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ABSTRACT

This thesis work has investigated the Renormalization Group theory for the nucleon-
nucleon interaction. Conventional nuclear many-body calculations have the following
sources of non-perturbative physics: 1. a strongly repulsive short-range interaction,
2. a tensor force, e.g. from pion exchange, which is highly singular at short-distances,
3. the presence of low-energy bound states or nearly bound states (in the S waves).

The RG approach exploits the insensitivity of low-energy processes to the details of
the high-energy physics. Using any of the high-precision potentials as input, the high-
momentum intermediate states in the Lippmann-Schwinger equation for the 7" matrix
in a particular partial-wave are cut-off at A. The details of the physics beyond this
limit of resolution are integrated out and included in the potential by requiring that
the half-off shell 7" matrix elements be independent of the cut-off A. This requirement
leads to a low-momentum potential “Vi,, ", which is energy independent.

The choice of the regulator which cuts off the high momentum intermediate states
is investigated. Sharp cut-offs, though straight forward, lead to convergence issues in
few-body calculations that are eliminated using smooth regulators. The construction
of low-momentum potentials using a smooth regulator is explored in detail. In the
course of this study, a three-step process to calculate Viyy , requiring the cut-off inde-
pendence of the fully-off shell T" matrix elements has been established and this yields
better numerical stability than the energy-independent RG.
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The complex eigenvalues (Weinberg eigenvalues) of the operator Go(2)V, which
appears in the Lippmann-Schwinger equation, are a useful tool for investigating the
convergence of the Born series. Weinberg eigenvalues for Vi, potentials, including
chiral effective theory potentials, have been investigated as a function of cut-off. The
studies reveal the density and/or scale dependence of the sources of non-perturbative
physics. The in-medium eigenvalues near the Fermi surface give a good estimate
of the pairing gaps. Using two-particle Nambu-Gorkov propagators, the eigenvalue
equation at E = 2ey is the gap equation and the eigenvectors corresponding to the
largest eigenvalue gives the first approximation to the gap function A(k), which can

be further iterated using the BCS gap equation to give self-consistent gaps.
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CHAPTER 1

INTRODUCTION

1.1 Nuclear Physics and QCD - the connection

One of the main challenges of nuclear physics is to build up a microscopic theory
for finite nuclei and nuclear matter. Based on Yukawa’s first field theoretic attempt
to derive nucleon-nucleon interaction through pion-exchange, followed by subsequent
heavy meson exchange theories of the 60’s, different parts of the nuclear force can
be divided into the following three regions: strong repulsion at short distances, often
called “hard-core repulsion”, intermediate range attraction, described by two-pion
or sigma meson exchange, and an exponential tail at long distances described by
one-pion exchange.

Since nucleons interact through the strong interaction, it should be possible to
start from Quantum Chromodynamics (QCD), which is the underlying theory. But
at the energy scale of nuclear physics, QCD is non-perturbative and as a result direct
solutions are impossible (at present). This connection with QCD inspired many QCD-
based models, but because these were just models, they did not result in significant
progress in understanding the connection between nuclear physics and QCD. Instead,
this connection is established through effective field theories (EFT) [1, 2, 3].

1



Figure 1.1: Schematic of Renormalization Group Principle. The resolution scale
determines the relevant details of an interaction. At low resolution, all the details of
the interaction shown in the left panel can be replaced by simpler ones that are valid
in the low-energy domain

An EFT is a field theory which is valid in a limited domain, but reproduces the
underlying theory in a systematic and model-independent way [4, 5, 6, 7, 8, 9]. The
basic philosophy of an effective field theory is that the dynamics at low energies is
independent of the details of the dynamics at high energies. Therefore the low-energy
theory can be described by an effective lagrangian with low-energy degrees of freedom.
The high-energy theory manifests as low-energy constants and in the symmetries of
the effective lagrangian.

The first step towards building an EFT is to look at the momentum scales of
the problem at hand. QCD has the following scales: 1. At momenta of order of
few GeV, ie., A > Ajqep ~ few GeV, where A denotes the momentum scale,
QCD is asymptotically free and the interactions between quarks and gluons become
perturbative. 2. At A = 500 MeV — 1 GeV, the physics is that of strongly interacting
hadrons (mesons and baryons) and their resonances as QCD is non-perturbative at

this scale. 3. At lower momenta i.e, A < Ayya =~ 300 MeV < A, = 1GeV we have



traditional nuclear physics which involves interactions between nucleons mediated by
the lightest hadrons.

Working at this lowest scale, the details of the physics at higher scales cannot be
resolved, as the resolution is limited by % This is where the idea of an EFT comes
in. The physics at distances smaller than the limit of resolution can be replaced
by something simpler, e.g., regulated local interactions (multiplied by low-energy
constants or LECs). Using this key idea we can approximate the full theory by an
effective theory (see figure (1.1)). As a result, problems at lower scales decouple from
the details of the physics at higher energy scales and we are left with a simpler theory
valid at that scale.

Any effective theory of nuclear interaction should have the chiral symmetry break-
ing of QCD. This is manifested in the presence of pions, which are the corresponding
Goldstone bosons. Through this symmetry constraint on the low-energy lagrangian,
nuclear EFT connects to the underlying theory of strong interaction (QCD). When the
underlying theory is known, the LEC’s in the low-energy lagrangian are determined
by matching to the high-energy theory at the breakdown scale of the low-energy the-
ory. When the underlying high-energy theory is not known, the LEC’s are obtained
by matching to experiments. In a nuclear EFT, though the underlying theory is
known (QCD), it is not yet possible to obtain the low-energy constants from QCD
as it is strongly coupled at the scales relevant to nuclear physics. Attempts to obtain
the low-energy constants directly from QCD are being made through lattice calcula-
tions, and recent progress make this a plausible future [10, 11, 12, 13]. So at present,
any nuclear EFT has to be fit to experimental observables (scattering data, binding

energies etc.).



1.2 Nuclear interactions and EFT

This section briefly reviews the advances in understanding nuclear interactions
through effective field theories (EFT) and the Renormalization Group (RG) princi-

ples. An EFT program can be established in the following steps [8, 14]:

1. Define the most general lagrangian with the relevant degrees of freedom (d.o.f.)
i.e., d.o.f. relevant at the given momentum scale A such that the lagrangian is

consistent with the global and local symmetries of the underlying theory.
2. Declare a regularization and renormalization scheme.
3. Establish a well defined power-counting.

In Nuclear EFTs (Chiral Effective Field theory [16]- [25]), the typical momentum
scale is of the order of the pion mass m,. The break-down scale is around A, ~
700 MeV — 1 GeV, where the lower limit corresponds to the scale at which heavier
hadrons begin to get resolved. Therefore, working at low momenta, the suitable
degrees of freedom are pions and nucleons. QCD imposes chiral symmetry breaking

on the low-energy lagrangian. The Chiral lagrangian can be expressed as follows:
Log=Lo+ Lo+ Lin+ Lax + -+ (1.1)

where the superscripts refer to the number of derivatives or pion mass insertions.

As an example, let us look at the £2_ term:

f

L£: = Z“tr [0"U0,UT +m2(U + U] (1.2)
U = exp 2Z§‘W (1.3)



where T are the Pauli matrices and f, the pion decay constant. £2_ can be expanded
in terms of the pion fields, as the pions interact weakly at low-energies. Further the
small mass term (m, ~ 140 MeV) is indicative of the chiral symmetry breaking of the
low-energy theory. Notice that such a series has an infinite number of terms, which
can be truncated so that the truncation error can be estimated a priori.

Once we include the two-nucleons in the interaction, then a new scale enters
the problem, namely the deuteron binding energy. The low value of binding en-
ergy (—2.224 MeV) precludes a perturbative expansion and the above power counting
scheme breaks down. Weinberg proposed a power counting scheme in the poten-
tial and then solving the Schroedinger equation, which provides a non-perturbative

resummation. The NN potential can be expanded as follows:

oo

VN = Z a,Q” (1.4)

V=Vmin

where () is the generic momentum or the pion mass and v is determined from the
topology of the corresponding Feynman diagram.

Using the above scheme, EFT-based nuclear interactions (chiral EFT potentials)

have now been developed to N3LO, i.e. to (AQ)A‘ [26, 27]. The low-energy constants at

X
each order are fitted to neutron-proton, neutron-neutron and proton-proton scattering

data. There are twenty four LEC’s at N®LO. These chiral potentials reproduce two-
2

X
d.o.f

with QCD is the broken chiral symmetry, which allows a description in terms of the

body observables to ~ 1 up to energies of Ey,;, ~ 300 MeV. The key connection
psuedo-goldstone bosons (pions).

In an EFT framework, many-body forces are naturally introduced. Figure (1.2)
shows that even a two-body interaction generates three- and higher-body interactions
when the resolution scale limits the momenta of the intermediate states. There are

bt



Figure 1.2: Schematic of the origin of Three-body forces. The solid lines represent
interacting nucleons, and the arrows represent their direction. The dashed lines are
the intermediate states. Here we have two-nucleons interacting through a two body
force, and a third nucleon interacts with the intermediate state, again through a two
body force, producing the respective out-going states as seen. The ellipse represents
the resolution of the intermediate states. If A is the cut-off on the momentum of
these intermediate states (i.e. ¢ < A), then for an incoming-momenta p,p’,p” < A
intermediate states with momenta close to A cannot be resolved. So we just have
three nucleons interacting through a three-body potential.

also other sources, such as the excited intermediate states (example A s) that are not
degrees of freedom in the EFT. The chiral potentials [26, 27] order the many-body
forces in powers of (AQX) At leading order (LO) and next-to-leading order (NLO) only
two-body forces enter the interaction. A three-body force first appears at N2LO, as
a result their effects are suppressed by a factor of (AQX)?’ compared to the two-body
force at NLO. Four-body and higher many-body forces are further suppressed by
higher powers of the expansion parameter. Nuclear EFT therefore gives an hierarchy

of many-body forces in the nuclear lagrangian and also gives an error estimate if these

are not included in calculations.



Renormalization group ideas add further insight into nuclear interactions. As
discussed earlier, phenomenological potentials that describe nucleon-nucleon interac-
tions include one-pion exchange for the long-distance part, while the intermediate and
the short-distance regions have different inputs in various potential models. These
potentials reproduce the two-body observables (phase shifts and deuteron binding

\2
ene ith a
rgy) wi 7o

~ 1 in the low-momentum region (E,, < 350 MeV). This indi-
cates that in order to reproduce low-momentum observables, only the coarse details
of the high-energy physics matter. While including short-distance details explicitly,
although inaccurately, does not affect low-energy observables, they result in non-zero
momentum space matrix elements for large values of momentum k. When these po-
tentials are used as input in a many-body calculation, these high-momentum states
have to be taken into account and as a result make such calculations hard and often
intractable.

The Renormalization Group (RG) can be applied to greatly improve this situation.
As an example, consider the case of two-body scattering. The Lippmann-Schwinger

equation for the [*" partial wave is

2 o0
TlilN(klv k; Ek) = Vl\lIN(k/’ k) + ;/ p2dp vlle(k/JD) G@)(p, Ek) TlilN(pa k; Ek)7 (1-5>
0

where we have chosen the center of momentum frame, & and &’ are the incoming
and outgoing momenta, p denotes the intermediate state momenta, G (p, Ey) is the
two-particle propagator and Fy, = k? is the scattering energy. We use units with
h?/myx = 1, where my is the nucleon mass. Figure (1.3) is a schematic of the T'
matrix equation.

The intermediate states include all momenta ranging from 0 to oo. For con-
ventional potentials, a wide range of high-momentum states is required to obtain

7
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Figure 1.3: Schematic of two-body scattering with Vyn: The intermediate states
include both low and high-momentum modes as ¢ ranges between 0 and oo.

convergence of the sum over these intermediate states. Such fine-tuning also enters
many-body problems, when these conventional potentials are used as inputs. The
Renormalization Group idea is to restrict the intermediate state momenta to be less
than a cut-off A, which is successively lowered through the RG evolution equation
by integrating out the states lying above this cut-off; at each step the potential has
to be changed to VA in order to maintain the cut-off independence of two-body ob-
servables. This is schematically shown in figure (1.4) and the Lippmann-Schwinger

equation now reads,

/ / 2 A /
j—il()wk(k ) kv Ek) = Vif)wk(k: ) k) + %/ p2dp Vi(l)wk(k: >p) G(2)(p7 Ek) ﬂi)wk(p7 ka Ek)
0

(1.6)
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Figure 1.4: Schematic of two-body scattering with Vi, x: The intermediate states in-
clude only low-momentum modes as the high-momentum modes have been integrated

out. The potential changes to a effective potential Vg also known as “Vigy "

This idea of integrating out high-momentum states is equivalent to replacing the
short-distance physics by an infinite series of renormalized contact interactions in an
EFT framework (see figure 1.5).

The RG principle [28] requires the invariance of the on-shell 7' matrix as the cut-off
A is varied (i.e., Tiowr (K, k; k?) = Tan(k, &'; k?) up to factors of the regulator). This
results in phase shifts being independent of the resolution scale A. One way of execut-
ing the above idea is to require the invariance of the half-off shell 7" matrix elements
instead. This choice results in an energy-independent low-mometum potential, Vigy k.
The low-momentum interactions satisfy equation (1.6). Once we have discretized the

momentum, the cut-off independence of the half-off shell 7" matrix elements imply
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Figure 1.5: Schematic shows the equivalence between running the cut-off down fol-
lowed by integrating out high-momentum modes and the EFT formalism

AT\ (K, k; Ey,)
A

determining Vi, 1 (K', k) using any of the conventional high-precision potentials as the

= 0, which leads to a set of first-order coupled differential equations

starting point. As the cut-off is lowered successively, the high-momentum interme-
diate states which lie above the cut-off are integrated out. Vie,x(k', k) thus evolved
from any of the high-precision potential models has non-zero matrix elements only in
the low-momentum region (i.e., up to the cut-off A) as shown in figure (1.6)(figure
taken from [32]).

The typical momentum scale one encounters in a nuclear many-body problem is
of the order of the Fermi momentum kp =~ 1.35fm™* (rms value relative to kg is
0.55MeV and is much lower). This is a low-momentum scale and as a result using
effective interactions valid at these scales should prove beneficial. Recent work by

Bogner et al. [37] shows that nuclear matter calculations become perturbative, at least
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Figure 1.6: The diagonal matrix elements of Viyy and Vi, for the various model
potentials in the 1Sy channel. The dark dots represent the low-momentum potential
Views for A = 2.0fm™". We see that all the potential models nearly collapse on to the
same Viow [32, 34, 35].

in the particle-particle channel, when renormalization-group-based low-momentum
potentials are used as inputs. Saturation at low momenta is driven by the three-body
force, contrary to conventional wisdom that insists on an iterated tensor force.
Recent studies have shown that three-nucleon (3N) interactions become pertur-
bative at lower cut-offs [36], although their contributions become important. Bogner
et al. use Viowi for the two-body part and the three-body force is approximated
by fitting to the leading-order 3N force from chiral EFT. Using nuclear interactions
with high-momentum modes imply large values of the cut-off. This requires expensive
cancellations of loop contributions from high-momentum states, thereby necessitating
stronger 3N forces. Lowering the cut-off shifts the contributions between different

terms in the lagrangian. The result that the three-body force becomes perturbative
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at lower cut-offs and that it drives saturation in the particle-particle channel in a nu-
clear matter calculation indicates that many-body calculations could be much more
tractable. Recent calculations using these RG based low-momentum potentials show
that simple variational calculation of deuteron and triton yield good convergence for
lower model spaces [38, 39]. All these results are encouraging, but still a lot of work
needs to be done.

Effective field theories and renormalization group principles pave the way to better
understand nuclear interactions. EFT formalism provides a basis for incorporating
many-body forces systematically, which is a major draw-back with the phenomeno-
logical approaches. Nuclear systems share a lot of similarities with other physics
sub-field such as atomic and condensed matter systems. Deeper understanding of nu-

clear systems could result in better understanding of many-body systems as a whole.

1.3 Thesis Organization

The following ideas are original contribution to this thesis:

1. The study of regulator dependence of renormalization group based low-momentum

potentials, including smoothly regulated potentials.

2. Quantification of “perturbativeness” seen in many-body calculations using View i
through the eigenvalues of the operator Go(E)V - Weinberg eigenvalue ananly-

sis. A spin-off being a separable approximation for the two-body interaction.

3. Analysis of pairing using Weinberg eigenvalue analysis.

12



The T matrix equation as seen in equation (1.6) uses a simple cut-off A on the
intermediate states. As a result, states up to A are included explicitly in the interac-
tion and states lying beyond A are integrated out and used to change the interaction
as the cut-off is lowered. This is an example of a sharp regulator (theta function).
Invariance of the half-off shell 7" matrix elements leads to the following set of coupled

first-order differential equation for the potential:

dv;! (/{:’,k)_gvl (K, A) Tow 1 (A, k5 A?)

ow k low k
dA T A? (17)
T
The equation for the left on-shell 7" matrix in equation (1.7) is
2 (" 5 Towr(A, g ANV
b0k A2 = Vi (0, R) + 27 [ g Tt B s (08)
. _

where Tiow (A, k; A?) is the left-on shell 7' matrix element, A being the on-shell energy
(units of %2 = 1). The RG condition requires that Tiow (K, k; k?) = Tan (K, k; k?)
up to factors of the regulator, where Ty are the half-off shell T" matrix elements
calculated using the bare interactions (starting point for Vi, evolution).

The form of the above sets of equations (1.7) and (1.8) depend on the regulator
function used to cut-off intermediate state momenta in the half-off shell 7" matrix
equation. Also notice that the left-on shell 7" matrix equation (1.8) has a principal
value integral with a pole at the end point and therefore is ill-defined. So we need
to regulate this equation. Using a simple trick of defining the pole at A as A —
lim._o A(1+e€) or equivalently A — lim. o A+te, where 0 < e < 1, we see that the pole
at the end point is pushed out or pulled in to the integration region respectively, so
that the equation is well-defined. The first part of this thesis explores the ¢ dependence
of the observables calculated using the corresponding Vi, r potentials. The motivation

for this investigation comes from the need to understand the errors in using Vi
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potentials for few and many-body calculations. These investigations show that the
dependence of phase shifts on € is linear for most values but become logarithmic at
smaller values of this parameter.

Using sharp cut-offs lead to convergence issues [38] in variational calculations of
deuteron and triton binding energies. Using smooth regulator functions on the other
hand results in a complicated form for the first-order coupled differential equations,
but leads to better convergence in few-body calculations [39, 40] (NOTE: The smooth
cut-off potentials ultimately used in these calculations are not obtained by directly
solving an energy independent RG equation. This involves a three-step RG which we
shall see subsequently.) This thesis explores different smooth regulators, in particular
the exponential regulator and the Fermi-Dirac regulator, for various values of the
regulator parameters.

While half-off shell T" matrix invariance leads to an energy-independent low-
momentum potential, it was observed that when using smooth cut-offs, the complexity
of the differential equations resulted in numerical instability. As a result, a three-step

procedure is explored, where the first step is the invariance of the off-shell the T
dT(k, ks k2)
dA

energy-dependent low-momentum potential Vg (k, k’; k2). This energy dependence is

matrix elements, i.e., = 0 where k2 is on-shell energy. This leads to an
transformed away, followed by hermitization. to obtain an energy-independent her-
mitian low-momentum potential. Though the steps seem involved, this three-step
process results in better numerical stability [40]. These investigations result in a
better understanding of V., potentials for the two-body interaction.

Another direction in this thesis work is to quantify the perturbativeness seen in

the particle-particle channel when Vi, is used in nuclear matter calculations. This
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is done using the idea put forth by Weinberg [41], which is to look at the eigenvalue
spectrum of the operator Go(E)V where Go(F) is the two-body Green’s function.

This operator appears in the Born series expansion of the 7" matrix, that is,
T(E) =V +VGyE)V +VGy(E)WGy(E)V + - --. (1.9)
We introduce Weinberg eigenvalues 7, (E) such that,
Go(E)VII(E)) =, (E)|T(E)) (1.10)
where |I',(F)) are the eigenvectors. Then the 7" matrix equation reads,
TIT(E)) = V(1 +nu(E) + nu(E)* + - )[Tu(E)). (1.11)

From equation (1.11) it is clear that the 7" matrix expansion converges at energy
E if |n,(E)] < 1. In this thesis, we calculate and analyze these eigenvalues for the
low-momentum potential for various cut-offs [42].

Using Weinberg eigenvalue analysis both in free space and in medium it is seen that
reducing the cut-off decreases the magnitude of these eigenvalues in various partial
wave channels (see figure (1.7)). This can be tied to the elimination of the sources
of non-perturbative physics for the two-body interaction. As a result the interactions
in these channels are soft. This decreases the correlations in few and many-body
calculations, as can be seen by looking at the deuteron wave function as a function
of cut-off in position and momentum space [40].

Using the same analysis in-medium, it is seen that at finite densities the eigen-
values are small compared to free space values in the S channel, which dominates.
This can be tied to the fact that shallow bound states present in the S channel are
no longer present in-medium due to Pauli blocking. But close to the Fermi surface
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Figure 1.7: Repulsive Weinberg eigenvalues in various partial wave channels as a
function of the cut-off A for different center of mass energies E.,,. Note that decreasing
the cut-off decreases the magnitude of the Weinberg eigenvalues.

an important non-perturvative phenomenon is the pairing instability. This should be
reflected in the eigenvalues. In fact the eigenvalues around the Fermi surface drasti-
cally increase in magnitude and calculating the energy difference between 2¢cr and the
energy at which the largest eigenvalue crosses 1 gives a good estimate of the pairing
gap, as seen is figure (1.8).

In his original paper, Weinberg puts forth the idea of introducing quasi-particles,
which in turn change the interaction to a reduced interaction. The choice for the

quasi-particle interaction is a function of the eigenvectors corresponding to the large
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Figure 1.8: Eigenvalues as a function of energy around 2ep for two different densities
for 1S, channel. Note that the eigenvalues increase magnitude around k = kr and we
can get an estimate of the pairing gap.

eigenvalues of the operator Go(E)V. Once the pieces corresponding to large eigenval-
ues are subtracted out, the reduced potential has only small eigenvalues (i.e. eigen-
values less than 1), so a Born-series expansion for the 7" matrix converges. This work
attempts to understand the connection between Weinberg formalism (quasi-particle
picture) and the pairing instability.

The general layout of this thesis is as follows: chapter two discusses the general
formalism of two-body scattering and introduces Vi, in detail. The connection of
this approach to EFT is explored in chapter three. These set up all the essential
formalism. Chapter four deals with the regulator dependence, where smooth and
sharp regulators are discussed. This chapter also discusses the three-step procedure
to obtain Vi, involving an energy-dependent potential, followed by transformation

to an energy independent potential and then hermitization. As mentioned earlier, this
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procedure has greater numerical stability when smooth regulators are used compared
to the energy-independent formulation.

Chapter five discusses the Weinberg eigenvalue formalism. Here we also derive and
test a separable approximation for the nucleon-nucleon interaction using the Weinberg
eigenstates, as a spin-off of the eigenvalue analysis. The extention of the Weinberg
eigenvalue approach to pairing is explored in chapter six.

We conclude in chapter seven and discuss possible future directions. The various

appendices serve to fill out the details skipped in the various sections.
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CHAPTER 2

TWO-BODY SCATTERING

This section sets up the formalism for constructing Vi, » potentials. As mentioned
in the introduction, Vi is obtained from the Renormalization Group condition that
requires the T'(k’, k; k?) does not change with the cut-off A. In order for this thesis
to be self contained, we will begin by reviewing two body scattering and set up T’
matrix equation. Then we will review the partial-wave basis, before we set up the

RG equation which can be solved to obtain Vigy k.

2.1 Scattering in free space

This section reviews scattering theory in free space and sets up the Lippmann-
Schwinger equation for the 7" matrix in the partial-wave basis. Consider two-body
scattering as seen in figure (2.1). Here we have two nucleons scattering off each other.
In the equivalent one body approach, we have a particle of mass u, which is the re-

mym
duced mass ———— of the two incoming nucleons. The result of this scattering could
mi + Mo
be varied. Within elastic limits (Ej,, < 350 MeV), the effect of scattering is to change
the asymptotic direction of the outgoing particles. If the scattering is not elastic, then

we have particle production, excited nucleons, etc. We are going to work within elas-

tic limit. The reason to choose low energy goes back to our motivation to study
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Figure 2.1: Nucleon-Nucleon scattering in the center-of-mass frame and the equiv-
alent one-body representation. In the center of mass frame we have two nucleons
approaching each other each with energy and momenta as indicated. In the equiv-
alent one-body approach, we have reduced the two-body problem to an equivalent
one-body problem and the in-coming and the out-going states have the energy and
momenta as shown. This is an elastic scattering process as the energies of the out-
going nucleons remain the same and the effect of scattering is changing the direction
of k, k/, the momentum of the nucleons.

the R.G. approach for nucleon-nucleon scattering and its application to many-body
systems. The scale for nuclear momenta is around 250 MeV (kp ~ 1.3fm ™' in the
interior of a nucleus). By restricting to low momenta we will integrate out the high-
momentum modes and include those effects by changing the potential to an effective
potential. The low-momentum potential reproduces two-body low-momentum data

by construction. This procedure yields a smaller basis for the many-body problem.
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In a scattering experiment [43], only the asymptotes are observed, i.e.,

i) = [¥) = [Yout) (2.1)

where |U) is the actual orbit, |¢;,) and |t¢,,) are the in- and out-asymptotes. The

asymptotic condition is given by:

Jim U(0)|¥) = To(t)]¢hm) (2:2)
Jim T = To() o) (2:3)

where U(t) and Uy(t) are the full and free evolution operators respectively. We can

relate the in- and out-asymptotes directly to each other using an isometric operator

~

4 (Moller Operators). From equations (2.2) and (2.3) we can write the wave function

|W) as
) = lim T®)To(t)vin) = Qs [n), (2.4)
or equivalently
(@) = Jim T(®)To(t)ltow) = - [thous). (2:5)
Therefore,
o) = O O |0hin). (2.6)

~

Setting QT_(AZJF =5, we get:

|¢out> = §|1/}2n> (27)

~

In the absence of the interaction (no scatterer), S = 1, so we can define a difference
operator T =S — 1. It turns out that evaluating the T operator in a suitable basis
enables calculation of observables, as these are related to the diagonal on-shell matrix

elements. In momentum space basis:

(K|S|k) = 6*(K', k) + (K'|T|k) (2.8)
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where (K'|T'|k) = —2mid(Ey — Ex)t(|k'| = |k|), which is the on-shell 7" matrix. The
on-shell T matrix is directly related to the scattering amplitude and hence to the
cross section.

