangles).

If we now increase our board size to five rows, and have as our initid and termind
boards al face down and dl face up disks (respectively), then not only are the P vaues
equa, and hence a solution exists, but we find thet since 2" ™2 = 212 = 23 there are
eight different solutions. See Fig. 6.



Figure 6. The eght different solutions for the triangular board of five rows.

6. Appendix: The 3-colorahility of the graphs

The 3-colorability of these graphs is easly seen from the fact that Snce Sx disks
fit perfectly around a seventh disk they form a hexagon, and hexagons tile the plane. Let
us then tile the plane with enough of these hexagons s0 as to have our graph (i.e. the
underlying graph of any given board) lie completely within this tiling. Since eech of the
triangles that make up these hexagons is equilateral, we can labe dl the edges (i.e. Sdes)
1. The sx vetices (underlying the sx coins) that surround the center vertex are each,
therefore, a a distance 1 from the center. Let us now draw red circles of radius 1 around
the center of each of these hexagons. The centers of each of these circles are then a a

distance of 2+/3 from each other (their neighboring circles). Due to the symmetry of the
equilateral triangles and the hexagons that they make up, each vertex can be viewed as
the center of a hexagon. Therefore we can imagine the plane being tiled with some other
hexagon; for ingance one whose center is a vertex (angle) on the boundary of the first
hexagon (i.e. it is one of the sx that surround the center). Now let us draw blue circles of
radius 1 around the center of each of these hexagons. The centers of these new hexagons,
by necessity, each lie on a red circle, thus the centers of the red circles will each be a a
digance of one from the centers of the blue circles, and therefore will lie on the blue
crcdes. Since a every vertex (angle) aong the boundary of a hexagon three hexagons
meet, then a the center of the red circles, which is on the boundary of a blue circle, as
well, three hexagons must meet. Thus there are three out of the Sx vertices dong esch
boundary of the origind hexagons (the ones with the red circles) that are centers of blue
circles. (The three vertices are symmetricaly placed, since between every two vertices is
a vertex a a distance of 1 from each of these, and thus on the boundary of one of the
hexagon with a blue center.) Hndly, we can view the plane as being tiled with hexagons
using each of the three vertices dong the origind hexagon (colored red) that has not been
used as centers of our new hexagons. Now draw green circles of radius 1 around the
center of each of these hexagons. The centers of both the red and blue circles are the
boundary vertices of these new hexagons. As well, the centers of both the red and the
green circles are the vertices dong the boundary of those hexagons that have a blue circle
around their centers. Every vertex in the planeis now the center of some circle.



If we color each vertex in the plane with the same color as that of the circle of
which it is the center, then dnce for each vertex dl of its neighbors lie on the circle
surrounding it, and by symmetry we have colored dl of the vertices that lie on the circle
by the other two colors (for they are the centers of circles of other colors), then there is no
edge of which both ends will have the same color. Thereforeit is 3-colorable.
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