Solutions for exercise set 3

Marco Petracco-Giudici

1 Exercise 3.1.5

There are several ways to tackle this exercise, one that is not the quickest
but that give an occasion to take a look at some interesting properties is as
follows:
Given a Q-L utility function w.r.t. good one and assuming w.l.o.g. that
there are only two goods, the expenditure function is found by solving the
problem

min p{z1 + pYzs (1)
T1,r2
s.t. x1 + p(x2) > o (2)

Normalising p; = 1 the solution to this system yields

1 = A (3)
¢'(z2) = p2 (4)
leading to the Hicksian demands
he = ¢ '(p2) (5)
hi = U =@ (p2)) (6)

Now, it is easy to see that demand for good 2 does not depend on the initial
utility level, so that it is easy to conclude that

24 P
/ ha(p2, p1, U )dps =/ ha(p2, p1, U°)dpa (7)
Iz P

which was to be expected as we knew that, when the utility function is Q-L
w.r.t. good 1, there are no wealth effects for goods 2...L (i.e. % =0). This
leads to the conclusion that xa(p, w) = ha(p,Up) = ha(p,U1) implying the



result above. For the case of good one, the calculation above leads us to
write

CV(pi,p},w) = /pl(Ul—w(sO"l(pz)))dpl (8)

EV(p1,pl,w) = /pl(UO—w(so"l(pz)))dpl (9)

Which does not need to be equal unless U = U°.

Remembering that these two utility levels are the two indirect utility levels
associated with price levels pt and p{ we can verify if they are equal by
computing the Walrasian demands and substituting them in the original
utility function.

The Consumer’s problem in this case is

max o1 + o(x2) (10)
s.t. Py + phry < w (11)
which has solution
22 = ¢ pa) (12)
z1 = w— (¢ (p2)) (13)

From this last set of equations the indirect utility can be computed as

v(p1,p2,w) = w — pa’ " (p2) + (&' (p2)) (14)

now it easy to see that the maximum level off utility attainable does not
depend on py, so it is possible to conclude that v(pY, p2,w) = v(p}, pa, w) or,
in other words, that U! = U leading us to conclude that C'V (pi, p?,w) =
EV (p,p},w).

As this kind of conclusion is valid for good 1 and for goods 2.... we can
affirm that in general it is true that CV (p', p°, w) = EV (p', p°, w) when the
utility function is Q-L w.r.t. a good.

A much more elegant solution is as follows:
start again with the exp. min. problem and get the Hicksian demand func-
tions

hy = ¢ (p2) (15)
hi = U —o(¢ ' (p2)) (16)



from which it is possible to write the expenditure function:

e(p,U) = U — ¢(¢'"}(p2)) + 129" (p2) (17)
From the definition of CV we have

OV’ pt w) = e(p', UY) —e(p',U") =

=U" = (¢ (p2)) + p2’ " (p2) — (U° — 0(¢' " (p2)) + p2ye' ' (p2)) =
— Ul _ UU
From the definition of EV we have

EV(vap17w) = e(poa Ul) - 6(p07 UO) =

=U" = (¢ (p2)) + p2’ " (p2) — (U° — 0(¢ " (p2)) + p2ye' ' (p2)) =
—yl_yo
Q.E.D.

Exercise 3.1.6

Suppose that, after a price change has been enacted, each individual is
assigned a (positive or negative) monetary transfer equal to his/her CV.
After all transfers have been assigned each individual will be at a new wealth
level. By definition of CV, the individual will be exactly as well off with the
new wealth level and the new prices as he/she was before the price change.
Hence we can write

CV; + w; = w, Vi (18)

and
vi(p°,wi) = vi(p',wf) Vi (19)

It can be easily seen that, as long as >, C'V; > 0 it will be the case that
D Wi > 3w

Which leads to conclude that when ). CV; > 0 it is possible to give enough
money to everybody to make them exactly as well off as before the price
change, and there will still be room to make some additional transfers to
make some at least one person strictly better off.