Now we will attempt to get the scattered state |¥) in terms of the T operator and
the Green’s operator @(E + ie). The Moller operators connect the asymptotic state
|in) (Or |ous)). Let us denote the asymptotes as |®). The Moller operators can
be expressed in terms of @, the full Green’s operator [43]. We can define the Moller

operators in terms of the evolution operators using equations (2.4) and (2.5) as

O+ = lim U®)0,(t) (2.9)

t—F oo

Next we write U’ (t)ﬁo(t) as an integral of a derivative:

—U(t)'Up(t) = ie™(H — Hp)e "

= U VU (2). (2.10)
which gives:
Qilthin) = Jim U () Uo(t) [tin)

t
- tliin [Wm) —|—i/ drU ()" V Up(T) [thin) | - (2.11)
Inserting a complete set of states fooo d*p|p)(p| = 1 and integrating over 7 we get

Q. =1+ GE+ie)V (2.12)

where +ie is the convergence factor introduced into the the 7 integration. From

equations (2.4) and (2.5), the state |¥) is related to |®) as,

) = Q. [@) (2.13)
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Using equation (2.12), we can write the above as follows:
0 = |®) + G(E + ie)V|®) (2.14)
The T(E) operator introduced earlier is defined as,
T=V+VGE+ic)V. (2.15)
As a result,
T|®) =V + VG(E + ie)V|®), (2.16)
Using the definition of Q4 (equation (2.12)) and the asymptotic condition,
T|®) = VL |®), (2.17)
T|®) = V|W), (2.18)
where E refers to the energy eigenvalue of the state |¥). Now,
G(E +ie)V = Go(E +ie)T. (2.19)

This can be understood intuitively as a resummation of the full Green’s operator
by the T operator, resulting in the free Green’s operator. Using this result, equa-

tion (2.14) can be written as,
W) = |®) + Go(E + ie)T| D) (2.20)

The free Green’s operator can be written as:

~ ) 1

Finally the Lippman-Schwinger equation [43, 44| for elastic scattering is given by:

1

— V|V, (2.22)
E — Hy+ie

) = [9) +
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where we have used equation (2.18). Here |W¥) represents the scattered state and |®)

represents the incident state (asymptotic state). The +ie is introduced as the operator
1 ~

— is singular at the eigenvalues of Hy. The physical meaning of making F

E — H,
complex becomes evident when we look at the scattered wave in the position basis at

large distances. Then it turns out that choosing +ie or —ie corresponds to out-going
or in-coming spherical waves. Equation (2.22) is an operator equation independent

of a particular representation. Let us left-multiply by the operator ‘7, so that:

. . . 1 .
V) =V|®)+ V——V|U). (2.23)
E — Hy+te
Once again using equation (2.18) we get,
. . . 1 .
T|®)=V|®)+V——=—T1). (2.24)
E— HO + e

In momentum space the asymptotic states are the plane-wave states represented by

|k). Therefore the Lippman-Schwinger equation in momentum space is

K |T(B)k) = (K|V]k) + / d3q<k'|vﬁ|q><q|Ti<E>|k>. (2.25)

Here we have introduced a complete set of (|q)) states. Physically, it means that we

have allowed intermediate states with all possible momenta values. We will see later

h?  h?
that this feature turns out to be the nemesis. Working in units where — = — =
nwoom

L,
(where we have assumed that the incoming nucleons have the same mass m, so that

i =m/2) we have:

(K'|V]a){a|T*(k*)|k)
k% — ¢% L ie

K |T*(k*) k) = (K |V|k) + /d3q . (2.26)

As a next simplification, we will expand the above equation in the partial wave basis,
so that it amounts to picking up a particular [ value and we can do the angular

24



integration; this reduces the three dimensional integral to a one dimensional integral.

We only sketch the details below [44, 47]:
k) = |klm) = 47 i Vi (K) |k). (2.27)

Therefore any matrix element for example (k'|V|k) can be written as

(K|VIk) = (4m)2 D> il (K Um|V [ lm) Vi (K) Y, (K). (2.28)

L m

For uncoupled channels, the sum (k'l'm|V|klim) = (K'I!'m|V|kim)d,y, otherwise we
will have the summation over [ and I’. For uncoupled channels, equation (2.28) can
be simplified as follows

(K|V[k) = (47) > (21 + 1) Pk - K) (K| Vilk). (2.29)
l

where
(K'\Vi|k) = /rzdrjl(k'r)\/(r)jl(k:r) (2.30)

and the j;(kr)ss are the spherical Bessel functions. The partial waves states are

normalized as [47]
mo(k — K )

(k1) = S5

(2.31)

Decomposing all the matrix elements in the 7" matrix equation into the partial wave

basis and picking out the [ partial wave, the Lippman-Schwinger equation reads:

2, (K'Vi|g){q| T (K?) k)
q k2 _ q2 :

WL = Wl + 2P [ (2.32)

Note that for coupled channels, equation (2.32) would be a matrix equation given by

k’le 9) (q| Ty (K?) |k‘>
k2 — ¢

(KT (R)1R) = (K Violk) + S / (2.33)

l//
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Here we have averaged over the in-coming and the out-going waves, so as to get
standing waves. Matrix elements satisfying standing wave boundary conditions are
usually referred to as the K matrix elements. However, we shall continue calling it
the T" matrix. This sets up all the formalism required for two-body scattering in
free-space. In the next section we will derive first order coupled differential equation

for Viewr using R.G. approach, starting with the 7" matrix equation.

2.2 Renormalization Group based low-momentum potentials

In the previous section, we reviewed two-particle scattering in free space and set
up all the essential ingredients to derive Vi, . The T matrix equation in momentum
space for the [ partial wave is given as follows:

K [Vilg) (g Ti(k?) k)
k2 — q2 ’

WL = WVl + 2P [ g (2.34)

Let us focus on the intermediate states in equation (2.34). We see that the inter-
mediate state momenta can take all possible values. Therefore the low and high
momentum states are coupled even for a low-energy process. Using the R.G idea, let
us cut-off the intermediate state at A. This cut-off represents the scale up to which
the details of the interaction can be resolved. This idea was schematically shown in
figure (1.4). The piece integrated out is included in the potential, so as to keep the T'
matrix elements constant. With the cut-off on the intermediate states the T" matrix

equation reads as follows:

K [View k| @) (q| Ti(k?) |k)

9 A
(T2 = (K Vi) + 2P [ g DR o 55
T 0 k — q
Since T;(k, k; k?) is a physical obervable, we require
dT(k, k; k?)
—= =0 2.36
o (230
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or in general,

dTy(K', k; k?

% = 0. (2.37)
In the second condition we have put a restriction on the Half-On Shell (HOS) T'
matrix, in spite of it not being a physical observable. This is just a choice which
results in an energy-independent low-momentum potential. This choice in addition
preserves the long-range wave function of the scattered states. If the HOS T matrix
is preserved then the fully on-shell T matrix is automatically preserved.

We shall outline a brief derivation leading to the renormalization group equation.

We start with the equation to the T" matrix:

Viowk(k:/a Q)T(Q7 ka kz)
k2 — q2 :

A
T ks k2) = Viw (K k) + 7> / dq (2.39)
0

Now we will use the condition given in equation (2.37) to get the following equation,

AViewr(K' k) 2 /A o . AViewr (K, q) T(q, k; k?)
T N ST e
2 A2‘/lowk(kv A)T(A7 ka k2)
+ SR = (2.39)

The standing wave scattering states of the effective theory are given by (equation (2.20)):

) = 1K) + P/ i Tla, ks K)la) (2.40)

Here we have used |xj) for the scattered states |¥). The normalization condition for

oK —k
the |k) states is: (K'|k) = g% left-multiply equation (2.40) by (p| to get
~ mé(k—p) 1 9

Substituting the above result into equation (2.39), we get

2 A d‘/lowk(klaq> 2 o 2 ‘/lowk(k A) (A k k2)
;PA-—jﬂ——m@qw—; (242)

- (G
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Next we write T(A, k; k%) = (A|Viowr|Xxx). We know a priori that the effective po-
tential is non-hermitian. We can argue as follows. Consider the Hamiltonian matrix,
which has all the low and high-momentum modes. We can always construct a similar-
ity transformation so that the low and high-momentum modes decouple and we have
an upper-triangular block diagonal hamiltonian, which is H.g, the effective hamilto-
nian. By doing this transformation we have preserved the eigenvalues. Since physical
observables are related to diagonal matrix elements, the upper-triangular block diag-
onal form is sufficient. But this form is not hermitian.

As we shall see in later chapters, we can always hermitize the potential. So the

simple completeness relation is replaced by the biorthogonal complement,

2 / Pdplxp) (%] = 1. (2.43)

™

This is a generalization of the completeness relation. When a hermitian operator
acts on a linear vector space, the vector space and its dual space has the property
that they are complex conjugates of each other. But this does not hold for non-
hermitian operators; the completeness relation is then generalized to the biorthogonal

component. Using this result, equation (2.42) becomes:

o A vilg'
Wowi (K, ) _ ngowk(k",A)P/ (A Viow Xk ) {Xklg >k2dk, (2.44)
dA T 0 k 2
1- (K)

2
Inserting a complete set of ¢ states: — /qqu\q><q| =1 we get,
T

d‘/low k(k/a q/)

2 A
= _A2‘/10Wk(kj> A7 A)P/ q2dqviowk(Av q)g(Q7 q,; A2)7 (245)
dA\ T 0

2 1
where G(q,¢'; A?) = = /k2dk<q|Xk) (xXxld") ERY is the interacting Green’s function
7T JR—
in the truncated Hilbert space. We can show by expanding this Green’s function in
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the low-momentum region, that this is in fact the 7" matrix equation. Therefore we

find the following Renormalization Group equation

dviowk(k/a k) o g ‘/lowk(kla A)T(Aa k, A2)

dA T k )
1_(K)

(2.46)

This simple form for the coupled first-order differential equations for the potential
is regulator dependent. Here we have used a sharp regulator (cut-off at the scale A).
It turns out that the sharp cut-offs cause convergence problems in few and many-body

calculations [38]. We will discuss the regulator dependence in subsequent chapters.

2.3 Separable Model Potential

The previous section sets up the formalism for Vi, . As mentioned in the con-
clusion of the previous section, the final form of the differential equations is regulator
dependent. Though we defer discussion of regulator dependence to later chapters, we
will explore the RG based potentials before we proceed. A good check for the renor-
malization group evolution of the potential is that the two-body observables should
be independent of the cut-off A. This will be demonstrated in this section using a
simple separable model originally introduced in [32].

Separable potentials are defined as follows in position and momentum space:
V(r,r") = Mv(r)u(r’), (2.47)

Vk, k) = Mo(k)u(k), (2.48)

where A is a constant. Note that realistic nuclear potentials are not separable; but
they can be written as a sum of separable potentials, which we will see in chapter (5).

The advantage of studying separable potentials is that they simplify the problem and,
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as we shall show, the T matrix equation is also separable. Separable potentials can
have all the features of a nucleon-nucleon potential, as we can write the attractive
and the repulsive parts as separable pieces. Using the separable approximation in

equation (2.48), the T" matrix equation (2.38) becomes

2 "y w(@)T(q, k; k?)
T(K, k; k) = Mu(K) {v(k:) + ;/0 ¢*dq e : (2.49)
Therefore,
T(K k; k:2) = (k)7 (k; k‘z) (2.50)
where

A
k) = o)+ 2 [P ),

- . (2.51)

2 [, Vig,q)
1+ = 2d ’
+7T/0 TR

where we have used equation (2.50). Therefore 7' matrix equation has the following

separable form

Viewr (K. k
(K| Tl ) = owi(K,K) (2.52)
1 + EP/ququiOWk(q’Q)
™ Jo q? — k?

This can be obtained straightforwardly from the 7" matrix equation (2.38), by using
separable potentials. Physical observables (phase shifts) depend only on the diagonal
matrix elements (k|T,wx|k), so taking the diagonal matrix elements for the above

equation we get:
Viow k (ka k)

2 A Viowk(q Q)
14+ = 2dg— =20 2
+ WP/O q?*dq E—E

(k| Towk|k) = (2.53)
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Using the separable form of 7" matrix in equation (2.52) the differential equations

for Viewr(K', k) (equation (2.36)) simplifies as follows:

dviowk(k; k) o z ‘/lowk(ka A) Viowk(Au k) (2 54)
dA T k2 2_ (" Viewr(q,9) .
N 14+ 2 2dqg— D 1)
1 (A) +7T73/0qqqZ_A2
Since Viow is separable, we can do the following:
dviowk(k7 k:) o gviOWk(A A IOWk k k:) (2 55)

dA n
7T1_<_) 1+ P/ loka7 )

Here we have used: Vigw x(k, A)Viowr (A, k) = N2u(k)v(A)u(A)v(k), which can be writ-
ten as:

Nu(k)v(k)u(A)o(A) = View i (k, k) View (A, A). (2.56)

We can solve the above equation numerically. But first we note that the integral in
the denominator is a principal value integral with a pole at the end point. We first
need to ‘regulate’ this integral, as it is mathematically ill-defined. Let us look at the

following principal value integral,

A
f(k)dk
2.
73/0 Ry (2.57)
. (ko)
We can add and subtract the piece 212 so that we get,
— R
A A A
[f (k) = f(ko)ldk / dk / [f (k) = f(ko)]dk A — ko
k = 1 .
/0 o WP mmE s | Ty R)lesl
(2.58)

We do the same in our case, but with a little caution. Since we are doing a numerical
evaluation, we have k£ on a grid, so the basis is discrete. We make A, which is the
cut-off, to lie in between the levels and not directly on top of it, so this means that
k is less than A, by a small quantity €. Also we note that the intermediate states
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Parameter | model 1 | model 2 | model 3
n 1/2 1 1
o 1.8199 | 4.5354 0
g 3.1429 3.3542 1.7166
m 1.0962 1.3892 1.1647

Table 2.1: Parameters for models 1,2 and 3, fitted to 'S, phase shifts close to the
origin and where the phase shifts change sign [32].

have a pole at the end point of the principal value integral. So we slightly shift the

pole at the end point so that A — A(1 — €). This is our choice for regulating the
k k

integral [32, 45, 34, 29]. As a result, the term (1— (K)2) becomes (1 — (m

we have A to lie slightly above the allowed k value. By allowed, we mean the maximum

)?) as

value of k less than A. The pole piece inside the integral becomes (g2 — (A(1 —¢€))?).
As a result this equation can now be solved numerically. This is only one type of
regularization. We can always come up with different regularization procedures. We
will see more about regularization in later chapters.

In order to obtain an effective potential valid at low momentum, we shall look at
the following form for the separable model potential, which reproduces the attractive

and the repulsive features of a real nucleon-nucleon potential

k% + m?)"
Varo k/ k)= J - J ag( . 2.
b ( ) ) (k/Z +m2)n < (kZ _'_m2>n (kQ +7]2m2)2n ( 59)
For the diagonal matrix elements,
2 2
Voare (k, k) = ———— a (2.60)

+ )
(k2 +m2)2 " (k2 + pm?2)?»
where we can clearly see the attractive and repulsive piece. The parameters appearing
in the model are fitted to reproduce the essential features of the phase shift (1Sp) such
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Figure 2.2: The diagonal matrix elements of model 1 and 2 and corresponding Vo &
in the 1S, channel A = 2.0fm™". We see that both potential models collapse on to
nearly the same Vioy 1 [32, 34, 35].

as the low momentum behavior, and the point where the phase shift changes sign,
corresponding to the potential becoming repulsive. This fitting is done up to lab
engeries Fj,, < 350 MeV. The parameter values for the three separable models are
given in Table (2.3).

The figure (2.2) shows the diagonal matrix elements of models 1 and 2. The initial

cut-off is fixed at a sufficiently large value Ay, such that,
vbarc(A(]u AO) ~ 0. (261)
The initial condition of the R.G. equation is given by,

Viowk(ka k7 AO) - Vbare(ka k) (262)
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We integrate out momenta lying in the region between the cut-off A and A—dA, to
obtain new Vi i (k, k). Using this as the set of initial conditions we repeat the same
procedure until we reach a cut-off of A,,;, = 2.0fm ™!, corresponding to lab energies
of Eip, < 350 MeV.

The phase shifts for the [** partial wave are related to the on-shell 7" matrix in

the uncoupled channel as follows:
2 1 ! 2
(k%) = —ETz(k,k‘; k<). (2.63)

The figure (2.3) shows that the phase shifts are reproduced for the simple model
potentials, which is expected by construction.

Next we look at the diagonal matrix elements for the model potentials given
in figure (2.2). We see that they collapse onto the same wunique Viyyy curve for
A < 2.0fm™', which implies that the low-momentum effective potential is model
independent for a particular regularization procedure. This collapse is not unexpected
as now the low-momentum potential contains only the long-distance physics, as all
the short-distance model dependent details have been integrated out.

In this section we have derived the R.G. equation and demonstrated how it can
be implemented practically. This way of directly solving the R.G. equation is only
one of the ways to get the effective potentials. There exist the KLR folded diagram
techniques and the Lee Suzuki transformations, which also give the effective poten-
tial [35]. This will be derived briefly in the appendices. The figure (2.4) shows the
collapse for the various high-precision potentials (figure taken from [32]). Notice that
Viow r has only low-momentum matrix elements. This results in smaller model spaces

in many-body calculations, which actually make them more tractable.
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Figure 2.3: Phase shifts for models 1 and 2 as a function of lab energies. Note that
the phase shifts are preserved in the RG evolution.
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Figure 2.4: This is a plot of diagonal matrix elements of Vi, versus k for the various
nucleon-nucleon potentials in the 'Sy channel for A = 2.0fm™'. We clearly see a

nearly unique Viey [35]
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CHAPTER 3

EFT AND Vigwi

In this chapter, we review the idea of an effective field theory (EFT) following
references [7, 4, 6, 5], and explore the connection between the renormalization group

approach and traditional EFTs.

3.1 Effective Field Theory

We begin our discussion of effective field theories by looking at the following high-
school problem [6]. Consider a body of mass m, at a height h above the surface of
the earth. The mass and radius of the earth are M and R respectively. Then the
gravitational potential energy difference at a height h above the earth’s surface is
given by:

AU = mgh, (3.1)

where ¢ is the acceleration due to gravity. But from Newton’s Theory of Gravitation,

we know that the potential energy difference is given by:

GM GM
AU == = (3.2)
Ty T
where 7, = R and 1y = R + h, so that equation (3.2) becomes:
GMm  GMm
AU = — .
U="%n "R (33)
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GMm Rh

h
If h < R then we can expand equation (3.4) as a series in R 2 follows:

GMm h  h?
AU=——h|l-=+—=+"-- :
U="% h( st ) (3.5)
M
where ¢ R2m = g, so that equation (3.5) reads,
h  h?
AU = l—=+—=+-]. :
U mgh( R—I—R2+ ) (3.6)

We clearly see that the usual expression for the potential energy difference for a body
of mass m, at a height h above the surface of the earth given by equation (3.1), is
just the first term of the series given in equation (3.6). This series rapidly converges
if h < R and is the effective theory expansion for the gravitational potential energy
difference.

The above is an example of a simple Effective Theory. Yet it illustrates the
following key features of an Effective Field Theory (EFT). An EFT is a systematic
expansion, which is valid in a limited domain. The rate of convergence, working in
momentum space, depends on the smallness of the expansion parameter, which is
usually a ratio of scales (small momentum scale p over a large scale A - also known
as the breakdown scale). The expansion breaks down as the scale p of the problem
approaches the breakdown scale A, as the series is no longer convergent. This problem
also shows that the series usually contains an infinite number of terms. In an Effective
Field theory, one would expect this feature of having an infinite number of terms for
the lagrangian as pathological, as the theory becomes non-renormalizable. We will
talk more about this issue in the following discussion.

An Effective Field Theory can be formally defined as a low-energy approximation
to a corresponding high energy theory [6]. The construction of an EFT is based on the
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following principle, that low-energy processes do not depend on the fine details of the
high-energy physics. An EFT is set up by defining the lagrangian or the hamiltonian
of the system of interest as a sum of long-range and short-range interaction terms.
The long-range terms contain the long-distance physics explicitly. The short-distance
terms are local interactions that mimic the effects of the short-distance physics from
the high-energy theory. The exact form of these local terms does not affect the low-
energy properties of the system.

In order to clarify this point, consider a probe of wavelength \. Interactions which
takes place on length scales less than A can be replaced by localized interactions as
the resolution is limited by the wavelength of the probe, or in momentum space the
limit of resolution goes as ]13, where p is the momentum of the probe. Therefore
a low-momentum probe cannot “see” the details of interactions on distance scales
less than 1 Using this idea, we replace the short-distance interactions by a series
of local terms resulting in an expansion in powers of %, where p represents the
momentum scale of the low-momentum interaction, and A is the scale beyond which
the details of the short-distance interaction are resolved. Any term allowed by the
symmetry of the underlying high-energy theory is present in the effective lagrangian.
As mentioned earlier, the low-energy constants (which depend on the scale A) contain
the essential high-energy physics. Further since the short-distance physics is encoded
as an expansion in %, it is clear that this expansion and hence this representation of
short-distance physics breaks down when the % ~ O(1).

Consider the following example where the effective hamiltonian Heg (valid at low-
energies) is given by [7]:

Heff - Tkinetic + V;afb (37)
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where

Ver =V + Vs. (3.8)

Vog is the effective potential, which has the long-distance interaction grouped in the
term V7, and purely short-distance physics is contained in the term V. Let us assume
that the model potential is isotropic. Then all the short-distance physics contained

in the term Vg looks like,
Vs(r) = 8 (r) + dV363 (r) 4 - - - . (3.9)

Note that this is consistent with the symmetry specified (isotropic potential), as only
even powers of the derivatives appear. But this results in a potential that is too
singular to be of any use. In momentum space, a delta function interaction of the
type in equation (3.9) is a constant, and therefore high-momentum states enter a
low-momentum calculation and in order for the above expansion to be meaningful, it
has to be regulated. Let us focus for now on a simple cut-off, so that only states with
momentum k < A are explicitly included. This results in smeared-out delta-function
interactions. The physics which lies beyond the scale A is included by changing the
coupling constants.

Following Lepage’s lectures [7], we smear out the delta function interaction over

1
the scale a = — so that,

A

6—7“2/2a2
3 _
(Sa(r) = m (310)
This leads to an effective potential:
Verp(r) = ca®82(r) + da' V252 (x) + -+ .+ ga" V"2 (r) + - - - (3.11)

In momentum space equation (3.11) leads to an expansion in % where A is the cut-
off in momentum space corresponding to the position space cut-off a and p is the
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momentum scale of the interaction process. Making the coefficients explicitly A or

equivalently a dependent we get,

2

vs(q?) = c(A)vs(0) +d1(A)%vg(0) T (3.12)

where v,(¢q?) is the fourier transform of the position space potential. The exact value
of the coupling is obtained either by fitting to experimental data (as in the case of
strongly coupled theories) or by matching the EFT to the full theory at the scale A
(valid for weakly-coupled theories). Recent advances suggest that it would be possible
to match the coupling to lattice calculations in the future.

We note that the EFT lagrangian has an infinite number of local terms represent-
ing short-distance physics. So in the conventional sense it is not even renormalizable.
The reason we can renormalize an effective field theory is because we can always trun-
cate the expansion at a particular order (%)”, and this leads to an error of the order

(g)"ﬂ. Since we retain only order n terms (finite), the lagrangian can be renormal-

A

ized. The concept of EFT has revolutionized these ideas of renormalizability [5].

We learn the following from an EFT approach:

1. The Lagrangian includes explicit long-distance terms.

2. Short-distance physics is described by local, renormalized terms, which are usu-

P
A
and A is the breakdown scale of the effective field theory.

ally an expansion in powers of —, where p is the low-momentum or mass scale

3. The effect of high-momentum states is encoded in the low-energy constants.

As mentioned in the chapter (1), nuclear EFTs (Chiral Effective Field theory [16]-
[25]), the typical momentum scale is of the order of the pion mass m,. The break-
down scale is around A, ~ 700 MeV — 1 GeV, where the lower limit corresponds to
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Figure 3.1: The full two-nucleon amplitude Ty as an iteration of the two-nucleon

scattering potential Viyy. We see that the intermediate states can take all values. So
these states include both high and low energy processes.

the scale at which heavier hadrons begin to get resolved. Therefore, working at low-
momenta, the suitable degrees of freedom are pions and nucleons. Chiral Effective

Theory has been very successful in treating low-energy nuclear systems as discussed

in these references [7, 8], [18] - [24].

3.2 RG approach

The Renormalization Group approach to the nucleon-nucleon interaction used
here starts with the Lippmann-Schwinger equation for the 7" matrix. Using any
of the standard two-nucleon potentials (bare potential) as input, the intermediate
states are cut-off at some high value Ay (bare cut-off). Requiring the invariance
of the half off-shell (HOS) T matrix elements leads to a set of coupled first-order

differential equation for the potential with respect to the cut-off A. The bare potential
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is the initial condition when A = Ay. The RG approach in schematically shown in
figures (3.1) and (3.2).

The renormalization group procedure results in a new potential which is the low-
momentum effective potential. Successively solving the RG equation, where the cut-
off is lowered at each step, amounts to integrating out more and more of the short-
distance interactions, until finally we are left with mostly long-distance physics (A ~
2.1fm™"). At this scale A, all theories with the same low-momentum behaviour are
equivalent, irrespective of the details of the high-energy interaction. Since the low
and high momentum spaces no longer couple, a low-momentum process involves only
long-distance physics. This decoupling results in smaller model spaces in many-body
calculations. At this point it is appropriate to comment that the decoupling in this
RG approach occurs through setting high-momentum matrix elements to zero by

construction while modifying low-momentum matrix elements to keep the low-energy

(Y
ok kix

k

Figure 3.2: The effective two-nucleon amplitude 7' as an iteration of the effective
two-nucleon scattering potential Vi, .. Note the restriction on intermediate states,
as a result these intermediate states now include only low-energy processes.
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physics invariant. This is just one way of decoupling low and high momentum modes.

Other methods do exist [46] and we will discuss this briefly in Appendix.

3.3 The connection

Though the philosophies of the RG approach and EFT are the same, we see that
their implementation is rather different. In RG we start with the high-momentum
theory (or model interaction) and obtain the low-momentum theory by successively
decimating down to the low-momentum scale. This is a non-perturbative approach,
that is, this procedure results in summing all terms in an EFT expansion at each step,
the expansion parameter being p and m, over A. On the other hand in nuclear EFTs,
we start with a theory valid at low-energies, consistent with the symmetries of the
problem, and match the low-energy constants with the high-energy theory (or data).
Going to higher orders in the expansion includes many-body effects automatically
(part of the power-counting), while in an RG approach, we need to start with the 2N
and 3N potential and simulataneously run to lower A ~ 2.1fm™" in order to get A
independent results in a many-body calculation. Both the techniques lead to a theory
valid at low-energies which are in fact more useful than the corresponding full theory
at that range of energies.

We may wonder if there exists a common point between these two different ap-
proaches [54]. There exists one for sure! Let us look at diagonal elements of Vi
compared to the other potential models (Bonn, Nijmegen, Paris..) in figure (3.3) (fig-
ure taken from [32]). Here we see that below a certain k value (k < 2fm™'), where
only long-distance intermediate states exist as all the short-distance physics has been

integrated out, we can observe a constant shift in the potential, close to the origin.
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Figure 3.3: The diagonal matrix elements of Viyy and Vi, for the various model
potentials in the 1Sy channel. The dark dots represent the low-momentum potential
Views for A = 2.0fm™". We see that all the potential models nearly collapse on to the
same Vioy . [32, 34, 35]

This constant shift in k£ space corresponds to a smeared delta-function-type term in
position space. That is exactly what an EFT does for us! It obtains an expression for
the low-energy interaction, taking into account the short-distance physics in the form
of a perturbative expansion of the contact interactions. So the RG evolution results
in an infinite series of counter terms consistent with the input interactions. In fact

we can write the following algebraic expression for Vigy :
Viewr (K, k) = PVan(K', k)P + Vegunter (K, k) (3.13)

where we have supressed the [ partial wave label and P = Y, _, |k)(k| is the

projection operator to project on to the low-momentum states. We can expand
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Veounter (K, k) as follows [54] in the partial wave basis:

VE e (K k) = d'd" [Co+ Co(d® + ¢%) + Cu(q® + ¢°)* + Co(q® + ¢°) + Chg’q* + -] .

(3.14)
The counter terms in the above equation can be determined such that the difference
between Vigw i and PVNNP + Veounter 18 minimized. This expression clearly demon-
strates that the long-distance part of the interaction is the bare interaction (Vyn)
projected on to the low-momentum states. The short-distance physics is included
via the counter terms which are the determined by matching to the two-body data
(elastic phase shifts and binding energy). Both these steps are automatically included
in the Vgw, running using 7" matrix invariance.

In an EFT approach, the accuracy of the low-momentum calculation can be im-
proved systematically by including more terms in the lagrangian. In an RG approach,
the low-momentum interaction contains all the terms required to preserve the cor-
responding low-momentum observables as discussed above. Any additional cut-off
dependence can be linked to “missing” physics. For instance using just the two-body
low-momentum potential, which reproduces two-body scattering data in free-space,
for calculating bulk properties in-medium leads to A dependent results. This is due
to the fact that in-medium there are many-body forces which have to be taken into
account. So far we do not have a framework for running two and three-body interac-
tions simultaneously. So currently the three-body force is approximated by fitting to
the leading-order 3N force from chiral EFT [37]. In an EFT framework, many-body
forces are introduced naturally. For example if we consider interaction between three

bodies, at low-energies we cannot resolve the details of the high-energy interaction,
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so the three-body potential looks like a contact interaction of the type
V},N(xl, Ta, 1’3) = (5(1’1 — 372)(5(372 — 373)5(561 — ZL’g). (315)

Conventional Potentials have high-momentum states built-in through “explicit”
modeling of the short-distance physics. From an EFT point of view, these details
do not improve our understanding of short-distance physics, but only complicate
low-momentum calculation by including high-momentum states (as these potentials
model the “hard-core” explicitly). The difference between conventional potential
models and EFT based interactions is that the latter systematically decouples the
low and high-momentum modes, thereby eliminating the dependence on the details
of the short-distance interactions. This decoupling is achieved by expanding the
short-distance interaction as a series in % times a renormalized local term. In an RG
approach, where we use these potentials as a starting point, the short-distance details
are traded for a low-monentum potential, which is not singular. Renormalization
group based potentials are a class of low-momentum potentials where the freedom
in defining short-distance terms in a conventional EFT, now translates into defining

hermitization procedures and regularizations, as will be seen in subsequent chapters.
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CHAPTER 4

REGULATOR DEPENDENCE OF V,,,; POTENTIALS

The motivation to investigate the regulator dependence of Vi, potentials arises
from the necessity to understand the numerical artifacts while solving for Vi x in free-
space. Once the free-space running is in control, the potential can be used in-medium,
that is for finite nuclei and nuclear many-body calculations. This chapter explores the
regulator dependence of the renormalization-group-based low-momentum potentials.
We first study the sharp regulator encountered in chapter 2, section (2.2). Then we
generalize the renormalization group equations to accomodate smooth regulators [40],
both in an energy-independent and energy-dependent scheme. The latter requires an
additional step of transforming the energy dependence for momentum dependence.
It turns out that smooth regulators are more advantageous than sharp regulators, as
can be seen in simple variational calculation of few-body systems [38, 39], where the

former choice improves convergence. We shall discuss these results in detail.

4.1 Sharp regulator and Vi i

The renormalization group equation as seen in chapter 2 is by equation (2.46) as:

d‘/lowk(klu k) o 2 Viowk(k,7 A)T(Aa ky A2)

dA T k ’
1— (22
)

(4.1)
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where T'(A, k,; A?) is the left-on shell T matrix element, which is given by the following

equation:

A 45 A )Viowk(Q7 k)

Ep (4.2)

T(A, k; A?) = Vigwr(A, k) +P= /

The above equation (4.2) can be easily obtained by taking the transpose of the 7' ma-
trix integral equation and making it on-shell at £ = A. As discussed in sections (2.2)
and (2.3), we solve for Viowi(k', k) on a momentum grid. We start with the bare

potential Vi (initial condition) at some initial cut-off Ag, so that,

Viowk(k/u k)‘Ao = Vi)aro(k/a k)‘on (4?))

where the initial cut-off Ay is determined such that,
Vbare(AOa AO) ~ 0. (44)

The differential equation (4.1) is solved for a small change in A, so that we get
Viewk(K', k) at a new A’ where

A = A — dA. (4.5)

This process is continued so that at each step we get Viowi(k', k) at a lower value
of the cut-off A. This process results in integrating out the model-dependent high-
momentum states in stages, until we are left with long-distance physics, when we
reach the final cut-off A ~ 2.0 — 2.1fm™'. Note that in this process we need to solve
for the left on-shell 7' matrix element given by equation (4.2) at each step.

We had noted that using a separable form for the bare potential V}...(k', k) given
by equations (2.48), (2.59) and (2.60), simplifies the 7" matrix equation (4.2) and is

given by:
2 lowk A k:)

Viewk q Q)
2 / Vime{2.0)

T(A, k; A2) =

(4.6)



The separable potential we introduced in section (2.2) reproduce all the essential
features of NN interaction, that is, phase shifts and deuteron binding energy. But
NN potentials in general are not separable. As a result, we no longer get a nice
closed form for the 7" matrix equation as seen in equation (4.6). In general, we would
have to solve an integral equation for the 7" matrix (equation (4.2)) and use this to
calculate Vigy (K, k).

Note that equations (4.2) and (4.6) have an ill-defined principal value integral,
namely a pole at the end point of the principal value integration. As a result we need
to regulate this principal value integral. This is done by either pushing the pole into

or out of the range of integration, i.e.,
Areg = A(1 L €), (4.7)

Areg = A L€ (4.8)
where A is the regulated value of the cut-off and € is a small number (0 < e < 1).
Equation (4.7) refers to a multiplicative regulator while equation (4.8) is an additive
regulator. We also ensure that A does not coincide with any of the grid points &;.
This means that k.., which is the maximum value of the k grid, is less than A by a

A 14+¢

pole piece inside the integral becomes (¢* — AZ,). Using the regulated value of A, we

2 2
small quantity €¢’. As a result, the term 1 — (E) becomes 1 — (ﬁ) . The

get the following RG equation,

dviowk(k/a k) 2 ‘/lowk(k/a A)T(Aa k, A2)

- Tr R ’ (4.9)
(Areg)2
and the left-on shell 7" matrix equation (4.2) now becomes:
2 (" 5 T(A ¢ A)Viewi(g, k)
T(A, k; A%) = Vigwr (A k) + = 2d — e 4.1
(A, k: A?) 1k<,>+ﬂ7>/oqq e (4.10)
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where for practical purposes we do not distinguish for between € and €', so that A,eq
represents the regulated value of A and also ensures that the cut-off A does not lie
directly on top of any grid points k;.

We will now analyze the error introduced in the left-on shell 7" matrix elements
for the sharp regulation schemes given in equations (4.7) and (4.8). Since the left-on
shell 7" matrix elements appears in the RG differential equation, this error propagates
to Viewr and finally the phase shifts. We first look at regulators which shift the pole

outside the range of integration i.e.

Aeg = A(l+e), (4.11)

Ay = A+e (4.12)

as a result we no longer have a principal value integral in the 7' matrix equation. Let us
define the following change of variable: A’ = A +¢, then the T matrix equation (4.10)

reads:

2 AN —e T A’q’AQ VOW q,k
T(A, k‘;A2) — Viowk(A, k‘) + _A q2dq ( A,Q)_quk( )

™

+0(e).  (4.13)

Differentiating the above equation with respect to € we get,

dT(A ks A?)  2(N —€)*T(A N — € A*)Vigw (N — €, k) ,
— = R TE +C". (4.14)

dT (A, k; A?) B g A?
de 72

T(A, A; A*)Vigw (A K 4+ C. (4.15)
where C” is a constant. As € — 0, the 1/¢ term dominates. Therefore

dT(A kA% 2 A 2 :
T = (A A A Vi k(A K) (4.16)

= Hm T (A, k; A*) ~ C'log (e). (4.17)

e—0
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where C' is a constant.

Let us check the e dependence for the other type of regulator: Ayes = A — A(1+4e).
Note that in this regularization € is a dimensionless quantity, while in the previous type
of regularization: A — A + ¢, € has the same dimension as A, which has dimensions

of momentum. The equation for the T" matrix reads:

2 (A T(A, q; A*)Viowr(q, k)
T(A, k; A?) = Vigwr (A, k +—/ 2d D SULALLRATA 4.18
R =Vt &)+ 2 TR g - 2 1)
We introduce the following change of variables:
N =A1+e). (4.19)

So the T" matrix equation (4.18) with the above change of variables now becomes
A/

2 T(A, ¢; A )Viewn(q, k
T(A7k;A2):wowk(A7k‘)_}__/(1+€> ¢*dg (A q /2) 1 2k(q )
T Jo (N)*—q

+O(e).  (4.20)

Now differentiating the above equation (4.20) with respect to € we get,

AT(A kA2 2 (N \>T(A N1+ €); A)Viewn(N /(1 +€), k) N ,
() ()

- 2
de T \1l+e A’Q—(A 2
1+e
(4.21)
A2 /
dTA BN AL p A A2 Vi (AK) + O, (4.22)
de T €
As € — 0 the 1/e dominates, so that
A2
. (WOCTYS) (1.23)
de T €
= lir% T(A, k; A*) ~ C'log(e). (4.24)

where C' is a constant independent of €. Again we note the the relative error has a

logarithmic dependence on e analogous to equation (4.17).
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Next we want to look at an entirely different regularization. Consider the following

regularization scheme:

A—A—ec (4.25)

In this scheme we note the following: (1) the pole has now been shifted inside the
range of integration which goes from 0 to A and (2) € has the same dimensions as A.

Consider the left on-shell 7" matrix equation with A,., given by the above regulator.

A7 q; Az)‘/lowk(qa k)

T (4.26)

2 2 A 2 T(
T(A7 ka A ) = ‘/10Wk‘(A7 k) + P; q dq
0

Note that the integral in equation (4.26) is a principal value integral. Following the

standard trick in evaluating a principal value integral, we add and subtract a piece:

A — e \? — €
/0 dq(A—e)zT(A’A (A’fg)‘f"f‘;(f L (4.27)

to the above integral equation. As a result we get,

T(Aa kv A2) = Viowk(A7 k)
2 /A dq |:q2T(A7 q; A2)Viowk(qv k) - (A B 6)2T(A7 A— € A2)Viowk(A — €, k)
0

+; (A—e)?2—¢?

A
+ gT(A, A — € A*)Viewr(A — €, k) (A — 6)277/ dq(A; (4.28)
T 0 —

6)2 _ q2

After evaluating the principal value integral appearing in the second term of the

equation (4.28), we get the following equation for the left on-shell 7" matrix,

T(Aa kv A2) = Viowk(A7 k)

2 /A |:q2T(A7 q, Az)viowk(qv k) - (A - 6)2T(A7 A — ) A2)V10Wk(A —5 k)
+— [ dq 2—¢?
T Jo (A - 6) —q
A2 _
L 2T(AA—aA )V;Wk(A SR g |22 1‘_ (4.29)
T €
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Figure 4.1: 1S, phase shifts for model 1 and model 2 for parameterizations given in
chapter 2, table (2.3).

Next we define the following change of variable: A’ = A — ¢, so that the T matrix
equation (4.29) now becomes

T(A7 ku AQ) = ‘/iowk(A7 k)

2 [N TPTA, ¢ A WViewr(q, k) — (AT (A, A; A2)Vigw i (A, k)
+ ; dq (A’)2 92
0 q

%_4+0@. (4:30)

n 2 T(A, A, Az)‘/iowk(Aa k) (A)

|
T 2 o8

Now differentiating the above equation with respect to e, the terms in the integral
vanish to zeroth order in €, so that

A2
% _ _%%T(A,A;AQ)%W(A, k) +C", (4.31)

= lim T(A, k; A?) = Cloge. (4.32)
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Figure 4.2: Relative Error in T" matrix as a function of € for model 1 parametrized in
chapter 2, table (2.3). Notice that for small values of €, the log term domintes and
the error increases, while it is linear for larger values of e.

Once again we note that the left-on shell 7" matrix elements have a logarithmic depen-
dence on €. Next we solve for Vi, for the separable potentials defined in section (2.2)
by equations (2.48), (2.59) and (2.60) using the sharp regulator and one of the choices
for Aeg given in equations (4.7) and (4.8) and will study how the e dependence of
the left-on shell T" matrix elements propagate to the physical observables, namely the
phase shifts.

Figure (4.1) shows the 1S, phase shift as a function of lab energy Fl,, for model

potentials 1 and 2. The phase shifts calculated using V... and Vi, potentials are
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Figure 4.3: Relative Error in the phase shifts as a function of ¢ for model 1. The ¢
dependence of the phase shifts is similar to that of the diagonal T matrix elements.

in close agreement. The “closeness” of this agreement is explored in figure (4.2),
where we look at the diagonal on-shell 7" matrix elements at fixed values of energy
(Elap = k?) as a function of e. We define the relative error in preserving the on-shell

T matrix elements during the RG evolution as

k’, k'7 kf2) - 7ﬁlowlf(]'{:? ka k,2)

T
ATk, k; k) = ol Tan(k, k; k2)

(4.33)

At any energy, there is always a range of € where the relative error in the diagonal
T elements is a linear function of €. At lower values of €, the relative error increases
due to the logarithmic dependence of the left on-shell 7" matrix elements on e. The
value of €, at which the logarithmic term dominates is dependent on energy. For low
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Figure 4.4: Bare and Vi, phase shifts for the 1S, channel of the Argonne v po-
tential [31] as a function of lab energies FEj,, for a particular choice of the sharp
regulator, parametrized by the value of e. € < 0.01fm™" results in increased errors in
reproducing the phase shifts.

energies, which are far below the cut-off A, the only sharp cut-off artifact is the €
dependence of the left-on shell T" matrix elements and therefore we see an increase in
the relative error for the diagonal 7" matrix elements for low values of €. At higher
energies, there are additional errors introduced due the energies being close to the
cut-off A. Therefore initially decreasing ¢ seems beneficial but the errors increase
once the log (¢) term kicks in. Similar trends are observed in the phase shifts as seen

in figure (4.3).
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Figure 4.5: Vigyx running for N3LO (left) [26] and Av;g (right) [31] potential. Here we
show only the diagonal matrix elements of the potential for different cut-offs. Notice
that the N®*LO potential does not start running before A ~ 3.0 fm ™" in contrast to the
Avig potential. The different Vigw(k, k) at A = 2.0fm™" are close but not identical.

Though we just saw results for a model potential, these trends with sharp regulator
carry over to the case of real potentials as seen in figure (4.4) for the Argonne v;g
potential [31] in the 'Sy channel. Decreasing the value of € leads to an improvement in
the result, but once € becomes small enough for the logarithmic term to dominate, the
results start to deteriorate. These artifacts carry over to few-body calculations as well
when Vi, using a sharp regulator is used as input. It has been shown that a sharp

regulator, leads to convergence issues when used in variational calculations [38, 40].
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Figure 4.6: Bare and Vi, S wave phase shifts for the chiral N®LO potential [26] as
a function of lab energies Fl,;, for the sharp regulator, A + €, parametrized by the
value of € = 0.09fm™". We can see the numerical errors accumulating as the cut-off
is lowered.

The running of the low-momentum potential for realistic NN interactions using

! is documented in figure (4.5). We can

a sharp regulator A + €, where € = 0.09 fm™
see the differences in the running of the chiral EFT and Argonne potentials. Also we
notice that the low-momentum potentials at A = 2.0fm™" are close but not identical.
These differences can be paralleled by differences in the corresponding short-range
three-body interactions. The differences in the running of Argonne and chiral EFT

potentials are important when we determine the corresponding low-momentum poten-

tial by directly solving the differential equation (4.1). For the chiral N3LO potentials
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it is possible to start with smaller values of the bare cut-off Ay, as they do not start
running until A & 4.0 or 5.0fm™". This introduces smaller numerical errors while
decimating down to A ~ 2.0fm™', in contrast to Avis which necessitates a starting
cut-off of Ag ~ 30fm™" due to the presence of high-momentum components. The
propagation of these numerical errors is already evident in figure (4.6), which is a
plot of the bare and V., phase shifts for the S waves for the chiral N>LO potential
for a particular choice of the sharp regulator. These errors can be eliminated by using
an equivalent method to obtain Viyyx, namely the Lee-Suzuki transformation, which
decouples the low- and high-momentum states by a unitary transformation, thereby
eliminating the need for an expensive numerical solution of the RG differential equa-
tion (4.1) for sharp regulators [28, 29]. For this reasons, for practical calculations,
Lee-Suzuki technique is used instead of the one presented in this section. But there
is no generalization of the Lee-Suzuki transformation for smooth cut-offs.

Figure (4.7) shows the triton binding energy calculated from a direct diagonal-
ization in a harmonic oscillator basis, using Vi, matrix elements derived from the
Argonne v;g potential with a cut-off of A = 2.0fm™!, as a function of the size of the
oscillator space Npyax. The figure shows slow convergence at the 100 KeV level. Using
a smooth regulator solves solves the convergence problem, thereby demonstrating the
regulator dependence of the low momentum potentials. The type of smooth regulator

used and the form of RG equation is the topic of following section.

4.2 Smooth Regulators and V)., potentials

In order to arrive at the RG equation, we start with the half-off shell (HOS)

T matrix equation (2.38) and require that the corresponding matrix elements are
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Figure 4.7: The triton binding energy E; calculated from a direct diagonalization
in a harmonic oscillator basis of the low-momentum Hamiltonian derived from the
Argonne vig potential [31] with cutoff A = 2fm™", as a function of the size of the
oscillator space (Npyax fw excitations). The open circles are calculated with a sharp
cutoff for a fixed oscillator parameter b while the filled ones correspond to optimizing
b at each N... The dashed line indicates the exact Faddeev result using the sharp-
cutoff interaction [30], and shows the slow convergence of the diagonalization at the
100 kev level. The squares are for a smooth Fermi-Dirac regulator that solves the
convergence problem.

independent of the cut-off A, which cuts off the intermediate states, thereby defining

a resolution limit on them. The HOS T matrix equation is,

Viowk(k:/a Q)T(q7 ka kz)
k2 — q2 )

2 A
TW¢m%:mmgm@+;PAq%q (4.34)

where we have used a sharp cut-off A to limit the intermediate states. Let us define

a function f(k, A) such that:

1 ﬁkgA—%
flk,A) = >0wd<1ﬁA—%>k§A+% (4.35)
0 otherwise
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where € represents the width over which the function falls to 0. Using this function

f(k,A), we can re-write equation (4.34) as,

(K K k2) = (k' k) + 73/ fz(f’_g (9, ks &%) (4.36)

where
T,k E) = fO, MK, ks E)f(k, A) (4.37)
Viewe(K', k) = f(K, Mo(K', k; E) f(k, A) (4.38)

The function f(k,A) so defined in equation (4.35) is the smooth regulator function
and the limit when € — 0 gives the sharp regulator, which cuts off the intermediate
states sharply at A (see equation (4.34)).

We further relax the conditions given in equation (4.35) by modifying the regu-

lating function as follows:

Fll,A) =M1 (4.39)
Flk,A) =00 (4.40)

where f(k,A) now just approaches 1 for &k < A — % in contrast to the conditions
in equation (4.35) where f(k,A) =1 for k < A — % We immediately see that an
infinite number of functions satisfy the above conditions. This reflects the freedom
in defining low-energy EFTs. We present results for two choices for f(k), each with
a range of parameters. These are the exponential form used in current chiral EFT

potentials [26, 27] with integer n = ney, determining the smoothness,
Flk) = e~ B/AI" (4.41)

and a Fermi-Dirac form with a sharper cutoff achieved with smaller € = epp,

1
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It may be interesting in the future to explore other choices for the regulator function,
but the general features and advantages are covered by the above choices. Other
possible regulators (used in different applications, e.g., see reference [86]) include a

power law form with integer n,

1

f(k) = T+ (/A5 (4.43)

a hyperbolic tangent form with an e parameter that plays a similar role as in the

Fermi-Dirac function,

k) = % {1 + tanh (Aj@f)] | (4.44)

a complementary error function with € parameter,

F(k) = %erfc (k . A) , (4.45)

and a Strutinsky averaging with e parameter,

k) = % {erf (A2 * kQ) - (AQ; k‘j)} | (4.46)

2
In each case, the function and its derivatives are continuous, and the parameter n or
€ controls the smoothness.

The figure (4.8) plots the function [f(k,A)]* as a function of k for a cut-off of
A = 2.0fm™'. While a sharp cut-off preserves phase shifts up to the cut-off A, a
smooth regulator distorts the phase shifts for momenta close to the cut-off, though
it eliminates sharp cut-off artifacts. The exponential regulator with n = 3 is what is
used in chiral N®LO potentials. It is evident that such a choice distorts the phase shifts
to a large extent. As n is increased the exponential regulator gets sharp and the phase
shift distortion is reduced. We found out in our investigations that n = 10 presents a
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Figure 4.8: Plots of the exponential and Fermi-Dirac regulators squared as a function
of momentum k for A = 2fm™! and a range of parameters n and e.

practical upper limit. The Fermi-Dirac regulator interpolates smoothly between the
sharp and the exponential regulator and distorts much less at low-momenta.

The distortion in the bare phase shifts and the mixing angle is shown for the
S waves in figure (4.9). Here we have shown the bar phase shifts. In each case
the diagonal T" matrix elements which are used to calculate the phase shifts are
distorted by the function [f(k,A)]?, which then distorts the phase shifts. We see
that Fermi-Dirac regulator distorts much less compared to the exponential regulator.
This figure can also be understood as the distortion that would be present if the

numerical errors in solving for Vi,,, were negligible. Therefore we can expect the
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Figure 4.9: Bare phase shifts distorted by the regulator function. The phase shifts are
calculated using the N®LO chiral potential from reference [26]. The distortion occurs
in the T elements, which then carries over to the phase shifts.

phase shifts calculated from Vi, matrix elements to cause additional distortions.
We will examine this in the next section.

We have no universal rule for deciding whether a distortion is acceptable; it de-
pends on how it propagates to the observable in question. For example, for the
low-energy bound-state of the deuteron, none of the distortions in figure (4.9) is im-
portant. The distortion is analogous to the error band from a chiral EFT truncation

(but we have not formulated a corresponding power counting rule). Therefore, we
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expect that there is no concern if the distortion is comparable to the EFT trunca-
tion error. In addition, for low-energy properties, the error incurred here can be
absorbed by the short-range part of the corresponding three-body interactions. Con-
sequently, the propagation of phase-shift errors to many-body observables can only
be studied after including three-nucleon forces. It is evident, however, that ne, = 8
and epp = 0.5 only distort minimally. We will show below that these are also good
choices for convergence. In future applications, the regulator effects can be tested by
varying the parameters determining the smoothness.

We had previously derived the RG equation requiring cut-off independence of the
HOS T elements as seen in section (2.2). But this requirement is a choice. Cut-off
independence of the HOS T elements leads to an energy independent low-momentum
potential. We can alternatively formulate RG evolution, where we require cut-off
independence of the fully off-shell T" elements, i.e., T'(k', k; E) where (k')* # (k)? # E.
This condition leads to an energy independent low-potential denoted as V.. But this
undesirable energy independence is traded for momentum independence as a next
step and finally the potential is hermitized to yield an energy-independent, hermitian
low-momentum potential Vi, . There will be differences in the matrix elements of
Viowr- But these differences just reflect the freedom in defining low-energy effective

field theories.
4.2.1 Energy Independent Smooth Vi

We first look at constructing energy independent smooth low-momentum poten-
tials. which are a direct generalization of the RG equations derived for sharp regula-

tors. Analogous to the derivation for a sharp cutoff [29], we impose that the reduced
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half-on-shell ¢ matrix is independent of the cutoff, dt(k’, k; k?)/dA = 0. This choice

preserves the on-shell ¢ matrix while also maintaining energy independence. The

result is
2, dv(Kp)[To(p—k)  fA(p)t(p, ki E?)
O_W/O pdp—ax ok R

(4.47)

2 /°°p2dpv(k",p) 12 (0)) tp, ks k) |

= P2 — k2
Next, we express the term in the square brackets in equation (4.47) by the exact
scattering state |xx) of Viowr. From Viewr|xs) = Viewr|k) + Viewr Go(k?) Tiow k| k), it
follows that (p|xx) = (p|k) + [f(p) t(p, k; k*) f(k)]/(k* — p?). We can therefore write

equation (4.47) as

or equivalently

%/OOOPWPWJ”@)M@):%/O pidp Qd{15\>p2( )A | View s | 5)

zgfo p2dp 2‘@5\) v(k, p) Ap | Viewr G(p°) | xi),
(4.49)

where G(F) = (E — Hyoyi) ! is the interacting two-nucleon Green’s function. Using
the completeness relation, [ k*dk X;(p') xk(p) = 56(p — p')/p* and Viewr G(E) =

Tiowr(E) Go(E), we have

(4.50)

d ooy 2 [ o, v(k,p) K12 ()]Hp, ki p?)
d—AU(kJ k) = ;/0 p-dp po—E 7

which describes the evolution of the reduced low-momentum interaction with the

cutoff.
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If we take an energy-independent NN potential as the large-cutoff initial condition
and numerically integrate the RG equation, then the resulting v preserves the half-
on-shell Ty matrix for all external momenta, t(k’, k; k?) = Txn(K', k; k?). Therefore,
Viewr (K’ k) = f(K')v(K', k) f(k) preserves the low-momentum half-on-shell Ty ma-
trix up to factors of the smooth cutoff function. In the limit f(p) — 6(A — p) and

thus d[f(p)?]/dA — §(A — p), we recover the RG equation for a sharp cutoff [29]

d ’ 2 Viowk(k,vA) ﬂowk(Auk;A2)
—_— = — . 4- 1
dAViowk(kak) - 1_(k/A)2 ( g )

Finally, we can use the Okubo transformation to hermitize Vi, . In order to
generalize the hermitization to smooth cutoffs, we consider the sharp-cutoff Okubo
transformation under an infinitesimal change of the cutoff. In this case, one can show
that the RG equation for the hermitian Vi is given by a symmetrized version of

equation (4.51),

d— / o 1 Vlowk(k/>A) TIOW]C(A7 k’Az)
d_Avlowk(kak) - % 1_(k/A)2

Tlowk(kla A; AQ) Vlowk(Aa /f)
1— (K'/A)?

(4.52)

A simple generalization of the Okubo transformation to smooth cutoffs is therefore

obtained by symmetrizing the smooth-cutoff RG equation, equation (4.50), to obtain

d ., L[ o(k,p) 412 (p)] E(p, k; p?)
d_Av(k’k):%/O deP[ & dApz _pkz il

+

LK, pip®) 512 ()] T(p, k)
p2 — k2

(4.53)

The hermitian low-momentum interaction Vi preserves the low-momentum fully-

on-shell Tyy matrix, up to factors of the regulator function and the deuteron binding
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Figure 4.10: Bare and Vio,, 1 phase shifts for the chiral N3LO potential [26] in the 'Sy
partial wave at a cut-off of A = 2.0 fm™". The phase shifts are reproduced to O(10~2)
for a gaussian mesh with 100 points between 0 and A. This region of integration had
be sub-divided into 4 regions of 25 points each.

energy. The freedom in the hermitization method can be expressed as an auxil-
iary condition dt(k', k; k?)/dA = (k* — k") ®(k', k), where ®(k', k) is a function with
limy . (k* — K?) ®(k',k) = 0. The above RG equation derived from the Okubo
transformation makes a particular choice for ®(k', k).

Figure (4.10) shows that the phase shifts are reproduced. The results are for an
exponential regulator with ney, = 4. Here we compare the distorted phase shifts
obtained using the bare and Vi, potentials, in order to isolate the errors introduced
by the RG evolution. In fact the error in reproducing the distorted phase shifts is

of O(1072) for a gaussian mesh with 100 points between 0 and A. We have shown
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results only for the 1Sy channel for the chiral potentials, as these potentials do not
start running before A ~ 4.0 or 5.0 fm™~". For the sake of numerical accuracy we use
a bare cut-off of Ag = 6.0fm ™", compared to Ay = 30 fm ™" for the Argonne potential.
As a result the chiral potentials facilitate shorter run times and less accumulation
of errors due to numerical implementation of the RG evolution. For the Argonne
potential (not shown here), the run times were so long that it was not practical to
present the results here.

The numerical solution of the energy-independent RG equation is complicated
by the t matrix calculation involved in each step. The computational overhead
slows down the ODE solver significantly. In addition, the RG equation involves
two-dimensional interpolations and principal-value integrals over narrowly peaked
functions. Therefore, it is easy to introduce small errors at each step that can ac-
cumulate as the cutoff is lowered. Finally, some potential models exhibit spurious
resonances (at order GeV energies and momenta) and these need to be subtracted

before solving the energy-independent RG equation for these potentials.
4.2.2 Energy Dependent three-step RG

In the previous section (4.2.2) the energy-independent smooth counterpart to the
sharp RG equation is obtained starting from the cut-off independence of the HOS T’
matrix elements. As mentioned earlier, this is just one of the choices, as we require
the diagonal 7" matrix elements to be cut-off independent as these are related to
phase shifts (physical observables). Requiring HOS T matrix elements to be cut-
off independent automatically ensures the same for the diagonal T" matrix elements.

Similarly requiring cut-off independence of all the T’ matrix elements, T'(k’, k; E') again
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results in cut-off independent diagonal on-shell 7" matrix elements, T'(k, k; E = k?).
Using this as the starting point, we will now derive the energy-dependent formulation.
This will be the first of the three steps involved to obtain an energy-independent
hermitian low-momentum potential Viyy . The fully off-shell T" matrix equation can

be written using equation (4.36) as:

() / 2 2
HK' K E) :U(k:’,k;)+§7>/ quq”(k’q)fE(q’A;f(q’k’k ) (s
i =

where T(K', k; E) = f(k', \t(k', k; E)f(k, A), V(K. k) = f(k', A)o(k', k) f(k, A), and

V(K k) could be Viow i (K, k) or Veg(K', k; E'). Now the RG condition is W =
0. Equation (4.54) can be written as
t =v+vGy(A)t. (4.55)
where Go(A) = f(A)Gy. Using the RG condition:
% —0= %Got + dG;/(XMt. (4.56)
Z—X =— dC;O/gA)t [14+ Go(A)] ™" (4.57)
But from equation (4.55), we can write,
v=t[1+Go(A)]". (4.58)
Therefore equation (4.57) becomes:
;Z—X =—v d(i;](\A>v. (4.59)

2 [o¢]
Now inserting complete set of states — / ¢*dq|q){q| = 1, we get the following first
™ Jo

order coupled differential equation for the energy-dependent low-momentum potential
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denoted as Vg (K, k; E):

df(g,A) 12

dv(k kB 2 [ /
% = —;/0 q2dqv(k,q;E)[Edﬁq]2 v(q, k; E), (4.60)
V(K ks B) = f(k,Nvo(K,k; E)f(k,A). (4.61)

Solving the energy-dependent first-order coupled differential equations (4.60) for
v(k', k; E) is much simpler than the corresponding energy-independent case (equa-
tion (4.50)), as the LHS does not require the numerically expensive 7" matrix eval-
uation. But the reduced potential obtained by solving equation (4.60) is energy
dependent. This energy dependence has to be transformed away for momentum de-
pendence. Before we go into the details of this transformation, let us look at the two
different ways available for solving equations (4.60). One way is to solve the differ-
ential equation directly using a numerical differential equation solver routine. This
procedure entails the calculation of v(k’, k; E') as A is reduced by a small amount dA,
until the minimum cut-off of A &~ 2.1fm™" is reached. This procedure is very stable
numerically compared to 7" matrix evaluation at each step.

The stability and speed of computations for the reduced low-momentum potential
can be improved drastically by formally integrating equation (4.60). Equation (4.56)

can be written as:

dt  dv d

But we know that:
t = v+vGo(A)t (4.63)
= v+1tGo(A)v (4.64)
= U GO (A) t =t GO(A) v, (465)
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which is true for any v. Also,

t = VNN + VNN Go(Ao) t, (466)

= v+ vGo(A)t (4.67)

where equations (4.66) and (4.67) are the statement of the RG condition, that is, 7'
matrix elements are independent of the cut-off A. Using equation (4.65), we can write
equation (4.62) as:

dv d

—1 = (tGo(A)v). (4.68)

Substitute for ¢ in the second term of equation (4.68) so that,

dv d

=1 = a5 (Van Go(A) v + Vi Go(Ag) £ Go(A) v). (4.69)

From equation (4.67), (t —v) = tGo(A)v, so that equation (4.69) is now given by:

dv d
_d_A = d—A(VNN Go(A> v+ VNN Go(Ao) (t — U)) (470)
d d
= d—A(VNN (Go(A) — Go(Ng)) v) + d—A(VNN Go(Ag) t). (4.71)

where the second term in equation (4.71) is identically 0. Now we are ready to

formally integrate the following equation:

dv d
aN —J(VNN (Go(A) — Go(Ag)) v), (4.72)
=v = VAN (GO(AO) — GO(A)) v+ Van. (473)

where we have used the initial condition Vxy = v for A = Ay. In momentum space

equation (4.73) can be written as:

v%wwm=wmmm+3/mf@wm%mgifﬁﬂﬂm%hm. (4.74)

T Jo E—q?
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This is the smooth cut-off generalization of the Bloch-Horowitz equation. Finally,
we note that the initial energy-dependent RG equation is not needed if one starts
directly from the smooth-cutoff generalization of the Bloch-Horowitz equation. For
this purpose, we separate the free two-nucleon propagator into a smooth cut-off low-
momentum G and a high-momentum part G—{}. The Lippmann-Schwinger equation
then reads Tax(E) = Vi + Van (GA(E) +GY(E)) Tan(E), and a rearrangement gives

the fully-off-shell Tyn(FE) matrix with only low-momentum propagators,
Tan(E) = v(E) + v(E) G (E) Tnn(E) (4.75)

where v(FE) is the solution to the smooth-cutoff Bloch-Horowitz equation, equa-
tion (4.74).

Next we address issue of energy dependence. This is done using a method similar
to field redefinitions. For this purpose, let us introduce the energy-independent non-
hermitian Vi, (K, k) which reproduce the HOS Tog (K, k; k?) as Vg (K, k; k?). That
is,

(KT (0°) [ xp) = (K'|Verr(0°)[x) = (K [Viow k] X)- (4.76)
where |y,) are the eigenstates of the energy-dependent Hamiltonian Heg(p*) = Ty +
Ve (p?) with relative kinetic energy Tp. Using the completeness of the interacting

eigenstates, this leads to

/ o 2 o / / / / /\ %
Viewk (K', k) =/ pzdp;/ pdp' Vg (K, 0 0°) X (0') X (k) - (4.77)
0 0

The energy dependence of H.g(p?) necessitates the use of bi-orthogonal complement
vectors (X,| in the completeness relation, [ p*dp|x,)(X,] = 1. If bound states are
present, the integral over the continuous scattering states includes a summation over
bound states as well.
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For the numerical solution of equation. (4.76), we first obtain the eigenstates of
the energy-dependent H.g by self-consistently diagonalizing the discretized eigenvalue

equation

Z (5k’k kK + Vkeff,fk;Ep)Xk,p = Lp XK' p - (4.78)
k

Next, the discretized bi-orthogonal complement vectors are obtained from the
matrix equation Y Xk, Xa'p = O Finally, equation (4.76) is evaluated by simple
matrix multiplication

Viow kk' k — Z V:affk’,p’;Ep Xp',p %k,p . (479)

,p’

This procedure is straightforward in practice. The only subtlety arises when the
discretization of the defining equations for the bi-orthogonal complement vectors is
such that some of the |x,) vectors appear to be linearly dependent. In this case,
singular-value-decomposition methods are helpful to solve the singular system of equa-
tions by setting to zero the problematic small singular values when taking the inverse
of the xx, matrix [78]. The resulting energy-independent Vi, is non-hermitian, and
is identical to the solution of the energy-independent RG equation derived from HOS
t matrix equivalence in the previous section (4.2.1).

In the third step, we remove the non-hermiticity of Vi, by a similarity trans-
formation that orthogonalizes the set of eigenvectors {|x,)} of the non-hermitian
Hamiltonian Higyr = T+ Viewr. Following Holt et al. [79], we define a transformation
Z by

Zxp = |§p> and <€p|€p’> = Opp' (4.80)

where the Kronecker delta normalization implies the discretization procedure of the

previous section has been carried out. The hermitian low-momentum interaction is
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Figure 4.11: Diagonal matrix elements Vioy 1 (k, k) for A = 2fm ™", derived from the
N3LO chiral potential of reference [26] with a sharp and two smooth regulators.

then given by

Vlowk = ZHlowk Z_l -T. (481)

There is not a unique choice for the transformation Z, which is a reflection of
the general freedom in low-energy effective theories. In reference [79], it was shown
how several common hermitization methods correspond to different choices for Z.
For example, within the Lee-Suzuki framework [80, 81] for deriving effective interac-
tions (which implies a sharp cutoff corresponding to orthogonal PQ = 0 projection

operators), the eigenstates of the non-hermitian Vi obey
(Xp|P + wTw|Xp/> = Opypr (4.82)

where w = QwP is the wave operator that parameterizes the Lee-Suzuki decoupling

transformation. Identifying Z7Z = P + wiw defines a class of valid transformations
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for Z. For example, setting Z = v/P + wfw corresponds to the hermitization proce-
dure of Okubo [82] and Okamoto and Suzuki [83]. Alternatively, one can perform a
Cholesky factorization of the symmetric and positive-definite operator LLT = P+wiw,
where L is the lower-triangular Cholesky matrix. Then, Z = LT corresponds to the
hermitization method of Andreozzi [84]. Another method discussed by Holt et al.
is a Gram-Schmidt orthogonalization to construct the set of {|{,)} directly from
{Ixp)}- This allows Z to be calculated directly from equation (4.80). Even within the
Gram-Schmidt method, Z is not unique, due to the freedom in choosing the starting
vector. All hermitization methods result in low-momentum interactions V. that
preserve the low-momentum fully-on-shell Ty matrix, up to factors of the regulator
function Tiowx(k, k; k%) = f2(k) Tan(k, k; k%), and the deuteron binding energy. The
corresponding three-body interactions will differ, however, as discussed below.

The Gram-Schmidt method can be applied directly to the smooth-cutoff Vigy k.

As in reference [79], the orthogonal basis {|,)} is constructed via

&1) = Zulxa)
&2) = Zalxa) + Z2lxz) (4.83)

&3) = Zsi|x1) + Zsa|x2) + Zss|xs)

where the Z,, are determined sequentially so that ({)|,) = J,y. We have chosen
to take the eigenstate of H,,; with lowest energy as the starting vector, although
any other linear combination could have been used. In practice, the modified Gram-
Schmidt algorithm with re-orthogonalization of reference [85] is utilized to guard
against round-off errors. The transformation Z corresponding to the Gram-Schmidt
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hermitization is then given by

Z = Z &) (Xl and Z7t= Z 1Xp) (&l - (4.84)

In contrast to the Gram-Schmidt method, the other hermitization schemes are
formulated in terms of the Lee-Suzuki wave-operator w, which apparently relies on
the use of orthogonal projection operators P() = 0 corresponding to sharp cutoffs.
In order to generalize the Okubo and Andreozzi hermitization schemes to smooth
cutoffs, it is necessary to eliminate all references to w. This is easily done by noting
that the bi-orthogonal complement vectors are defined through (X, | xp) = 6,y. For
a sharp cutoff, equation (4.79) implies |X,) = (P + wiw)|x,), and thus

Ptolo=3Y" %) (%l (4.85)

p

For smooth cutoffs, the obvious generalization is to construct the operator »_  [X,) (X,|

and decompose it as

212 =" %) (%l - (4.86)

p

As for sharp cutoffs, the generalized Okubo transformation corresponds to Z =

Zp IXp) (Xp|, where the square root is taken in the eigenbasis of the positive-definite
operator ) [Xp) (Xp|- Similarly, the Andreozzi hermitization can be obtained from
performing the appropriate Cholesky decomposition.

Before we conclude this section we will present some results for smooth Vigy . The
bare potential Vyx used here are the chiral N*LO potentials [26, 27]. Using this as
the starting point, we evolve to lower cut-offs and hence determine the corresponding
low-momentum energy-independent hermitian potential, Vi . We will use the three

step method for the results presented here as this yields better numerical stability
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and have greater efficiency compared to the energy-independent procedure discussed
in section (4.2.1).

Figure (4.11) shows the diagonal matrix elements Vi x(k, k) for a cut-off A =
2.0fm™" for the chiral N3LO potential of reference [26, 27]. We clearly see the effect
of the sharp and smooth regulators. These differences are small in those partial
wave channels where the potential is close to zero for momenta close to the cut-off.
But in channels where the potential is non-zero for these momenta, the differences
become significant as can be seen in the case of 3D, channel. We can particularly
see cusp-like behavior with sharp regulator, which is the result of reproducing the
phase shifts up to the cut-off A. The existence of sharp regulator artifacts is not a
problem in principle, as the potential is not an observable, but in practice it can lead
to convergence problems at the 10-100keV level in the deuteron and triton.

As the momentum space cut-off A is lowered from its bare value, the intermedi-
ate states lying above the cut-off are integrated out. Therefore lowering the cut-off
A ~ 2.0fm™" leaves mostly the long-range pion exchange in the interaction potential.
Therefore we expect the corresponding low-momentum potentials Vi, to be quite
similar. This result in seen in figure (4.12) for the chiral N3LO potentials [26, 27].
As the cut-off is lowered from a starting value of A = 3.0fm ™" down to A = 1.5fm ™,
the low-momentum potentials corresponding to different chiral potentials are close
but not identical. The differences are similar to the differences in the corresponding
short-range three-body interactions.

Low-momentum potentials are phase-shift-equivalent potentials. In figure (4.9),
we saw the distortion in the bare phase shifts. Vi, running causes further distortion

(due to accumulation of numerical errors). The numerical errors can come from the
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regulator used, the hermitization scheme, etc. This is documented in figure (4.13) for
the 1Sy channel, where we plot the absolute error in reproducing the distorted phase
shifts of figure (4.9). Notice that the numerical errors associated with Vjoy ; running
is small. That is one of the key motivations to use the three-step method instead of
the energy-indepedent RG (4.2.1). We can also conclude that Okubo hermitization
yields stable results compared to Gram-Schmidt or Cholesky methods. Also a smooth
cut-off works better than a sharp one at higher energies (close to the cut-off). We
use the Okubo hermitization in the following unless otherwise specified. For fixed
hermitization but different regulators, we have found that relatively smooth cutoffs
(e.g., erp = 0.5fm™") achieve 10~* degree accuracy with a moderate (of order 50)
Gauss points, but sharper cutoffs (e.g., epp = 0.2fm™") have errors for energies above
Elp, = 200 MeV that can grow as large as 107! degrees. Greater accuracy can be

obtained with a more carefully prescribed distribution of points.*

4.3 Effect of Regulators on Few-body systems

Next we will switch gears and see how the choice of regulators affect properties
of few body system. We will be considering the deuteron for the most part but also
show some results for the triton (binding energy). The deuteron wave function in

momentum space is obtained by directly diagonalizing the hamiltonian:

[T + V]| Ta) = E|T,). (4.87)

'We note that the present scheme occasionally and unsystematically leads to numerical “glitches”
in the low-momentum interaction, particularly for cutoffs close to the bare cutoff. These are mani-
fested as discontinuities in the potential and are signaled by large discrepancies in calculated matrix
elements. We have found that adjusting the momentum grid removes the glitches, but we do not
yet have a preventive fix.

79



Working in the momentum space, in the partial wave basis equation (4.87) becomes:

T(k)Wq(k) + % /0 h dqV (k,q) |[W4(q) = EV4(k). (4.88)

where V(k,q) represents a generic 3S) potential. Notice that the integral is usually
cut-off at some value A’ where A’ = Ay for bare potential and A’ = A for Vigwi
potential. Since the deuteron in an admixture of 3S; —3 D, states, the wave function

has 2 components:

(k) = ( @(k)) ) (4.89)

and the wave function is normalized such that:

/OOO E*dk [[a(k)|* + |w(k)[}] = 1. (4.90)

The position space wave function [87] is given by:

w60 = "Dy 6.0) + "y 0.0), (1.91)
where
Viis(0,0) = > (J,M|L,my; S, ms)Yr(0,6)|S, ms) (4.92)

are the spin-spherical harmonics. The reduced wave functions correspond to the S

and D waves respectively and are normalized as:

/000 dr [Ju(r)|* + |w(r))?] = 1. (4.93)

The position and momentum space wave functions are related by the following fourier

transforms:

u(p) = /Ooou(r)jo(r)rdr, (4.94)
w(p) = —/Ooow(r)ﬁ(r)rdr, (4.95)
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where j,(r) are the spherical bessel functions.

The figure (4.14) shows the deuteron wave function in momentum space for the
chiral N3LO [26] and the corresponding Vioyx derived using sharp and smooth reg-
ulators for two different cut-offs of A = 2.0fm™', 1.5fm™'. The corresponding r
space wave functions are given in figure (4.15). In momentum space, we notice that
sharp regulators lead to cusp-like structures in the wave function below a cut-off of
A = 2.0fm™", while this is eliminated by the smooth regulator. The influence of the
regulator on the position space wave function is seen in the form of smaller amplitudes
for large distance oscillations with increasing smoothing (for the S wave component
this is visible only under further magnification). We also observe that the “wound”
in the coordinate space wave function is removed by lowering the cut-off as seen in
figure (4.16). This features implies smearing of the repulsive core and as a result the
calculations in few- and many-body systems become more tractable [37, 38, 39].

Figure (4.17) shows the binding energy, D state probability and the asymptotic
ratio as a function of the cut-off A for the Argonne vig3 potential [31] on the left
and the chiral N3LO [26] on the right. We have used the exponential regulator with
Nexp = 8 for the Argonne potential and ny, = 6 for the chiral potential. The D-state

probability Pp is defined as:

Py = /0 " ()] = / " ARk (@ (k)2 (4.96)

0

The cut-off dependence of the D-state probability implies that it is not an observable.
It evolves with the short-range part of the tensor force. Therefore as the cut-off is
lowered, the tensor force is softened, and as a result D-state probability decreases.
This running is very important as it signals the decrease in the correlation of the
many-body wave function. On the other hand the asymptotic D/S ratio ny and

81



the deuteron binding energy E, are observables and hence cut-off independent (up
to numerical tolerance and are indicated on the right axis in figure (4.17)). The
binding energy are the eigenvalues obtained by diagonalizing equation (4.88). For
the asymptotic D/S ratio, we calculate the ratio —% for positive energies (on
a gaussian mesh) and then using a near-linear extrapolation to the deuteron pole
k? = —m£E,. Therefore we see that Vigwr preserves all observable properties of the
deuteron.

Matrix elements of operators which are dominated by long-distance scales larger
than the inverse of the cut-off will be predominately cut-off independent. We will ex-

1
amine the evolution of the quadrupole moment ()4, rms radius r; and the — operator.
r

The relevant formulas are [8§]

Qu=1g [ drru() (VBulr) = w(r)
_ _21_0 Ooodk: {J@ <k2 dﬂd(k@ %ﬁf) + 3k w(k)dz(kk))
+ K2 (%](f)) 2 +6 w(kﬂ , (4.97)
=g [ /0 Tdre? (ulr) + w(r)z)] -

SR (C IR )

(W) = [ ar Lt + ey, (4.99)

and

We note that the momentum-space expressions for ()4 and r4 show that these are

only well-defined for a smooth cutoff [8§].
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Figure (4.18) shows the running of the expectation value of the quadrupole mo-
ment operator, for different regulators and hermitization schemes,; while figures (4.19)
and (4.20) show the running of the expectation value of the operators r4 and (1/r).
These operators are dominated by the long-distance scales and hence are mostly cut-
off independent. We emphasize for instance in the case of the quadrupole moment,
the experimentally measured value is obtained only if the bare operator is also evolved
so as to get a corresponding low-momentum operator. Similar observations hold for
the operators r4 and (1/r).

The key motivation to explore the smooth regulator was the issue of slow conver-
gence in few-body observables. Figure (4.21) shows the relative error in a variational
calculation of the deuteron binding energy compared to the converged results as a
function of the size of the oscillator space. We clearly see that going from a sharp
to a smooth regulator which yields smaller relative error at the cost of considerably
distorting the phase shifts for momenta close to the cut-off. Similar trends are seen in
figure (4.22) where increasing the smoothness of the regulator improves convergence.
In fact we see that the binding energy of the triton converges for small oscillator
space Npq: = 20 for the exponential regulator with ne, = 4 and the Fermi-Dirac
regulator epp = 0.5fm™". The differences between the converged results for triton is
a measure of the differences in the short-range three-body force with different reg-
ulators. Although it is possible to reproduce the experimental value of the triton
binding energy using just the two-body force, the total three-body contribution does
not vanish. We close this section emphasizing the need for simultaneous running of

the two- and three-body interactions.
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Figure 4.12: The “collapse” of Viewj interactions derived from N3LO chiral potentials
with a Fermi-Dirac regulator(epp = 0.5 fm™") as the cutoff is lowered in the 'Sy and
3S, channels. The diagonal matrix elements Viewk (k, k) are shown, but we find similar
results for the off-diagonal matrix elements. The different lines correspond to different
starting potentials with the corresponding cutoffs, A [26] or A/A [27], in MeV given
in the legends. A is the spectral function cutoff [27].
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CHAPTER 5

CONVERGENCE OF LOW MOMENTUM BORN-SERIES

The first step towards building a microscopic theory for finite nuclei is to have
a nucleon-nucleon interaction which is appropriate for nuclear physics at low and
intermediate energies. In the previous chapters we had gone through in detail the
construction of the renormalization group based low-momentum potentials Vi, . Let
us recall that these potentials are non-local, soft potentials. Our claim earlier was
that the smearing of the short-distance physics by renormalization group running
leads to convergence in smaller model spaces in many-body calculations. Therefore
using Viewr as input makes many-body calculations more tractable. In this chapter
we will investigate the simplifications introduced by these RG based potentials in the
context of the convergence of the Born series in free space and in medium. Recent
work [37] using Viow x shows that the ground-state energy of symmetric nuclear matter
is perturbative in the particle-particle channel and that saturation is brought about
by the three-body force, contrary to conventional wisdom, where saturation is due to
the tensor force. We will quantify these ideas of perturbativeness using the eigenvalue
approach due to Weinberg [41]. A spin-off of the Weinberg eigenvalue analysis is the
separable approximation [41, 52] to the nucleon-nucleon interaction, which will be
addressed towards the close of this chapter. We start our discussions with a quick
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review of symmetric nuclear matter [56, 57, 58| as a simple starting point for many-

body calculation.

5.1 Nuclear Matter

Nuclear matter is a hypothetical system of equal numbers of neutrons and protons
which fill all space at a uniform density. This system offers several simplification
compared to evaluating properties of finite nuclei. If we are interested in the bulk
properties such as energy per particle E for A nucleons (/N neutrons and Z protons),

A

then this is given by the semi-empirical Weizsdacker Mass formula:
E 1 9 14 2 41—2 _T
1= —ay + agA2 + a3 Z° A7 +ag(A—22)°A7° + dasA™ 4 (5.1)

The first term is the volume term, the second term is the binding energy lost because
of surface tension, the third term is the Coulomb energy, the fourth is the symmetry
energy and the last term is the pairing energy where the parameter \ takes values
{+1,0,—1} depending on odd-odd, even-odd and even-even nuclei. For symmetric
nuclear matter, we let A — 00, so that the surface term drops out and the volume
term dominates; the symmetry energy term has no contribution as we have equal

number of neutrons and protons; we also neglect the coulomb effect, so that
E
i —15.7MeV (5.2)

The particle density in nuclear matter is py ~ 0.17fm™>. Since energy and particle

density are both independent of the number of nucleons A, nuclear forces saturate
E

at the equilibrium density po. This implies that a plot of ~{ versus density p has a

E
minimum for p = py and this corresponds to — ~ —15.7MeV. So a good check for

A
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the nucleon-nucleon interaction potentials would be their ability to reproduce these
empirical estimates.
A microscopic calculation of bulk properties of nuclear matter starts with the

many-body hamiltonian,

A A
H=> T+ v+ =H+H. (5.3)
i=1

i<j
Here A is the number of nucleons, Tj, the kinetic energy of the i*" particle and v;;
is the interaction energy between the i* and j* particles. Typically we will expect
higher-body forces to contribute. But for the present discussion we will just consider
two-body forces. Let |¢)) be the ground state of the interacting system, then we are

seeking a solution to the following eigenvalue problem,

HIy) = E[y). (5-4)

Let |®g) be the non-interacting ground state, that is an eigenstate of Hy = T =
>0 T;. This can be written as a direct product of single-particle eigenfunctions |¢;),

which are antisymmetrized for this system of fermions as follows:

1
|®o) = EA(MM 2+ |pa))- (5.5)

where A is the antisymetry operator. This non-interacting ground state corresponds
to a filled fermi sea and the excited states are above the fermi sea.

Using the standard many-body machinery [56], the ground state energy E can be
expanded as follows:

1
E — Hy

E = EO + <(I)O|Hl Z( Hl)n|(1>0>connected (56)
n=0

so that the effect of the interaction, H; =V = 23 v;5, can be taken into account order
by order in the perturbation theory. The above expansion can be diagrammatically
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Figure 5.1: First and second-order Goldstone diagrams for £ — Ej for uniform fermi
system

represented as shown in figure (5.1). Note that only connected diagrams contribute
(Goldstone’s Theorem). Each diagram can be interpreted as follows: starting with a

filled fermi sea, the interaction creates two particle-hole pairs, which propagate. This

1
is given by the corresponding two particle Green’s function 2 These paticle-

— Hy
hole pairs can either scatter back into the fermi sea or create more particle-hole pairs

through the interaction V. These diagrams therefore give the change in the ground

state energy due to the interaction order-by-order in the perturbation theory.

5.2 Convergence of Born series and the Reaction Matrix

The above expansion (equation (5.6)), cannot be used in its present form for
nuclear calculations, as the nucleon-nucleon interaction potentials conventionally have

the following sources of non-perturbative physics:
1. Strong short-range repulsion.

2. Iterated tensor force from the one-pion exchange.
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Figure 5.2: G resummation: Notice that all the ladder diagrams are summed to all
orders to result in the G

3. Shallow bound states present in the S channel.

As a result the expansion in equation (5.6) does not converge.

The way around it is a partial resummation of several terms, which results in
replacing the potential V' by the Brueckner’s reaction matrix, usually called the G
matrix. The procedure followed for nuclei is analogous to resummations introduced
for the nucleon-nucleon scattering in free space, the (7") matrix, which is equivalent
to solving the two-particle Schrédinger equation. In-medium, the calculation of G
matrix is equivalent to solving Schrédinger equation for two-body scattering in the
presence of other particles.

Figure (5.2) serves to illustrate this method. The wiggly lines stand for the G

summation:

Q Q

Q
v v
e_m,’ tVE

—Hy, E—H,
Q
E — H,

G=V+V

Vo (5.7)

G=V+V

G (5.8)

where () is the Pauli-blocking operator, which restricts intermediate states to be above

the Fermi sea. In the partial-wave basis, in momentum space, the G matrix equation
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r

Figure 5.3: Schematic of integration region: () operator present in the G equation
restricts the intermediate states according Pauli exclusion principle.

is as follows:

2

WG(p, k; E) (5.9)
The integration region is shown in figure (5.3). Scattering from region F to the region
[ is allowed due to the Pauli exclusion principle. The equation (5.7) is an analogous
expression for the Born series expansion of the T matrix in free-space. We will refer to
this expansion as the “in-medium Born series”. Writing equation (5.7) in the partial

wave basis in momentum space, we get the following expression for the in-medium

Born series:

2 [ k
G.kB) = VI + 2 [T pa ) L v
i =
2 > 2 2 - 2 I Q(pv kF) Q(Q7 kF)
w2 [t [ v SV . S g
N (5.10)
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The corresponding equation in free-space is:

2 [o¢]
T k:E) = V(K. k) += 2dpV (K, p) ——V (p. k
FE) = VIR +2 [ RV p) =V )
2 [, 2 [, , 1 1
= dp= dqV (K, p)=———V (p, Q) =——V (¢, k
+ 7T/0 p pﬁ/o q-dgV'( ,p)E_pg (p,q)E_q2 (g, k)
4o (5.11)

Note that in free-space there is no Pauli-blocking so the intermediate states have
all momenta available (compare equations (5.10) and (5.11)). We will re-examine
the issue of the convergence of the Born series by comparing the first two terms in

free-space and in-medium for Awvg (refered to as Viy in the figure (5.4)) and Vigy k-

- ; 05F ;
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2 12 E
3 - i é r I
; C 7: (>D C ]
(>D 15 E — V=V, (Argonnev ) 3 3. ; é
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Figure 5.4: First and second term of T'(k,k’;k?) in momentum space for the S
channel. Notice for the Argonne Potential that the second term is bigger than the
first in free space and this trend remains the same in-medium. On the other hand
with corresponding Vi, the second term is smaller than the first for all k£ in free
space and gets significantly smaller in-medium.

Figure (5.4) shows the momentum space matrix elements for the first two terms
in the 7" matrix equation for the Awv;g potential (left panel). We see that the second
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term is bigger than the first for all £ values and this trend does not change in-
medium in spite of the Pauli-Blocking. On the other hand a similar plot using the
corresponding Viw x(K', k) at A of 2.1 fm ™!, we see that the second term is smaller than
the first for all k, this difference being the least for k close to the origin, which can
be linked to the presence of shallow bound states (right panel). Therefore the non-
perturbative physics which enters through the short-range repulsion and the iterated
tensor force are scale dependent. Evolving the potential to lower cut-offs softens these
contributions. But shallow bound states which are physical observables in free space
are cut-off independent. The figure also shows the in-medium terms. We see that at
finite density the third contribution of non-perturbative physics, namely the presence
of shallow bound state is eliminated due to Pauli blocking.

We can understand the in-medium results by examining the integration region,
which represents the available intermediate states. When Vig, (K, k) is used as input

instead of the bare potential Vyn, the G matrix equation (5.10) gets modified as

follows:
, 2 A , k
G(k/7k7E> == ‘/lowk(kak)+_/ p2dp‘/lowk(k7p>62(p72)‘/lowk(pak>
T Jr E—p
2 (*, 2 [h Q(p, kr) Q(q, kr)
— dp— 2dqViow k (K, D)~ Viow k (D, @) 5" Viow k (¢, k
+ 7T/Fp pﬂ/F 7" dqViow r( ,p)E_p2% k(pQ>E_q2V1 k(a0 k)
+ ... (5.12)

The figure (5.5) shows a schematic of the available intermediate states. As before,
scattering is allowed from the region F to the the region I'. But notice that the region
I" now has an upper bound at the cut-off A (compare figure (5.3)). This sort of cut-off
is true even for conventional potentials (usually some Ag), but those values are very

high (for Avig, Ag ~ 30fm™"). The typical cut-off for Vigy is around 2.0 — 2.1 fm ™"
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Figure 5.5: Schematic of integration region: () operator present in the G equation
restricts the intermediate states according Pauli exclusion principle. Note that using
Viewr restricts allows intermediate state up to the cut-off A, apart from the lower
bound due to Pauli blocking.

Therefore lowering the cut-off limits the intermediate states available for scattering.
Therefore, from these phase space arguments and the fact that Vi, are soft poten-
tials it is not surprising that the Born series expansion given by equation (5.12) is

convergent when Vi, is used as input.

5.3 Weinberg Eigenvalue Analysis

We would like to quantify the above observation. This is done by examining
the eigenvalue spectrum of the operator Go(z)V [41]. We will closely follow the
analysis presented in reference [41, 52] and extend it to the RG based low-momentum

potentials Vi, . Independent of the choice of basis, T" matrix equation at energy z:

T(2) =V + VGo(2)T(2) (5.13)
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The above can be expanded to obtain a series in V' (Born Series).

T(2) =V + VGo(2)V + VGo(2)VGo(2)V + - - - (5.14)

Let us assume that V' supports a bound state at z = Ej, < 0. Therefore T'(z) has a

1 1
pole at z = Ej, while the individual terms of the above series: V' By — I V B, — M, Vi

are all finite. Therefore the only way 7'(z) will have a pole at z = E}, is if the series

diverges as z — F.
Let us now investigate how the above series behaves in the neighborhood of z =

E, < 0 and at positive energies. Look at the eigenvalue problem for the bound state:

(Ho + V)|b) = Ey[b) (5.15)
= 1) = 57 V) (5.16)
= |b) = Go(Ey)V|b) (5.17)

Consider the following generalization:
m(2)|Wy) = Go(2)V[Vy) (5.18)

Here the index v labels the Weinberg eigenvalues (which are always discrete [41, 52])
and eigenvectors.
Clearly if |¥,) = |b) then 7,(2) = 1. A rearrangement of equation (5.18) gives a

simple interpretation of the eigenvalues 7, (z) in terms of the Schrédinger equation,

1
(Ho + D V) 10,(2)) = 2|9, (2)). (5.19)

The eigenvalue 7, (z) can thus be viewed as an energy-dependent coupling that must

divide V' to produce a solution to the Schrodinger equation at energy z. We also
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notice that if V' is an attractive potential, then a value of 0 < 7,(2) < 1 makes

Vv . o
the T potential stronger, thereby resulting in a bound state at z = —|E| for the
(2
potential ) As a result, what matters for convergence at a given energy z is
iz

not simply the presence of nearby physical bound states, but rather the entire set
of eigenstates that can be shifted to z when the interaction is divided by 7,(z). For
negative energies, a purely attractive V' gives positive 7,(z) values, while a purely
repulsive V' gives negative eigenvalues, as the sign of the interaction must be flipped
to support a bound state. For this reason, we follow convention and refer to negative
eigenvalues as repulsive and positive ones as attractive.

In the case of conventional nuclear interactions, the repulsive core generates at
least one large and negative eigenvalue that causes the Born series to diverge in the low
partial waves. When z is positive, the eigenvalues 7, (z) are complex, but still discrete.
In fact the eigenvalues are analytic functions cut along 0 < z < oo [52]. Weinberg also
showed that there are at most a finite number of eigenvalues with magnitudes greater
than unity [41] for any energy z. This is used in Weinberg’s “quasiparticle” method
to systematically isolate the nonperturbative parts of the potential in separable form.
For positive energies, the eigenvalues are defined as the limits on the upper or lower

edges of the cut:
lim Go(E + i) VWP (B)) = nfP (B) U9 (E)) . (5.20)

In the following, it is understood that for positive energy n,(E) = 771(,+)(E). The
eigenvalues vary continuously with energy, so they can be plotted as trajectories in
the complex plane, as in figures (5.6) and (5.7). Let us see how the spectrum of this

kernel is related to the convergence of the series expansion of 7" in terms of V.
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Consider:
T()|V,(2)) = (V+VGo(2)V +--)|¥,(2)). (5.21)

Using equation (5.18):
T()Wu(2)) = (V+Vi(z) +--)[W,(2)) (5.22)

= T(2)|0,(2)) = (VI ()1 + () +15(2) +---). (5.23)

The above sum diverges if |n,(z)| > 1. Now any scattering state |¥) can be
written as a linear combination of |¥,(2)). So the expansion for 7" in terms of V'
will converge only if all the 7,’s lie within the unit circle. Therefore for each energy,
the overall largest eigenvalue determines whether or not the Born series converges at
that energy. But by considering attractive and repulsive eigenvalues separately we

can isolate the contributions of different sources of nonperturbative behavior.
5.3.1 Weinberg eigenvalue and Vi

We will now apply the above formalism to Vigy . [42] in order quantify the conver-
gence of the Born series in free space and in-medium. First we will discuss the free
space results. Here we calculate the Weinberg eigenvalues in different partial waves
as a function of energy for Vi, over a wide range of cutoffs. Working in the partial

wave basis, in momentum space, the eigenvalue equation (5.18) is given by

A

2 [ wan =T ) ) (eGP). G2
0

We solve equation (5.24) by converting it to a left-eigenvalue problem, where we

integrate over the singularity using 1/(x + i€) = P/x —imd(z). Alternatively, we can

solve the complex right-eigenvalue problem for VGy(2) [V|V,(2))] = n.(2) [V|V,(2))],

which has the same spectrum as Go(z)V and integrates over the singularity directly.
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Figure 5.6: Largest repulsive eigenvalues in complex 1 plane for 1Sy channel. The
solid points on the R en axis represents Fon = 0MeV for A = 10fm ™!, 7fm™*, 5fm ™,
4fm™", 3fm~" and 2fm ™! repectively starting from the left. Notice that decreasing
the cut-off decreases the magnitude of the eigenvalues.

We see in figure (5.6) the largest repulsive eigenvalues for the 1Sy channel in the
complex n plane for the Avg potential. The shaded area represents the unit circle.
The solid points on the real axis are at F.,, = 0 MeV. As the energy becomes positive
the eigenvalues are complex. We see that the magnitude of the repulsive eigenvalues

decrease as the cut-off is lowered from 10fm~" down to 2fm™!.

At large values of
the cut-off the short distance repulsion dominates the eigenvalue spectrum which is
indicated by large repulsive eigenvalues. As the cut-off is lowered, the short-distance
repulsion is softened resulting in significant decreases in the magnitude of the repulsive

eigenvalues. Smaller eigenvalues imply better convergence of the Born Series for the

T matrix in free space.
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Figure 5.7: Largest repulsive eigenvalues in complex n plane for 3S; channel. The
solid points on the R e 7 axis represents E, = 0MeV for A = 10fm™", 7fm ™", 5fm ™!,
4fmi, 3fm~! and 2fm ™! repectively starting from the left. Notice that decreasing the
cut-off decreases the magnitude of the eigenvalues.

Next we study the largest repulsive eigenvalues for the S, —2 D; coupled channel
in figure (5.7). Again we note that lowering the cut-off decreases the magnitude of
the eigenvalues. But we see that the rate of convergence in the 3S; —2 D; channel is
less compared to the 1Sy channel (figure (5.6)). This difference can be attributed to
the presence of the repulsive tensor force in the coupled channel in addition to the
short-range repulsion at large values of A. Once again lowering the cut-off softens
the tensor and the short-distance contribution and the eigenvalues are well within the
unit circle.

The figure (5.8) shows the largest attractive eigenvalues for the S waves. Notice

that the eigenvalues are all bunched around 1 and they do not change significantly
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Figure 5.8: Largest attractive eigenvalues in complex 7 plane for 1S, and 2S; chan-
nel. Notice that the eigenvalues are all close to 1, indicating the presence of nearly
bound state in the 1Sy channel and shallow bound state in the ®S; channel, which is
independent of the scale of resolution (cut-off).

with the cut-off. This clearly agrees with the fact that the shallow bound states
are physical observables and should be independent of the resolution scale. However
Pauli blocking in-medium does not allow the formation of bound states, and therefore
the shallow bound states are density-dependent sources of non-perturbative physics.
From these discussions we clearly see the advantages of lowering the cut-off for re-
alistic nucleon-nucleon potentials and using the corresponding Vi, in calculations.
It has been shown that these low-momentum renormalization group based potentials
in many-body calculations are perturbative in the particle-particle channel perturba-
tive [37]. Since the sources of non-perturbative physics are tamed, the wave functions
(example: deuteron) are less correlated and as a result simple variational approaches
to determine the binding energy of few-body systems, such as the deuteron and triton,

yield good results [38, 39].
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Figure 5.9: Largest repulsive eigenvalues in complex 7 plane for 1S, and 35, channel
for CD-Bonn and Nijmegen I potentials.

Weinberg eigenvalues for other high-precision potentials (results shown for CD-
Bonn and Nijmegen I) also exhibit similar behavior as can be seen in figure (5.9).

Studying the variation of Weinberg eigenvalues as a function of the cut-off A serves
as a diagnostic for understanding the scale dependence of the underlying physics.
Figure (5.10) shows the largest repsulsive eigenvalues as a function of the cut-off A for
different partial waves for center of mass energies 0 MeV, 50 MeV and 100 MeV. One
observes that lowering the cut-off decreases the magnitude of the repulsive eigenvalues.

Different partial waves show different dependence on the cut-off. As noted before,
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Figure 5.10: Largest repulsive eigenvalues as a function of the cut-off A for various
partial waves for the Awvig potential.

the differences between the 'S, and the 3S; —2 D; channel can be attributed to the
presence of a repulsive tensor force in the latter in addition to the short-distance
repulsion. Similarly we can explain the differences in the 3P, and 3P, channels. The
tensor force is attractive in 3Py channel and repulsive in 3P, channel [53]. As a
result the repulsive eigenvalues are significant at low values of the cut-off for the 3P
partial wave while the attractive eigenvalues are significant for the 3P, partial wave
(figure (5.11)). In fact this holds in higher partial waves channels where the tensor
force is active, but the centrifugal barrier decreases the manifestation of this effect
as can be seen from figures (5.10) and (5.11). We also notice that the attractive

eigenvalues vary much less compared to the repulsive eigenvalues as the cut-off is
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Figure 5.11: Largest attractive eigenvalues as a function of the cut-off A for various
partial waves for the Avg potential.

lowered. The repulsive parts of the potential probe the short-distance region, thereby
coupling the low- and high-momentum modes; as a result, lowering the resolution
scale changes these parts drastically, which is manifested as a stronger running of
repulsive eigenvalues compared to the attractive eigenvalues.

Chiral EFT potentials typically have a cut-off ~ 3.5fm™" imposed and are ex-
pected to be soft potentials. The figures (5.12), and (5.13) shows the repulsive eigen-
values for the chiral potentials at center of mass energy E., = 0MeV. The N3*LO
potential of Machleidt et al.. [26] has large eigenvalues in both the S waves, which
are comparable to the Vi, results of the Awvig potential at A = 4.0fm~!. Notice
that the chiral potential of Epelbaum et al.. [27] also shows large eigenvalues in these

channels. Apart from the tensor contributions, the potential [27] of Epelbaum et al.
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Figure 5.12: Largest repulsive eigenvalues as a function of the cut-off A for chiral
Potentials (S waves) [26, 27, 55] at E., = 0MeV. Notice around A = 3.5fm™", the
chiral potential at N3LO [27] has large eigenvalues in both the S waves, indicative
of a new source of non-perturbative physics at this order.

has a new source of non-perturbative physics which enters at this order, namely the
singular part of the two-pion exchange [13]. It is important to note, however, that
decreasing the cut-off from 3.0 fm™" down to 2.0 fm ™" decreases the magnitude of the
eigenvalues significantly even for these chiral potentials.

It is unclear why the repulsive eigenvalues of the N3LO potential of Entem and
Machleidt [26], which uses A = 500 MeV, are smaller and close to A = 450 MeV
of the N3LO potential of Epelbaum et al.. [27]. This could be due to adjustments
in [26] or due to the spectral function regularization in [27]. Figures (5.12), and (5.13)
clearly shows that it is advantageous to evolve chiral EFT interactions to lower cutoffs
using the RG, since the singular central (at N3LO) and the singular tensor parts are

softened for lower cutoffs.

108



| e NLO[I3]

L N3L0-450/500 [14]
%L0-450/700 [14]
3
3

n,(E=0)
S
T

L =N
-1.2|- N°LO-600/600 [14]
_1.4L +—<N’LO-600/700 [14]

_7\‘\‘\‘\‘\" I S N )
165 "2 25 3 35 4 15 2 25 3 35 4

A (fm™) A (fm?

Figure 5.13: The largest repulsive Weinberg eigenvalues for £ = 0 in the 'Sy channel
(left) and the 3S;-3D; coupled channel (right) as a function of cutoff for Vi, derived
from chiral interactions. Results are shown for the N®LO potential of Entem and
Machleidt [26], for the N3LO potential of Epelbaum et al.. [27] with different cutoffs
A/A (as indicated in  MeV), and for the N2LO potential [55]. For comparison, we
have plotted the largest repulsive Weinberg eigenvalues for Vi, derived from the
Argonne vg potential.

In figure (5.14), we show the largest repulsive Weinberg eigenvalues as a function of
the cutoff for selected channels for two different energy values, using the N3LO chiral
potential from reference [26], which is constructed with a cutoff of 500 MeV. Although
this is already a fairly soft potential, we still observe the characteristic decrease with
low-momentum cutoff starting as high as 3.5fm™" (rather than at 2.5fm™', as one
might naively expect). The rate of decrease is largely independent of the smoothness
of the cutoff. The differences in the Weinberg eigenvalues correspond to the differences
inherent with different regulating schemes.

So far we have addressed the issue of convergence of Born series for the 7" matrix in

free space. In medium, there is Pauli blocking which prevents the formation of bound

109



15

1 m@el 3_ 3 1
TS ] T S by TP i
1+ -+ -+ —
g | 8 | | L
= ® ©0 0988888 B
0.5\ B e + o -+ oH .
(<] °] ©® © ©0
L H (5] 1 @ e 1 69 © e i
]
0? I R T R R B S R R R
08k s 1. |15 2 25 3 35 4
LR, 1 P g " " A[fm™
. =
| [ = | _
= 08 h 8 o E, =0MeV
LL B B T Og 1 _
= 04l : B I y o oo | " Eom=150Mev
L 4 . -1
02l LB J°° © o0 49° ® | filled: g5 =0.5fm
L e 1l e | open: Sharp
© ol

L & @
15 2 25 3 35 4 15 2 25 3 35 4
A[fm™Y A[fm™Y

Figure 5.14: Repulsive Weinberg eigenvalues for the smooth regulator (Fermi-Dirac
regulator) discussed in chapter 4 with epp = 0.5fm™". The filled symbols are the
smooth regulator while the open symbols are the corresponding eigenvalues for the
sharp cut-off regulator.

state in the S channel. In figure (5.15) the attractive and repulsive eigenvalues for
various cut-off values at the deuteron pole is shown as a function of density (kg). In
free space (kp = 0fm™'), the largest attractive eigenvalue is 1 for any A, indicating
the deuteron pole. The repulsive eigenvalues show the expected cut-off dependence,
that is lowering the cut-off results in smaller eigenvalues. At finite densities, both the
attractive and the repulsive eigenvalues decrease in magnitude for all cut-offs. This
running of the attractive eigenvalues is indicative of Pauli blocking which prevents the
formation of bound state in medium. The behavior of the Weinberg eigenvalues as a
function of the cut-off A supports the results shown by Bogner et al.. that nuclear

matter calculations become perturbative in the particle-particle channel, when Vg
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Figure 5.15: In-medium eigenvalues for the 3S; channel at E; = —2.224 MeV. No-
tice that at finite densities both the attractive and repulsive eigenvalues decrease in
magnitude for all values of the cut-off [37].

is used as the two-body input [37]. Further it was shown that saturation is brought
about by the three-body forces at lower cut-offs. This is because running the cut-off
down changes the contribution from the different terms present in the interaction.
We have so far seen that it is beneficial to lower the cut-off on high precision
potentials and use the renormalization group based potentials Viyy . The Weinberg
eigenvalue analysis not only formalizes the notion of convergence of the Born series
both in free space and in-medium but also provides useful insight into the physics

which become important at different scales.
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5.4 Separable Approximations to the Nucleon-Nucleon In-
teraction

The Weinberg eigenvalue analysis leads naturally to separable approximations for
nucleon-nucleon potentials, which may be of practical interest for solving few-body
problems such as four-body scattering [62, 63]. The Weinberg eigenstates {|¥,)} can
be used as a basis for a separable representation of the potential [41, 47, 64, 65],
with various possible ways to construct such a representation. Here, we focus on the
efficacy of a given separable expansion as a function of the cutoff, and choose for
illustration the expansion in Weinberg eigenvectors at zero energy.

For E < 0, we use the following separable representation

vmf ., (B)|V
V= Z W,( N (5.25)

which is easily verified by substituting it into the eigenvalue problem, equation (5.18).
Following reference [47] we introduce a metric for the difference AT between the exact

T matrix at energy £ and a rank-n approximation 7'
[AT(BP|| = Tx [(Go(B) T(E)) Go(E)T(E)] (5.26)

For the rank-n truncation of equation (5.25), this can be easily expressed in terms of

the Weinberg eigenvalues not included in the representation

1) =T )”‘V%n_l/;xE)P‘ 21

Therefore, the minimal value and the optimal expansion follow from choosing the n
eigenvalues in order of ascending |1 — 1/7,(E)|?. This illustrates a difference between
the convergence of the separable expansion and that of the Born series (which depends

on the eigenvalues of largest magnitude rather than those closest to unity).
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Figure 5.16: Relative error in the phase shifts for Fy,;, = 100 MeV as a function of
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Figure 5.17: Relative error in the phase shifts for Ey,;, = 250 MeV as a function of
A based on separable potentials generated from the Weinberg eigenvectors at £ = 0
corresponding to the largest n = 3,5 and 10 eigenvalues.
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For practical calculations, we can apply the rank-n approximation at fixed energy
E to calculate the T matrix at all energies E’. In this case, the analysis of convergence
is no longer simply given by the eigenvalues, but we expect the general trends to carry
over. Here we choose ' = (0 and study the accuracy of observables calculated from
the eigenvectors corresponding to the n largest eigenvalues, using the representation
in equation (5.25). As the rank n increases, all eigenvalues that are not included
decrease, and thus our expansion improves. In addition, we examine how the rank-n
approximation performs as a function of the cutoff, where Vi, is evolved from the
Argonne vz potential for all results presented in this section.

In figures (5.16) and (5.17), the convergence of our truncation is shown by the

relative error in the calculated phase shifts for Ey,, = 100 MeV and 250 MeV (which

114



typify the full range of energies). Our results demonstrate that using a rank-n sep-
arable approximation at the particular energy £ = 0MeV does reproduce phase
shifts reasonably well for £’ # E. Except in a few cases, the convergence improves
monotonically as more terms are included in the separable approximation and, for
a particular rank-n approximation, lower cutoffs yield better convergence. As ex-
pected, we observe that the convergence is slower in low partial waves where the
tensor force is active (3S; and ®Dy) in figure (5.16) and (5.17). Equation (5.27) im-
plies that the fall-off of Weinberg eigenvalues should be tied to the rate of convergence.
This is consistent with figure (5.18), which shows this fall-off in the 'Sy channel for
Erp = 100 MeV.

In this chapter we have used Weinberg eigenvalues as a diagnostic to investigate
the issue of convergence of the Born series. We see that the eigenvalues decrease in
magnitude as the cut-off A is lowered. In medium there is an important source of
non-perturbative physics which occurs close to the fermi surface, namely the pairing
instability. We will investigate the behavior of the eigenvalues close to the fermi
surface in the following chapter and as we shall see, this leads to a good estimation

of the pairing gap.
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CHAPTER 6

CONVERGENCE OF IN-MEDIUM BORN-SERIES AND
PAIRING IN NEUTRON MATTER

In the previous chapter we saw that lowering the cut-off A brought about sig-
nificant decreases in the magnitude of the Weinberg eigenvalues in free space and
in-medium, which indicate improved convergence of the respective Born-series. But
close to the Fermi surface, we expect the non-interacting ground state of a filled
Fermi sea to be unstable to the formation of Cooper pairs when we turn on the inter-
action. This feature should be reflected in the in-medium Weinberg eigenvalues. In
this chapter we will further investigate the in-medium eigenvalues for energies close
to the Fermi surface. We explore the link between the convergence of in-medium
Born-series and the pairing instability using the machinery of Weinberg eigenvalue

analysis [41, 66]. As we shall see such an investigation gives a good estimate of the

pairing gap.

6.1 Cooper Instability

In this section we will review a simple model due to Cooper, showing that an
attractive interaction between two fermions in the Fermi sea leads to the formation

of a bound pair [56]. The non-interacting ground state (filled Fermi sea) becomes
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unstable and a finite gap opens up in the single-particle excitation spectrum. Consider
two fermions in the Fermi sea interacting though a potential AV (1, x2), where the
magnitude of A controls the strength of the potential. The sign of A determines
whether the potential is attractive or repulsive. Here we start our discussion in
position space, though we will Fourier transform and work in momentum space. The

Schrodinger equation is given by:
T3+ T + AV (1,2)][0(1,2)) = Elu(1,2)) (6.1)

where V'(1,2) is the short-hand notation for the two-particle potential V(zy, z2) and
|1(1,2)) is the two-particle wave function. Let {|¢,(1,2))} be the basis of eigenstates
of Hy =T\ + T, with eigenvalues F,. Then [1(1,2)) can be expanded in this basis as

follows:

¥(1,2)) = ch|¢n(172)>a
= aldn(1.2) + X calén(1.2). 62)

n#0

For convenience, choose ¢ = 1 = (¢o(1,2)]1(1,2)) = 1, which sets the normalization

for |¢(1,2)). Using equation (6.2), the Schrodinger equation (6.1) can be written as,

(n(1,2)|[Ho + AV (1,2)]|4(1, 2)) = E{on(1,2)[¢(1,2)). (6.3)

Equation (6.3) gives the following two-particle wave function,

[4(1,2)) = [¢o(1,2)) + > 6n(1,2))

n#0

o p oLV, (64)

(90(1,2)[AV (1, 2)|9(1, 2))

(601 2[(1,2)) = e -1 (65
From equation (6.5) we get:
E — Ey = (¢o(1, 2)[AV (1, 2)[9(1, 2)). (6.6)
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If the system is confined to a large box of volume V', then the unperturbed wave

functions are the plane waves with periodic boundary conditions:

1 zkl X1 1

W

Next we incorporate the many-body aspect of the problem by restricting the sum

$(1,2) = ka2, (6.7)

over the intermediate states to lie above the filled Fermi sea. That is,

Z > (6.8)

ki1,k2>kp

Working in the center of mass coordinates defined as

k; +k
p - Stk (6.9)
2
k = k — ko, (6.10)
k
k

where P is the center of mass momentum, k is the relative momentum, the two-body

wave function given by equation (6.2) can be written in the plane wave basis as

¥(1,2) + ) el _2E 7o (@(L 2V, 2)[e(1,2)). (6.13)
a>kp
h2 2 h,2P2 h2 2
Here F = — + is the energy of the pair and Eq = 29 s the single particle
m m 2m

energy of the intermediate state. Converting the sum in equation (6.13) to an integral,

the solution to the Schrodinger equation takes the form:

P(1,2) = \/LV ’PR;_wpk( ), (6.14)
1k.x dst it.x 1
boa(r) = €% + ) /F i e Ve (6.15)
1
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Figure 6.1: Schematic for the allowed integration region. Scattering from the region
of intersection of the two-spheres to region I' outside the filled Fermi sphere is allowed.

where V = % In equation (6.14), the first factor describes the center of mass
motion and the second factor is the internal wave function of the interacting pair. The
center of mass momentum P can take values between 0 and 2kg. In equation (6.15),
I = |§ + t| > kp represents the region outside the filled Fermi sea. The relative
momenta k and P are constrained by |g + k| < kp. The region of integration is as
shown in figure (6.1).

The shift in the energy of the pair due to the interaction (equation (6.6)) in the

plane wave basis takes the form:
A
Ii2 — /{32 = V<kW|¢P’k> (616)

Equation (6.15) is known as the Bethe-Goldstone Equation [67]. 1t is the Schrédinger

equation for two fermions in a Fermi gas, where the Pauli exclusion principle prevents
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the appearance of intermediate states that are already occupied by other fermions.
Since the particles are initially inside the Fermi sea all the transitions to the region I"
outside the Fermi sea are virtual. We will now calculate the energy shift per pair due
to the interaction V (equation (6.16)). We will use a separable form for the potential
(rank 1 separable), as this yields analytical results. We assume the following separable

form in position and momentum space respectively:

V(x,x') = du(|x])u(|x'])". (6.17)

V(k, k') = Mu(|k|)u(K'|)" (6.18)

With the separable form for the potential as given in equations (6.17) and (6.18), the

energy shift per pair, defined in equation (6.16) becomes,

K2 B2 = A'“‘(/k” + A/F Tty s u(t)(s? — ). (6.19)

Equation (6.19) can be rearranged as follows:

= f(k?), (6.20)

11 u(k)] +/ d’t |u(k)|®
)\ N V/f2 — k2 T

A (2m)3 K2 — 2

which determines the energy eigenvalue x? and hence the energy shift per pair:

AE = EW —k?). (6.21)

The function f(x?) can be plotted as a function of x? and the point of intersection
with the horizontal line % determines the eigenvalue k2. We notice that the integral
in f(x?) is a monotonically decreasing function of k2. The first term contributes only
in the vicinity of k> = k%. Therefore we can sketch the function f(x?) as shown in

figure (6.2), where the integral term is a smooth function, independent of k?, with a
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Figure 6.2: Sketch of the function f(x?). The eigenvalue s is given by the intersection
1
of the function f(x?) with the horizontal line 3 56].

logarithmic singularity which first appears at the Fermi surface i.e., ? = k& — %2
and the first term is a singularity of narrow width at the variable point k% = k2.
For A\ > 0 (repulsive potential), there is only one solution, occuring at
K — k= %|u(k;)|2 + O(\?). (6.22)

Here the integral term can be neglected as it is finite for x ~ k? and contributes only
to higher order in A. So the effect of a repulsive potential A > 0 is to shift the energy
of the pair by a small amount.

As seen in figure (6.2), for A < 0, there are two solutions, as long as |A| does not
become too large. Apart from the solution given by equation (6.22), there is another
“anomalous” solution arising from the logarithmic singularity of f(x?). Depending
on the relative value of k% and |)\|, one of the two eigenvalues lies lower than the
other. For a fixed value of |A| there is a corresponding critical value k. such that the
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anomalous solution is lower than the ordinary solution for all k > k.. A value for k.

can be obtained from the equation:

&t Jut)]* 1
/1“ Qrpk2—£2 X (6.23)

Here in equation (6.23), we have neglected the first term of equation (6.20) as it does
not contribute far away from x =~ k. Note that the anomalous solution is independent
of the initial wave vector k as long as k > k.. Let us examine this eigenvalue in detail.

Setting A = —1, we see that the eigenvalue equation (6.23) reduces to:

d*t Ju®)* _
e = o

so that k. is defined as that eigenvalue which intersects 1. We simplify this problem

further by setting P = 0, so that the eigenvalue equation (6.24) becomes:

1 = /Ootzﬂ“‘(t)‘2 (6.25)

. 272 2 — K2

[e'e) 2
Fe / x%% (6.26)
272 J; 22 — (2)?

k

Here we have used the fact that the eigenvalue k is essentially k.. We can isolate the

logarithmic singularity by an integration by parts, so that,

Nk_F k)21 ki
1~ —— |u(kr)|" log( )- (6.27)

272 k2 — K2
In order to arrive at equation (6.27) we have assumed the potential to be smooth (in
addition to it being separable) and we have neglected the finite parts of the integral.

Since x? is less than k2, we can write,

m
M:%—ﬁA (6.28)
and equation (6.27) can be written as
h2k} 472
A=—Lexp[-———— 6.29



The energy shift per pair now becomes:

h2
AE = —(k*—k%
m
= 2(5F — 51() —A. (630)

Close to the Fermi surface the energy shift per pair is negative and equal to A. So an
attractive interaction between two fermions lowers the energy of the pair by an amount
A. In other words a gap A opens up in the single-particle spectrum. The value of A is
maximum for P = 0, as this maximizes the phase space where the denominator of the
integral in equation (6.20) vanishes. Therefore close to the Fermi surface two fermions
of equal and opposite spins will form a type of bound state (correlated state); note
that this “bound state” has a positive energy but is lower than the non-interacting
bound state and we will refer to this special kind of bound state as a paired state.
This phenomenon is called Pairing. Since this new paired state has lower energy,
the ground state of the filled Fermi sea becomes unstable. Equation (6.29) has an
essential singularity in the interaction strength and perturbation theory is invalid in
this case. So even an arbitrarily small attractive potential can create Cooper pairs
and hence make the ground state of the filled Fermi sea unstable. In the next section,

we look for a signature of this instability in the in-medium Weinberg eigenvalues.

6.2 In-medium Eigenvalues

The hole-hole contribution is quantitatively important for the pairing instability
as close to the Fermi surface both particles and holes lying within a shell A about
the Fermi surface form Cooper pairs. Therefore, the in-medium Weinberg eigenvalue

equation is defined as follows:

GO (E)V |0, (E)) = 1, (E)| W, (E)) (6.31)
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where Ggphh(E) is the in-medium two-particle two-hole non-interacting propagator.

In momentum space, this propagator is defined as [56]:

0 o 0(ky| = kp)O(Jks| — kp)  O(kp — |ki|)0(kr — ko)
Copnller, ko) = = o o) Fie ~ w—clky) () —ie 032

where k; and ks are the momenta of the particles (holes), w is the two-particle
excitation energy measured from the Fermi surface. The above propagator represents
propagation of two particles above the Fermi surface and two holes below the Fermi

surface. Working in relative coordinates, the equation (6.32) becomes:

O(k — kp) O(kp — k)

0 . _
Gpphh(k7w) - w—2€(k‘)+i€ w—2€(k‘) — i€’

(6.33)

where we have chosen the partial wave basis and have specialized to the case of center
of mass momentum P = 0. This will hold true for the rest of this chapter. Notice
that we have suppressed the partial wave label. In equation (6.33), w = F — 2u and
e(k) = k?/2 — u, where u = k%/2, the Fermi energy (at zero temperature). Using this

definition, the in-medium propagator is defined as:

O(k — kp) O(kg — k)
0 1.2\ __ _
Gpphh(k:7 E= kO) - kf% _ k2 + i€ kg _ kf2 — Z.E’ (634)

where E = k§. We now study the Weinberg eigenvalues for this kernel GY ,;, (E)Viow k-
As in free space, we choose to solve for the eigenvalues of Vi ngphh(E ) instead, which
has the same eigenvalue spectrum but we can directly integrate over the singularity.

In a given partial wave, the Weinberg eigenvalue equation is given by:

A
2 / q2dqwowk<k,q>( bla—ke) _ ke —q) )\I’V(q)znu(kﬁ)%(k) (6.35)

s ki —q?+ie ki—q*>—ie
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Note that the eigenvectors are energy dependent, but for notational convenience we
have suppressed the energy dependence in equation (6.35). Using the following iden-
tities,

1 1
- P

T — To i€ T — o

5(f(x)) = Z Uf‘x’

Fimd(z — xo), (6.36)

(6.37)

|55 T4

equation (6.35) becomes:

2 A 0(q — k) — 0(kp — .
;P/ qquviowk(k7Q) ( (q ZZ qg i Q)) \Ilu(q) - Z]{70‘/10Wl~c(k57 kO)\Iju(kO)
0 0

= k)Y, (k). (6.38)

Figure (6.3) shows the largest attractive eigenvalue at finite density (kg = 1.0 fm™")
as a function of center of mass energy E.,, for the 1S, partial wave at A = 2.0 fm ™.
Viow r matrix elements are from the Argonne vig potential using the sharp regulator.
Though the eigenvalues are complex, we follow the principal value formalism, where
the imaginary part in equation (6.38) is omitted. At this stage, the motivation for
this prescription is not well understood and requires further investigation. At low-
energies, the eigenvalues are small. As the energy approaches the Fermi energy (2¢),
the eigenvalues increase in magnitude, becoming arbitrarily large. This is reminis-
cent of the logarithmic singularity seen in equation (6.27) as k? — k2, where x? is the
anomalous eigenvalue of the Bethe-Goldstone equation. Large Weinberg eigenvalues

are indicative of non-perturbative physics. Therefore this singular behavior of the

eigenvalues close to the Fermi surface, signals the formation of Cooper pairs.
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Figure 6.3: Largest attractive eigenvalue as a function of energy E,,. Notice that E,,
approaches 2er = k% (denoted by the vertical dotted line), the eigenvalue increases
in magnitude and eventually shoots above 1, indicating the pairing instability.

6.3 Pairing Gap

We are now in a position to calculate the pairing gap from the Weinberg eigen-
values. The Weinberg eigenvalue equation (6.38) for the particle-particle, hole-hole

propagator is given by:

A _ _ _
27 [ datioatin) (IS ) = 0. (639

Comparing the above equation (6.39) to the eigenvalue equation (6.25), we can argue
that the critical eigenvalue k, is the momentum corresponding to 7, (k?) = 1. Once

we know k., we can determine the pairing gap at kg using equation (6.28).
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Figure 6.4: Paring gaps for Neutron Matter calculated from the largest attractive
Weinberg eigenvalue in the principal value formalism. k. corresponds to momentum
value where 7, = 1 from which the gap can be calculated.

Figure (6.4) shows an estimation of the pairing gap for neutron matter at two
different densities, kp = 1.0fm™" and kp = 1.2fm™", while figure (6.5) shows the
corresponding density dependence of the paring gap for different values of A (the cut-
off associated with Vi potentials). Note that we are working in the weak-coupling
limit, where the gap is independent of the momentum k and depends only the density

kg. From figure (6.5) we also note that the A dependence of the gap is weak.
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Figure 6.5: Density dependence of the gap for different A for Neutron Matter.

The in-medium Weinberg eigenvalues not only reflect the instability but also give
a good estimate of the pairing gap. While the propagator used so far is the non-
interacting propagator, we know that the Nambu-Gorkov propagator takes into ac-
count the new feature of the many-body system, namely pairing. We will set up the
Nambu-Gorkov formalism in the next section and calculate what we expect for the
corresponding Weinberg eigenvalues using a separable potential first. Then we extend

these calculations to Vigw k-
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6.4 Nambu-Gorkov Formalism

The Green’s function which takes into account the pairing interaction turns out
to be more complicated, so we will begin our study of the Nambu-Gorkov propagator

by defining a two-component field operator [56, 70,

Uge(x,t) = [ Zzg % ] . (6.40)

where @/D\K,T(X, t) and @EL | (x,1) are defined in the “Heisenberg picture”, with K is the
grand canonical hamiltonian

~

K =H—uN. (6.41)

We define a 2 x 2 matrix Green’s function,

G(xt,x,t') = —(T[W(x, )V (X, 1)), (6.42)
(T (5, ey 0, 1) (T Oses (D) | 4
(T (5, )k, 1)])) —(T[0 | (%, E)ebre y (%, 1)

G(xt,x't')  F(xt,x't)
[ Fh(xt,x't") —G(x't',xt) (6.44)

where G and G are the normal propagators, while F and F' are the anomalous
propagators. F1 creates two fermions with opposite spins (Cooper pair), while F
destroys a Cooper pair. Note that the 2 x 2 matrix propagator, G(xt,x’,t) is a fully

interacting propagator satisfying the following Schwinger-Dyson equation:

Gop(z,2') = (x,2' —I—Z/d4x1/d4x2G0 z, 21)Q (21, 22) Gy g (22, ')
(6.45)
where «, (3,7, refer to spin indices, Gg, 5 is the free-propagator, which is diagonal in
Nambu-Gorkov space, €2, is the 2 x 2 matrix self energy, whose diagonal elements

are Y(k,w) and ¥(k, —w), the normal self energy, and the off-diagonal elements are
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Figure 6.6: Dyson-Schwinger equation for the matrix propagator G.

A(k) and AT(k), the anomalous self energy (gap functions) [70]. In momentum space

these matrices are given as:

gaﬁ(k7 w) faﬁ(kvw) )
G.slk,w) = ’ ~ 6.46
’ﬁ( ) ( fl,ﬁ(k> w) _gaﬂ(kv _W) ( )
The free-propagator is given by:
gaﬂ(k7 w) 0
Go sk, w) = ( 0 G ok, —w) (6.47)
and finally the self-energy is
_{ Baskw) Agpkw)
Qavﬁ(k7w> - ( Al’ﬁ(k’ w) Za7ﬁ(k, _w) (648)

The figures (6.6) and (6.7) show the Dyson equation for G, g and €, 3. The
self-energy in figure (6.7) is in the Hartree-Fock approximation. The two-particle
propagator is built using these dressed one-particle propagator. Notice that the pair-
ing is built in to the dressed propagator, while the non-interacting propagator is
diagonal in the Nambu basis.

We are interested in forming a two-particle Green’s function in the singlet channel
using the normal and anomalous propagators. For a homogeneous system, we can
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Figure 6.7: The figure shows the mean-field dressing for the self-energy.

write the two-body Green’s function as:

G(2)(X1,X2,X3,X4,t) = (649)

g(Xl — X3, t)g(XQ — X4, t) + .,Its(Xl — Xo, t)fJ(X:g — X4, t) (650)

where F, and FI stand for singlet projections of F and F' respectively. The singlet

projection is defined as follows:
1
Fs(x1 — Xg,1) = §[f(X1 — X, 1) + F(x2 — x1,1)]. (6.51)

This definition follows from the fact that any function f(x,zs) can be written as a

sum of an even and an odd part so that F can be written as,
1 1
f(Xl — X9, t) = §[f(X1 — X9, t)_'_f(XQ —Xy, t] —|—§[f(X1 — X9, t) _f(XQ — X1, t)] (652)
The even part corresponds to the singlet as,

Fula = 0,1) = 3[F (1~ %0,1) + Floxs — x1,1)
= o [T Ger, 1T 00,00+ (T o )10, O))] (6.53)

2
_ —% [(T[IZK,T(xl,t)iZK,i(Xg,O)D - (T[@K,l(xl,t)qZKJ(xz,o)D] (6.54)

where the last equation (6.54) shows the expected antisymmetry in the singlet chan-

nel. Now we will proceed to evaluate the two-body Nambu-Gorkov Green’s function.
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Working in relative coordinates as defined in equations (6.9 - 6.12) and setting P = 0,

and fourier transforming equation (6.50) from x and ¢ to k and w,

Gk, —k,w) = / %Q(k, (W)G(=k, (w — ')
+ i (Fle,w)F(k, (w = ) + F(k, ) Fi(k, (v — w)))
n i (F(—k,w)FI(~k, (@ — ") + F(—k,w)Fl(k, (0 —u")).  (6.55)

In momentum space the normal and anomalous propagators is given by [71]:

2 2
Uj Ui

Glk,w) = w— E(k) + ie —i_quLE(k:)—ie7 (6.56)
2 2
1 _ Uy _ Uk
Glk,w) = w+ E(k)—ie w— FE(k)+ i€ (6:57)
1 1
_ Tt — _
F(k,w) =F'"(k,w) = —upvg (w Iy S ie) . (6.58)
where the spectral functions u;, and vy are defined as:
1 (k)
2 — — - 7
Ui = 3 (1 + E, ) (6.59)
1 (k)
2
- (1= :
(h 5 ( o ) (6.60)
B, = E(k)?2 — A(k)% (6.61)

Here £(k) = e — p, which is the single-particle energy measured from the chemical
/{32

potential p. At zero temperature, u = 7F In the equation (6.61), A(k) is the gap

function. From the equations (6.56 - 6.58), it is clear that G(k,w) = G(—k,w) and

similar relations hold for anomalous propagators F, F'. As a result, equation (6.55)

becomes

G (k,w) = / i (G0k, ()G, (@ — ) + Fl ) Fl(k, (w=u)) . (6:62)

2me
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Evaluating the contour integral in equation (6.62) we get the following expression for

the two-particle Nambu-Gorkov propagator,

up vi
w—2E, +ie w+2E, —ie

G (k,w) = (6.63)

The final form of the above equation is valid for P = 0. At this point, setting the gap
A(k) = 0, reproduces the non-interacting two-particle Ggphh propagator. Now that
we have the required two-particle Green’s function, we can continue our analysis of
Weinberg eigenvalues.
6.5 Weinberg Eigenvalues for Nambu-Gorkov Green’s Func-
tion
We will first calculate the Weinberg eigenvalues of the Nambu-Gorkov propagator

using a separable potential. The generic form we will use is as given below:
V=AU (6.64)

where X is a coupling that controls the strength of the potential. If A < 0 then the
potential is attractive and if A > 0, then the potential is repulsive. The Weinberg
eigenvalue equation (5.18) as seen in the chapter (5), section (5.2), can now be written

in momentum space in the partial wave basis as:

NIAEY [ RdGk EXHAR) = n(BIRE). (669

Therefore, from equation (6.65), we see that there is only one Weinberg eigenvalue

for any rank-one separable potential, given by:

m(E) = M. (E)), (6.66)

133



and the corresponding eigenvector is given by:

A
0,(E)) = 2 / K2dkGo(k, ) f(k)|K). (6.67)

T Jo
Finally, substituting equation (6.67) into equation (6.66), we get the following closed

expression for the Weinberg eigenvalue:
9 A
wB) = [ RdkGalk, B)S (B (6.6
0

Notice that we have not yet chosen a form for the two-particle Green’s function and
equation (6.68) is a general expression for the Weinberg eigenvalue for a separable
potential of the form given in equation (6.64). Using either the two-particle G},
propagator given by equation (6.38) or the two-particle Nambu-Gorkov propagator
as given by equation (6.63), we can calculate the corresponding eigenvalue 7, for the

separable case. We choose the functions f(k) to be a gaussian, i.e.,

F(k) = exp [— (gﬂ (6.69)

so that the separable potential is now

V(ki, k) = Aexp [— <%)1 exp [— <%)1 (6.70)

where o is a constant with the same dimension as k(fm™"). Here for simplicity we set
o = v/2fm™! so that the diagonal matrix elements now become | f(k)|? = exp [—(k)?].
We also set A = —1, so that the separable potential is attractive (as we are interested
in studying the relation between pairing and Weinberg eigenvalues).

Figure (6.8) shows the Weinberg eigenvalue for the separable gaussian potential
as a function of center of mass energy, E., for Ay, = 0MeV and finite Ay,. For
Ay, = 0MeV the eigenvalue shoots up close to E., = 2¢F, as seen in figure (6.3). We
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Figure 6.8: Plot of the Weinberg eigenvalue as a function of E., for both Ay, =
0MeV and Ay, = 0.603701 MeV. The solid line represents the eigenvalue for the
non-interacting Ggphh propagator, while the dashed lines is for the Nambu-Gorkov
propagator. Nambu-Gorkov eigenvalue 7, ng — 1 close to 2ep, indicating formation
of a new bound state (Cooper Pairs). The large singular values for 7, observed at
2ep £+ 2A, represents the energy at which the pairs are broken and we now have
excited states.

can determine the pairing gap from the energy eigenvalue for which 7, (E,) = 1 using
equation (6.28). The pairing gap for the separable form given by equation (6.68)
turs out to be Ay, = 0.603701 MeV. This value of the gap parameter, is then used
in the two-particle Nambu-Gorkov propagator and the corresponding eigenvalue is

evaluated using the following expression:

(E)—)\ZP/Akszf(k)F i _ U (6.71)
WABI= AT, w—2E, w+2E)’ ‘
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Figure 6.9: Zooming in on the behavior at F., = 2¢p and at Eg, = 2ep £ 2A,.

where Ej = /¢(k)? — A7 . Note the we have used the value of the gap at kp as a
first approximation to A(k). We see that the eigenvalue n,(E) tends to 1 close to
E.., = 2ep. This indicates the presence of bound pairs close to the Fermi surface
(Cooper Pairs). At E., = 2¢p, the eigenvalue equation (6.65) reduces to the BCS
gap equation. To prove this, we will first write equation (6.65) in momentum space

as follows:

2 A
%/\ / E*dkGo(K', EYV (K, k)W, (k, E) = n,(E)V, (K, E). (6.72)
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As noted earlier, we can solve the above equation by converting it to a left-eigenvalue

problem, or alternatively solve the right-eigenvalue problem,
VGo(2) [V, (2))] = n(2)[V [P, (2))], (6.73)

which has the same spectrum as Go(z)V, and integrate over the singularity directly.
We choose to solve for eigenvalues of VGy(z). Using the two-particle Nambu-Gorkov

propagator, the right-eigenvalue problem equation (6.73) can be now written as:

2 A 2 / Uz UI% o /
Zp [Cwanw (e - ) ik B) = (B E). (671

For w = 0, equation (6.74) reduces to:

1 / ' K2dkV (k' k) ! U, (k, E) =V, (K, E) (6.75)
™ Jo ’ EkZ+Aak?z) T T ‘

where we have the fact that 7,(E) ~ 1 and Ey = \/£(k)% + A(k)2. Equation (6.75)
is the gap equation. Therefore the corresponding eigenvector ¥, (k, E — 2¢) is the
gap function A(k). At energies of 2ep + 2A, we see that the eigenvalue is singular
(figure (6.9)). This behavior is related to the breaking of Cooper pairs.

Before presenting results for Vigw i, we will prove a general result for the bound
states of the T" matrix equation. The 7" matrix equation in momentum space, in the

partial wave basis, is given by:

T IE) =V + 2 [ PV (K9G BT (0 ki E). (670)
0

Let us use the two-particle Nambu-Gorkov propagator, so that the 7" matrix equa-

tion (6.76) becomes:

Tk & E) = V(K k)

2 2 ’ Uz ’U]%
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Asw — 0 = F — 2u, equation (6.77) has a pole (bound state), and the corresponding
Weinberg eigenvalue — 1. Close to a bound state the T" matrix equation becomes

separable [47] so that 7" matrix elements can be written as

SR f(K)

T(k/v ku Eb) ~ B B )
— L

(6.78)

where Fj is the bound state energy. In this case E, = 2u. Also the first term in

equation (6.77) becomes negligible. Therefore we can write equation (6.77) as

) R B A , 1
rsm = — | qdqv<k,q>( o A(q>2>f(/f)f(q), (6.79)
AN _l OO 2 ’ 1
~ 5w = - | qdqvac,q)( o AW) f@).  (680)

Comparing equation (6.80) to the gap equation

L[ 2y V(k,q)A(q)

7 ) T R+ A

so we can identify f(k) = A(k). Thefore the separable form for the T'(k’, k;2u) can

A(k) = (6.81)

be written as
A(K)A(K)

T(K k;2u) ~ ————=
( ) 7“) E—2,LL ’

(6.82)

which shows that the homogeneous gap equation can be understood as an equation
for the residue of the pole of the 7" matrix [76].

Figure (6.10) shows the largest attractive Weinberg eigenvalue as a function of Fp,
for Vigw s in the 1Sy partial wave at kp = 1.0 fm . Apart from numerical instabilities
outside the £2Ay, region, the largest eigenvalue behaves similar to the eigenvalue in
the separable case (firgure (6.8)) as E.n — 2ep. As seen in equation (6.75) and the
discussion following it, the eigenvector corresponding to n,(E) = 1, as E — 2pu, is
the gap function. Figure (6.11) shows the eigenvector corresponding to the largest
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Figure 6.10: Largest attractive Weinberg eigenvalue as a function of energy E.p,.
Notice that as E., — 2¢r, 1,(F) tend to 1.

eigenvalue at E., = 2¢p. Using this as the first guess to the gap function A(k) and
iterating the gap equation (6.81), yields the self-consistent BCS gap function shown
in figure (6.12). As kg increases, the gap closes for smaller momentum values, as
observed in reference [72]. These results are consistent with the density dependence
of the 1Sy gap Ay,. Notice that as kp increases, the gap function initially increases,
reaching a maximum value around kr ~ 1 MeV, after which the gap function rapidly
decreases to zero for all k.

The gaps shown so far are the BCS results and do not include polarization effects.

These effects are known to significantly reduce the gap in neutron matter [68, 73, 74,
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Figure 6.11: Momentum dependence of the gap function A(k): At this stage the gap
function A(k) is the eigenvector corresponding to the largest eigenvalue at w = 0.

75]. These interactions can be taken into account by defining the potential as,
V(K k) = Vo(K', k) + Vina(K', k), (6.83)

where Vi (K, k) is the two-body interaction and Vi q(k’, k) is the induced interaction
given in detail in references [73, 77]. Once again we can use the two-particle Green’s
function, G} ;,; to calculate the eigenvalues close to the Fermi-surface and determine
the pairing gap at kg in a similar fashion. This method therefore offers an easy
extension to include medium effects.

We have so far presented results for the 1S, channel for neutron matter. Pairing
also occurs in the 3P-3F, triplet channel at higher densities kp > 1.5fm™", where
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Figure 6.12: Momentum dependence of the self-consistent gap function A(k), ob-
tained from the Weinberg eigenvectors corresponding to the largest eigenvalue at
w=0.

the interaction in this channel becomes attractive. It has been observed that the
triplet pairing gaps are sensitive to the two-nucleon interaction beyond kp = 2.0 fm™",
where the interactions themselves start to differ. It would be interesting to explore
the interaction dependence for the Chiral N3LO potentials [26, 27] as the cut-off is
lowered. Using the Weinberg eigenvalue analysis has a two-fold advantage. It can be
used as a tool to understand the underlying scale dependent physics as the interaction
is evolved; secondly the influence of this physics on the pairing gap can be estimated
by determining the critical energy E. where the eigenvalues cross one. One can usually

introduce Weinberg quasi-particles [41] to subtract out the non-perturbative physics
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close to 2ep so that the “Born-series” using the two-particle propagator becomes
perturbative. It would be interesting to explore this quasi-particle method for the

Gorkov propagator. Work in this direction is in progress [66]
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CHAPTER 7

CONCLUDING REMARKS

Microscopic calculations of finite nuclei and nuclear matter require a good under-
standing of the two-body interaction. This has been one of the main focus of theoreti-
cal nuclear physics since the time of Yukawa when he first introduced a field theoretic
model of the nuclear forces through meson exchange. Recent work has churned out
several high-precision phase equivalent potentials (Argonne vig, CD Bonn, Nijmegen

2

I, IT etc) which accurately fit the available two-body data (dx 7 ~ 1) such as low-
.0.].

energy phase shifts and deuteron binding energy. These potentials use pion exchange

for the long-distance part, while the intermediate and short range pieces are model
dependent. Explicitly modeling the short-distance (“hard-core”) leads to non-zero
matrix elements for the interaction potential in momentum space at such large values
of momentum (= GeV) where a potential formulation is not even valid.

From an Effective Field Theory point of view, these potentials do not improve our
understanding of short-distance physics, but only complicate low-momentum calcu-
lations by including model-dependent high-momentum states. The whole machinery
of many-body techniques is based on the non-perturbativeness of the input interac-
tions resulting in partial resummations such as the G matrix used in nuclear matter
calculations, which sums ladder diagrams to all orders. The short-range repulsion
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modeled in to the interaction potential render many-body calculations hard and nu-
merically expensive. Therefore, for a low-energy process, it would be advantageous to
integrate out the model-dependent high-momentum states and include the effect of
these states in an EF'T style, which is by simpler renormalized contact interactions.
This led to the entire field of chiral effective theory which has been very success-
ful in the few-body sector. The breakdown scale of nuclear EFT is usually around
A, = 700 MeV — 1 GeV.

The Renormalization Group approach to low-momentum potentials starts with
any of the bare interactions, which usually have a large momentum cut-off (which we
refer to as the bare cut-off Ay). The intermediate states are systematically integrated
out by successively lowering the bare cut-off until a final A ~ 2.0fm™" is reached.
As noted earlier this cut-off value of A = 2.0fm™"' corresponds to lab energies of
FEh., = 350 MeV, which also marks the energy up to which we have elastic scattering
data (which constrain the bare interactions). The potential usually referred to as
Viow r has non-zero matrix elements only for £ < A and as a result has smaller model
spaces. Successively integrating out the high-momentum states results in smearing
out the short-range repulsion, yielding a soft low-momentum potential. These features
make many-body calculations more tractable.

This work explores the regulator dependence of the Vi, . As noted earlier, this
investigation is important in order to better understand the two-body running in free-
space so that we can separate numerics from physics. Though the sharp regulators
give the most simplistic idea of cutting out high-momentum intermediate states, it

is seen that it is advantageous to use smooth regulators instead. Using Viowir as
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an input in many-body calculation leads to dramatic simplifications as the particle-
particle channel now becomes perturbative [37]. Regulator artifacts are apparent in
the work of Bogner et. al [38, 39] where smooth cut-offs leads to better convergence
in deuteron and triton variational calculations, where they use simple ansatze for the
wave functions. The reason for a simple ansatz to work lies in the fact that Vigyx
potentials are soft and the running decreases the correlations in the wave function
which was needed conventionally for the expensive cancellations due to the presence
of the “hard-core”. These correlations are usually seen as the “wound” in the two-
body wave function, while this is removed for the Vi, wave functions as seen in
figure (4.16) in section 4.3 of chapter 4.

These ideas of “perturbativeness” of the two-body interaction can be made quan-
titative using the Weinberg eigenvalue analysis, which examines the eigenvalue spec-
trum of the kernel GoV where V is a generic two-body interaction potential and G
is the two-body Green’s function (propagator). The main result of this analysis was
that as the cut-off is lowered in the RG running, the non-perturbative sources (short-
range repulsion and the iterated tensor interactions) are softened, resulting in major
decreases in the magnitude of the Weinberg eigenvalues in free-space. Therefore it is
beneficial to lower the cut-off or the resolution scale for the conventional NN interac-
tions. In fact, it is seen that lowering the cut-off even for the chiral potential softens
the effect of new sources of non-perturbative physics, namely the singular part of the
two-pion exchange which enters at fourth order (N®LO) in the chiral expansion. The
same trends are observed at finite density, where Pauli-Blocking eliminates another
source of non-perturbative physics which is independent of the cut-off A in free-space,

namely the shallow bound states. But close to the fermi surface there is a pairing

145



instability as the two-body interaction is attractive in certain partial wave channels.
This is reflected in the Weinberg eigenvalues by the arbitrary increase in its magnitude
close to the fermi surface (E., — 2¢r). Further we can get a good estimate of the
pairing gap from the real part of the largest eigenvalue. When pairing is included by
using the two-particle Nambu-Gorkov Green’s function, we observe that eigenvalues
nng — 1 close to the fermi surface indicating the formation of a “bound” state, while
at £2A from the fermi surface, where A is the pairing gap, the eigenvalues become
singular indicating the breaking of Cooper pairs. The eigenvectors corresponding to
the largest eigenvalue at E., = 2ep gives a first approximation to the gap function
A(k) which can be further iterated to get the self-consistent gap function. Therefore
the eigenvalue spectrum not only shows the behavior expected in free-space and in-
medium, but also serves as a diagnostic to understand the physics at various cut-off
scales. In addition this analysis gives a neat method to estimate the pairing gap
which is a non-perturbative effect.

With all the progress made in understanding two-body interactions at low-momenta,
it is but appropriate to discuss the possible future direction of this research. Tradi-
tional many-body techniques involve selective summations in order to account for the
short-range repulsion of nuclear interactions [58, 59, 60]. Given the simplifications
in nuclear matter and few-body (deuteron and triton) calculations, it is tempting
to review the standard many-body approaches using these low-momentum two-body
interaction as input (work in this direction is already in progress! [90]). But we need
to fill in one more step before that, namely the three-body running giving the corre-
sponding “Viow i~ for 3N interactions. The RG approach we discuss in this work is just

one way to achieve decoupling of the low and high-momentum states of the interaction
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potential. Other approaches exist such as Lee-Suzuki transformation [80, 81] and the
recent Similarity RG transformation (SRG) [46], both of which are discussed in the
appendices. Lee-Suzuki transformation decouples low- and high-momentum states
using projection operators P and () defined such that PQQ =0 and P+ Q = 1. Here
P and @ project on to the low and high momentum states respectively. The result-
ing low-momentum potential has non-zero matrix matrix elements only in the low-
momentum sub-space P and is equivalent to a sharp cut-off RG evolution. It would
be interesting to study the generalization of Lee-Suzuki transformation to smooth
regulators, analogous to the smooth regulator form of RG.

On the other hand, SRG achieves decoupling by driving the matrix elements of the
interaction potential to a band diagonal form. SRG has a further advantage of being
automatically energy-independent and preserving the high-energy model dependent
phase shifts. Most importantly, the same transformations renormalize all operators,
including many-body operators. Using SRG, three-body running is straightforward,
where the bare potential is now a three-body chiral potential and it leads to a set of
coupled differential equations.

An alternative non-RG unitary transformation to reduce the correlations in the
many-body wave functions is given by Unitary Correlation Operator Method [89]
and references therein. As all these techniques such as Vi, evolution, SRG and
Lee-Suzuki transformations, represent different ways to decouple low and high mo-
mentum states, it should be possible to connect them, which would further our formal

understanding of the low-momentum interactions.
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The low-momentum potentials for different starting potentials (Vi) are nearly
similar but not identical. From the perspective of formally understanding these low-
momentum potentials, it would be worth-while to explore the universality of the
low-momentum potentials so that we can trace the source of “model dependence”
which still exists at low momenta. Finally it would be interesting to extend these
approaches to many-body problems in other areas of physics, in particular condensed
matter systems. Low-momentum potentials and effective field theory approach have
opened up an interesting channel which presents the hope of finally being able to have

a microscopic calculation for finite nuclei and nuclear matter.
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APPENDIX A

SCATTERING THEORY IN FREE SPACE

The sections in this appendix A briefly survey some elements of scattering the-
ory, following the discussions in Taylor and Sakurai [43, 44|, to supplement earlier

sections (chapter 2, section 2.1)

A.1 Stationary Scattering States

In this section we will develop some more details on stationary scattering states.
The in- and out-asymptotes |¢;,) and [1),,) are related to the actual state |¥) at ¢

by the following asymptotic condition:

Jlim T (0)9) = Oo(t) ) (A1)
and
it T(0)9) = Oa(t) ) (A2

which can be expressed in terms of Moller scattering operators as:

) = Jim T To(®)lim) = lin), (A.3)
or equivalently
|9) = lim T To(t) Wour) = Q- [ous)- (A1)
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Therefore,
|1/}out> = QT—Q+|1/}ZTL> (A5>
Defining a unitary operator S = QT_QJH we can write

|1/}out> = §|1/}2n> (A6>

where S is the scattering operator we had seen in chapter 2, section 2.1. Now we

define stationary states |p+) at time t as follows:

Ip+) = Q4|p) (A7)

where |p) represent the asymptotic stationary states. The in- and out-asymptote can

be expanded in the {|p)} basis as

i) = / & $in(0) ). (AS)

Therefore the state at time t is given in terms of these stationary states as

- / 0 Gun(p) 24 D). (A.10)
- / 0 bin(p) D) (A11)

where the last equation (A.11), is obtained using equation (A.7). Similar relations
hold for the out-asymptote. Therefore the state at t = 0 can be expanded using the
stationary states |p+) analogous to the asymptotes being expanded in a basis of plane
wave states |p). We know that Qy = 1+ Go(E + i€)V, therefore equation (A.7) can
be written as

ps) = [1 + G(E £ ie)V]|p) (A.12)
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But GV = GyT, so that

Ip+) = [1+ Go(E £ 1€)T]|p) (A.13)
which can also be written as

Ip+) = [1+ Go(E £1€)V] |p+) (A.14)

where we used the definition for the ' = V + VGV operator and equation (A.12)
to establish the relation T'|p) = [V +VGV]|p) = V|ps). Equation (A.13) is the
Lippmann-Schwinger equation for |p4). There the stationary state scattering wave

functions satisfy
(x|p+) = (x|p) + /d?’x'(X\ Go(E + i) XYV (X' ) (X'|p+) (A.15)

We now establish the result that the scattered wave function for large r is a plane wave
plus a spherical out-going part. We also choose the +ie piece as this corresponds to
the out-going spherical wave (as will be seen). As a next step we calculate (x|Go(E +

i€)|x’). Gy is the free Green’s function having the following form

1
z—F,

Go(2)lp) = ——Ip) (A.16)

in momentum space and z represents complex energies. Therefore:

(xX|Go(E +ie)|x) = /d?’p (x| Go(E + i€)|p)(PX) (A.17)
d®p etP:(x—x')
/ (23 E — E, +ie (A-18)

where there is a pole in the lower half plane. Evaluating the contour integral, we get,

1 exp (ip|x — x'|)

(x|Go(E + ie)|x) = (A.19)

2 |x — x/|
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which when subsituted into the LS equation (A.15) gives

ixipa) = (xip) = o [ =X v py (a0

Usually the potentials have finite range (with the exception of coulomb potential, but

it is usually screened), therefore the integral is non-zero for ' < R, where R is the

range of the potential. Therefore, |x — x’| can be expanded in powers of (r'/r) as

r

x— x| = /(x2 —2x-x + (x)2) = 7 [1 - X;QX/ +0 <T—/)2] (A.21)

so that in the limit » — oo, we get

oo o 62’pr
<x|p+>—>c[ep (P Vips) ] (A.22)

r

Using f(p,p') = —(p'|V[p,), we have

(x|ps) — C leip'x + f(p,p) 6:] : (A.23)

This establishes the traditional interpretation of the scattering states as an incident
plane wave plus a spherically spreading scattered wave. The out-going spherical wave
stems from retaining +ze is the definition for the Green’s function. The other choice

of —ie leads to in-coming waves, which is acausal.

A.2 Scattering of Two Particles with Spin

We now briefly discuss scattering of two-particles with spin. The situation is
complicated by the fact that the Hilbert space must also account for spin degrees of
freedom and also the hamiltonian can be spin-dependent, such as the two-nucleon
interactions. Despite these hassles, we will see that the scattering formalism for two-
particles with spin can be set up analogous to spinless particles, as only asymptotes
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are observed. The main difference is that now we have different scattering amplitudes
and cross-sections for every possible choice of the initial and final spin states.

The Hilbert space for two particles with spin s; and s, is the direct product
H ="Hi ® Ho (A.24)

where ‘H; and Hy = Hgpace ® Hspin. It is convenient to work in the center of mass
(CM) frame so that

H = Hem @ Hyel (A.25)

where H,,, describes the motion of the center of mass and H,. describes relative
motion, including both spins i.e, H,.; can itself be regarded as a product of space and
spin (of the two particles). We can use either |my, ms) or |s,m) as the basis for the
spin space of the two particles. These are related as follows:

ls, m) = Z Ima, ma)(my, ma|s, m), (A.26)

mi,m2

where |my, ms)(my, ms| are the Clebsch-Gordon (CG) coefficients. The general spin

state of the two particles can be expanded as:

) =Y xel§) (A.27)
13

where [£) stands for either |s,m) or |mq, my). The decomponsition of the two-particle
motion into center of mass and relative coordinates simplifies the two-particle Moller

operator as the center of mass piece factors out as follows:
Q. = lim U (H)Up(t) = Lom @ Q. (A.28)

This follows from the evolution operator U (t) and Up(t) factorizing into a center of
mass piece and relative motion piece. Therefore the unitary scattering operator for
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the two particles can now be written as
S=0'0, =1,,©85 (A.29)
Using the basis {|p1, p2, &)}, the scattering operator is defined as:

(P}, 5 €[SIP1, P2, €)= 6°(P) — p1)d*(Ph — P2)dee — 2mid(Y Bl — Y E;)

X 63<Z p} — Z pt(p, & « p, ). (A.30)

Here we have explicity displayed the energy and total momentum conservation prop-
erty of the scattering operator S. The first term is the amplitude in the absence of
scattering, while the second term shows the effect of the scatterer. While the total
enegy and momentum is conserved, the scattering operator generally connects states
of different relative momenta and spins. Once we factor out the center of mass piece

we have

(p.¢ISIp.&) = &(p = p)iee — 2mis(Y E[ - Ej)

x t(p, & —p,§). (A.31)

and once again the on-shell 7" matrix is proportional to the scattering amplitude as

f,¢ —p,& =—2m)p . —p.9) (A.32)

But this is just for a single choice of spin states £ and £’. In general we can represent
the scattering amplitude as a matrix F(p’ < p) whose elements are f(p/,& «
p,&). For the simple case of a spin-0 spin-half scattering (for example, pion-nucleon

scattering) the matrix amplitude F' can be defined as

' _ fr+(® < p) fi-(p' < p)
Fp'p) = < f4@® +<p) f-(p D) ) (A.33)
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where we have used |+) and |—) for the basis states corresponding to m = +1/2
and f, (P’ < p) is the amplitude for an initial particle with momentum p and z
component of spin m to scatter into the state p’,m’. Then the cross-section is now

defined as

do / /
o =Py = X' TF(p,p)x|? (A.34)

where y and y’ are the initial and final spinors. Equation (A.34) can be interpreted as
follows. F'(p’,p)x is the actual spin state of the out-going particles and y represents
the incoming state. Then the cross section is just the probability that these emerging

particles are in the state x’.

A.3 Angular Momentum Basis

Consider a simple case of spinless two-particle scattering. In this case the matrix
for the scattering amplitude, equation (A.33) reduces to a function f(p <« p’). If
the system is rotationally invariant, then this amplitude, usually determined by five
independent quantities, is now determined by two independent quantities. This is
easily understood as rotational invariance requires that p and p’ be combined to
form scalars, which are |p|> = |p’|* (energy conservation) and p - p’. Rotational
invariance implies that the S matrix now commutes with Hy and L? and it turns out
that the angular momentum basis |F,[,m) is a convenient choice as the scattering

operator is diagonal

<El, l/, m;|S|E, l, ml) = 5(E/ - E)511’15m27m181(p) (A35)
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where s;(p) are the corresponding eigenvalues and p = v2mFE. In fact it is possible

to relate the momentum and the angular momentum basis as follows:

1/2
(B, L mi|p) — (}9) S(E — BV (D). (A.36)

As a result, the function f(p < p’) can now be expanded in the angular momentum

basis as

fp =)= @ +1)fip)A® - P), (A.37)
l

where

silp) =1 _ P sin(di(p))

filp) = 20 »

(A.38)

For particles with spin, the angular momentum basis is no longer just |E, [, m),
but

B s,jom) = Y |E,Ls,my,m)(l s, my,my|j,m), (A.39)
mp,mg

where (I, s, m;, ms|j, m) are the Clebsch-Gordon coefficient and
|E, 1 s,my,mg) = |E,1,my) ® |smyg). (A.40)

Equation (A.39) makes use of the fact that j is a good quantum number as [S, J| = 0
where J is the total angular momentum. In the basis of |E, [, s, j,m), the S operator

is given by
(B8, j',m/|S|E, 1,5, 5,m) = 6(E' — E)6 ;0 msh g o(E). (A.41)

where the pair (I’,s’) determine the rows and (I, s) determine the columns of the
eigenvalue matrix S’(E). If the system is also invariant under parity, the S can only
connect states with the same parity eigenvalue. For the simple example of spin-0

spin-1/2 scattering, S has the following form for S7(F)

) 621'61 0
SJ(E):( 0 emj> (A.42)
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where + and — denote the two spin states £1/2. We can define partial wave scattering
amplitude as

622'5{ (B) _q

f(E) = — (A.43)

The usefulness of the partial wave basis becomes apparant at low-energies, where the
phase shifts of low [ contribute. Then the scattering amplitude is determined by only

few parameters.

A.4 Partial Wave Scattering States

The vectors |E,l, m) are simulataneous eigenvectors of the angular momentum
and the free hamiltonian Hy. We can define analogous eigenvectors of the angular
momentum and the full hamiltonian H denoted by |E, [, m+) and these are related
to |E,l,m) as

‘Eulam+> :§+|E7l7m> (A44)

analogous to the relationship of |p+) to |p). |E,l,m+) is the actual state at time ¢

arising from the in-asymptote |E, [, m). Consider

Ho|lE,l,m) = E|BE,I,m) (A.45)

QL Ho|E,l,m) = EQ.|E,l,m). (A.46)
Using Hy = QLH Q. equation (A.46) now becomes
H|E,l,m+) = E|E,l,m+). (A.A4T)

Therefore |E, [, m+) is the eigenvector of H with the same energy eigenvalue E.

The wave function in position space (x|E, [, m+) can be written as:

g, [21 -
(x|E,l,m+) = i W—p;wl7p(r)§/}7m(x) (A.48)
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similar to the momentum space projection of |E, [, m) given in equation (A.36). 1;,(r)

are solutions of the radial Schrodinger equation

?Ul+1)

dr? r2

— V(1) +p*| dip(r) = 0. (A.49)

If V(r) = 0, then we get the free-space radial equation whose solutions are linear
combination of the spherical bessel functions j;(pr) and n;(pr). Since j;(pr) has the
desired behavior at r = 0, the eigenstates |F,l,m) has the following position space

wave function
. 21, ~
(x|E,l,m) =i/ W_p;]l(pr)n’m(x)' (A.50)

The scattering states |F, [, m+) are normalized similar to |F, [, m), i.e.,
<E/, l/, m’ + |E, l, m—|—> = (5<E/ - E)él/’l(sm/’m. (A51)
Therefore, 1;,(r) are normalized as

| ey ingte) = 5607 <o) (A52)

In the limit  — oo, the radial wave functions v, ,(r) are directly related to the partial
wave amplitude f;(p) or the phase shifts d;(p). This relationship can be established

as follows. We start by expanding (x|p+) in the basis of |E, [, m+)
(x|p+) = Z/dE(x|E,l,m+><E,l,m+ |p+). (A.53)
l.m

We need to evaluate (E,1,m + |p+). But (E,l,m + |p+) = (E,[,m|QLQ,|p) =

(p). There-

lml

1\ 12

(E,l,m|p). From equation (A.36), (E,l,m|p) = <—> IE - E,)Y,
D

fore

(x|p+) = <2w>—3/2§ (2 + 1), () PR - B) (A54)

l
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where we have used equation (A.48) and the addition theorem of Legendre polyno-
mials to arrive at equation (A.54). But at large r, i.e., r — oo we already know

that
62’pr

(x|p+) == (2m) 7% [6“’"‘ + f(pX < p) (A.55)

, .

Therefore inserting the expansion for f(pX < p) as given in equation (A.37) and

using the following expansion for the plane wave states

P = (xlp) = (2) Y 3221+ Do) AR - ) (A.56)
l
we get
(xlp) = (2m) VS0 1) ) + AT AR B (AT

Comparing with equation (A.54), we get

Yip(r) == ji(pr) + pfi(p)e’ ). (A.58)

Now using the asymptotic form for j;(pr) and the definition for the partial wave

amplitude p fi(p) = €@ sin (§;(p)), we get

r—

Y p(r) == e P) gin [pr — I /2 4 6,(p)]. (A.59)

Therefore we see that the scattered radial wave functions are shifted by an amount

9;(p) compared to the free radial functions
Gi(pr) == sin [pr — 7 /2] (A.60)

An attractive potential “pulls” the wave inside and the corresponding phase shift is
positive, while a repulsive potential “pushes” the scattered wave out, and the phase
shift is negative. For example, the nucleon-nucleon scattering in the [ = 0 partial
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Figure A.1: Schematic of free- and scattered-radial wave functions in the s-channel for
an attractive square well. The scattered wave (solid line) has a phase shift § compared
to the free-radial (dotted line) wave function and is positive for an attractive potential.

wave has both positive and negative phase shifts, corresponding to attractive and
repulsive parts of the potential.

We conclude this section by surveying few general properties of partial-wave am-
plitude and phase shift. These properties can be obtained by studying the radial
Schrodinger equation (A.49). Let us define the potential V(R) = AU(r) where A is a

strength parameter. Then equation (A.49) now becomes

dr? 72

[ L (G D BT +p2} Y1p(r) = 0. (A.61)

I(1+1)

2

1. If the potential is such that { — pz} term dominates, then the equa-

,
tion (A.61) reduces to the free-space equation, and the solution ; ,(r) — ji(pr),

the free-space solution. Then the partial wave amplitude fi(p) goes to zero and

the phase shift §;(p) becomes an integral multiple of .

2. At high energies, p — o0, for a given potential and partial wave, the partial

wave amplitude goes to zero and once again the phase shifts §;(p) — nr.
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3. For high partial-waves, i.e, in the limit where | — oo, the centrifugal barrier
2
term dominates ~ —, driving fi(p) — 0.
r

From the high-partial wave result it is possible to get a rough estimate of the
maximum value of [ for which the phase shift §;(p) is appreciable. If the potential has
a range R, then the height of the centrifugal barrier at r ~ R is % If the energy of
the particle p? is less than this height, then the particle is unlikely to penetrate this

barrier and feel the potential. Therefore we can define [,,,, as the maximum value of

[ for which the phase shifts are appreciable and is given by
lmaz = Rp (A.62)

Immediately we can see that for low-momentum processes involving potentials of
finite range, [,,q, is small. Therefore few partial waves will be sufficient to account
for the scattering (such as contribution to the cross-section).

The partial wave amplitude f(p’ « p) = —(27)%(p'|V|p+) can be decomposed

into partial wave amplitudes as follows

filp) = —Z% / " AoV (). (A.63)

In the limit p — 0, it turns out that ¢, ,(r) has the same p dependence as j;(pr) i.e.,

pt1. Therefore at small p,
Jilp) == —ap® + O™ ) (A.64)

where q; is a constant known as scattering length.
Therefore from the above discussions, it is clear that as p approaches the threshold

p = 0, all partial wave amplitudes vanish except the s waves and for very low-energies
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only the s wave amplitude is appreciable. Since f;(p) — —a;p* as p — 0, the phase

shift tends to a multiple of 7 as

o (p) P28 i — agp (A.65)
and
5l(0) = . (A66)

where n; denotes the number of bound states and equation (A.66) is the statement
of Levinson’s Theorem. The only exception is when the s wave scattering length is
infinite, then the result of equation (A.66) is replaced by d¢(0) = (ng + 1/2).

Since S is a unitary operator, we can always write S as a function of Hermitian

operator as follows:

S=(1+iK)(i—iK)™! (A.67)

where K is hermitian. Both S and K commute with Hy and L. Therefore K is

diagonal in the partial wave basis i.e.,
<El, l/, m'|K|E, l, m> = 5(E/ - E)(Sl/,l(;m/7mk?l(E) (A68)

Decomposing equation (A.67) in the partial wave basis we have the following eigen-

value equation

() = 1. (A69)
Using s = exp (2i0;), we can write
tp) = it = tan(s ). (.70

In fact it can be shown that the K matrix is just the T matrix satisfying standing
wave boundary conditions. From the threshold behavior of ¢;(p), we can deduce the

162



following

ki (p) r—0 —alp2l+1 + O(p2l+2>. (A.71)
Therefore consider the following expansion

]ﬁ— 2l+100t(5())—_—1+ﬂ2+0( ) (A.72)
kl(p) _p lp - al 2p p . .

This is known as the effective range expansion. Just retaining the first two terms, we
get the effective range approzimation. For [ = 0, aq is the scattering length, r( is the
effective range. We know that low-energy scattering processes can be well described by
just the s waves. From the effective range approximation, we see that two parameters

ao and ro parametrize low-energy scattering independent of the interaction potential.

A.5 NN scattering and phase shift conventions

While considering NN interaction, the two particles are either in the singlet state
S = 0 or the triplet state, S = 1. As seen in the earlier discussions, the scatter-
ing states can be analyzed in the angular momentum basis, where they could be
classified into various channels based on the values of L, S and J. We use the usual
spectroscopic symbol to denote the different partial wave channels i.e., 3tV ; where
(25 + 1) denotes the spin-multiplicity and J = L + S. The partial wave channels
are also eigenstates of the partity operator whose eigenvalue is given by the quantum

L L = J states correspond to singlet states (1Sy, ' P, etc) or un-

number p = (—1)
coupled triplet states such as 3P;, 3Fy etc. The | = J + 1 correspond to the coupled

states such as 2S; —3 Dy, 3P, —3 D, etc.
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Let us consider the L = J states first. From previous discussions the radial wave

function has the following asymptote:
0y (r) = Aemi0r=I7/2) 4 peitkr—ix/2) (A73)

Conservation of probability implies that

B=SA (A.74)

where
S = ¢20s(k) (A.75)
= vy(r) = Csin(kr — Jr/2+ 6;(k)). (A.76)

Therefore for L = J the S is just a number analogous to the case without spins.
The L = J £ 1 are coupled by the NN interaction, so that the wavefunction can

be written as

u w
U(r) = —2Y}) 14(0,6.0) + —2Y}5,0,(0.6,0) (A.T7)
where
s+ Y (LS mumlJ, M)Yim, (0, 6)Xsm.(0) (A.78)
M=m;+ms

are the spin-sherical harmonics and xs.,, (o) are the spin eigenstates. The radial

components uy(r) and w;(r) have the following asymptotes

UJ(T) _ Ale—i(kr—(J—l)w/Q) 4 Blei(kT—(J—l)W/2) (A79>

wy(r) = Ape 'FrmUHIT/2) 4 B eilhr=(THT/2) (A.80)

Again probability conservation relates the amplitutes of the in-coming and out-going

states i.e.,

B =SA (A.81)



where

B_ ( g; ) (A.82)

and

A < ﬁ; ) (A.83)

and the eigenstates satisfy By/B; = Ay /A;.

In the case of coupled channels in NN scattering, there are two conventions for
phase shifts, the Eigen phase and Bar conventions [92, 91, 47]. They differ in the way
they parametrize the scattering matrix S.

The eigen phases [92] uses the following parametrization for the S matrix
S = U e AU (A.84)

where U is a unitary matrix defined as

U= ( cos(es)  sin(ey) ) (A.85)

—sin(ey) cos(ey)

and

0,8

A= ( 580 0 ) (A.86)

and « and 3 correspond to J — 1 and J + 1 states repectively.

The bar convention [91] parametrizes S as follows
S = exp(id) exp(2i€) exp(id) (A.87)

where 0 is a diagonal matrix with elements d;; and € is a symmetric matrix with zeros

on the diagonal. S can be written as

St cos(2€;) isin(2€,) edrI-1 ()
S = ( 0 eSJ,J+1 ) ( ZSID(2€J) Cos(ng) 0 €SJ"]+1 . (A88)
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The eigen phases have the closest connection to the solution of the coupled channel

Lippmann-Schwinger equation

//T///
(KT ()1K) = Vio (K ) + = 5P / Vird iy (A.89)

lll

and are given by

1 Tu(p, p; p*) — Trv (p, p; p?
tan(0,(p)) = =3 [Tu(p,p;pz) + Ty (p, p; p°) + ( uppip) — Tov(p.pip ))} :

cos(2¢7)
(A.90)
tan(0y (p)) = _% {T”(p,p;]f) T (py i p?) — (Tu(p,p;p;));g; (p,p;pQ))} ’
(A.91)
and
tan(2e,) = 1 @23 0) + Tin(p, pi p?) (A.92)

Tu(p, p; p*) — Tow (p, p; P?)
where [ = J — 1 and I’ = J 4+ 1. Here we have dropped the subscript J on the phase

shifts for notational convenience.

The nucleon bar convention is related to the eigen phases as follows:

gl’ + gl =0y + 5l, (A93)
< s tan(2é;)
sm(él 51/) = tan(QEJ) (A94)
and
_ sin(2€;)
— 85 = A.
sin(d; — dy) sin(2e) (A.95)

Using the above relations, we have the bar phase shifts and mixing angle defined in

terms of the eigen phase conventions as

€ = %sim_1 [sin(2€;) sin(é; — op)], (A.96)
oi(p) = % {(5; + 0y +sin” (%)] (A.97)
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and

50(p) = % (61 + 61) — sin ™" (tan(?q))} . (A.98)

tan(2ey)

A.6 Effective Range Expansion

In this section we present an entirely different approach to deriving the effective
range expansion. Consider a particle of energy F; and wave number ky. If F; is in

the lab system, then
2h% k3
M

B, = (A.99)

21.2
1

M
the reduced mass. Let u(r) = r¢1(r). Then the Schrodinger equation is

where E., = and M is mass of the particle and in the case of two-particle, it is

d2U1 (7’)
dr?

+ kfuy (r) — v(r)uy (r) = 0. (A.100)

where the potential v(r) = MV (r)/h?. For another energy E, and wave number ki

we have
d2
Ziy) + kjup(r) — v(r)us(r) = 0. (A.101)
Next we multiply equation (A.100) by us(r) and equation (A.101) by u;(r) and sub-

tract one from the other so that,

d*uy (1) d?uy(r)

ua (1) P uy(r) o2 + (k2 — k3)ui(r)ug(r) = 0. (A.102)
Integrating over r,
R
[ (r)uy (1) — ur (P)ua(r)] & = (k3 — kf)/o dr uy (r)us(r) (A.103)

where R is the upper limit (range of the potential). If ¢);(r) represents the asymptote
of uy(r), then
Pi(r) = Aysin(ky 7 + ) (A.104)
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where we choose A; = sin(d). Therefore the asymptote of uy(r) is

_ sin(kyr +96)
(1) = —am(@) (A.105)
Then analogous to equation (A.103), we can define
R
[Wo (1)1 (1) = 1 (r)iba(r)] |5= (k3 — k7) /0 dr by (1) (1) (A.106)

Subtracting equations (A.103) and (A.106) we get

[Wa(r)ior (1) = (1) ha(r)'] [§F = [ua(r)ua (r) — ua(r)us(r)] |§
R
= (k2 — k:f)/o dr [11(r)a(r) — ui (r)ue(r)] . (A.107)

In the limit » = R — oo, the LHS goes to zero and for r = 0, u1(0) = uz(0) = 0.

Therefore equation (A.107) now becomes

[Wa(r)n (1) — a (r)ea(r)] [r=o= (k3 — k7) /0 dr [1 ()2 (r) — ur(rjus(r)].
(A.108)
Using the definition of the asymptote 11 (r) as given in equation (A.105 and analogous

definition for ¢,(r), equation (A.108) now becomes

(ky cot(dy) — kycot(0y)) = (k3 — k) /OO dr [1(r)a(r) —uy (r)us(r)] . (A.109)

0

1
For small values of ki, kj cot(d;) = —a = — where a is the scattering length. Then
1
kcot(d) = —a + k2§p(o, E) (A.110)

where we have taken k; — 0 and

p(0.E) = / " dr Wo(r)(r) — uolryu(r)]. (A111)
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Since kr is small, the dependence on energy is weak and

1 1
kcot(d) = —a + k2§p(0, 0)=—a+ 51{:7‘8 (A.112)

where rg is called the effective range. Once again we note that at low energies, the
scattering is determined by two parameters, the scattering length a and the effective

range 71g.
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APPENDIX B

SHARP RG AND FOLDED DIAGRAMS

This section proves the equivalence between sharp RG and the folded diagram
techniques in effective interaction theory [32, 33]. We start by defining an energy in-
dependent vertex function @(E) box, which resums the effects of the high-momentum

modes as follows:

~

VNN(k,7p)Q(p7 k7 E)
E —p?

~

2 o0
QK k; E) = Van(K', k) + 73;/ p2dp
A

(B.1)

which is the Bloch-Horowitz equation for the sharp regulator. The above equa-
tion (B.1) can be set up very easily as follows. For simplicity, we work with the
corresponding operators and finally choose the momentum space basis. The T" ma-

trix equation is defined as [43]:
Inn = Van + Vv Go T (B.2)

and

T = Q + QG Tog. (B.3)

where Ty and T.g are the bare and effective T' matrices and G{} is the Green’s
function multiplied by a regulator function so that the intermediate states are cut-off
at A. In this case it is a sharp regulator (theta function).
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When high-momentum modes are intergrated out to get an effective potential, we
need Ty = Tog = T, i.e., the bare and the effective interactions should give the same
diagonal T" matrix elements, which are related to phyical observables. In this case
this invariance is extended to the off-shell 7" matrix elements as well, which is just a
choice, analogous to the invariance of half-off shell T' elements seen earlier with the
energy-independent RG. As we shall see, this choice leads to an energy-dependent

effective interaction (also encountered earlier with the three-step RG). Therefore,

T = Van+VanGoT (B4)
= Q+QG)T. (B.5)
From equation (B.4) we get Vin = (1 — Van Go) T'. Therefore using equation (B.5),
Van = (1 = Van Go) (@ +QGh T) (B.6)
= VAN = @ — Van Go Q\ + (1 — Van Go ) @GOAT (B7>
Using QGAT = TGAQ and (1 — VanGo) T = Van from equation (B.4). Therefore,

equation (B.7) becomes
Van = Q — Van Go Q + Van G5 Q. (B.8)

Therefore,

Q = Vax + Vax (Go — G}) Q. (B.9)

In momentum space basis, for a given partial wave, equation (B.9) now becomes

QK k; E) = Van (K, k)
00 / A . A / O ;
+Pg/ q2quNN(k )Q(q, k; E) 732/ q2quNN(k 0)Q(4, k3 B) (B.10)
™ Jo E - q2 T Jo E - q2

(B.11)
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Finally for an energy dependent effective interaction the Bloch-Horowitz equation is

now given by

~

VNN(kJ7 q)Q(Qv ka E)
E— ¢

~

2 o0
QK Kk E) = Van(K', k) + 73; / q*dq
A

(B.12)

which proves equation (B.1).
In terms of the energy-dependent effective interaction @(k’ ,k; E), the T matrix

equation can be written as

"0 k)T (p, ks k?)
k2 _ p2

R 9 A 2
T(k:’,k;kz):Q(k’,k;k2)+73;/ pap . (B.13)
0

Next we define folded diagrams used in traditional effective interaction theory as the
correction terms that must be added if all the @ boxes are evaluated right side on-shell
in the Lippmann-Schwinger equation (B.13). For example, expanding the 7" matrix

equation (B.13) to second order we get:

' 0 k) Q(p, ks k2)

e +0(Q%, (B.14)

o
T ) = Qi)+ P2 [t
T Jo

where

~

9 A A k. p: k2 ke k2
T(2)(k,/’ k’7 k’2) _ P; / p2dpQ( >p7k:2 )_62;2])7 ) ) (B15)
0

Equation (B.15) can be written as

9 A 3 ke 2 A ke k2
T<2>(k/,k;k2)=7>;/o pap ’p’kg )_Q;f’ ’ >+19<1—f°ld>(/f',k), (B.16)

where we have set all the effective interaction terms right-side on-shell and 90 =19 (k| k)

is defined

(p, k; k). (B.17)

Q)

A [ (K, p;
ﬁ(l_fOld)(k‘,,k‘):'P—/ p2dp
T Jo
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Similarly we can work out high-order correction terms. For example

L0 k) Q(k’,p"( ’)2)} . .
(2— fold) / I 1.2 . 1.2

/ / Q(k/ ( )2)} QW' p:*)Qp, ki 1) (B.18)
>><k2—p> PR |

where [ = [} p?dp. Therefore we can replace the energy dependent effective inter-
» 0 gy

action by an energy independent one by defining
Viowk(k/a k) = @(k,a kv k2) + ﬂ(l_fOld)(kJa k) + ﬁ(z_fOld)(kja k) +oe (Blg)

Equation (B.19) expresses Vioyr matrix elements as a folded-diagram series, which
removes the energy-dependence of the effective interaction @(k’ ki k?). In fact it is
possible to get the sharp RG equation starting with the energy dependent @ box [32,
33].

Next we will prove that formal integration of the sharp RG equation,

d‘/lowk(klu k) - 2 Viowk(klu A)ﬂowk(Aa ku A2)

T TYINE (B-20)

yields the series in equation (B.19), as claimed earlier in chapter 4. We demonstrate
this result for a simple case. Expanding the left-on shell Tj,,x matrix to first order,

we get

dv(l (k/a k) o 2 ‘/lowk(k/aA)Viowk(Ay k)

low k

dA T 1— (k/A)? (B-21)
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where the superscript on the RHS refers to the order of expansion of Tiow . Now

differentiating the expression for 9(!=/°4 (equation (B.17)),

NE - 12 NE 1 m2

d oo d | 2, [Q(k,p%)—Q(k,p?p)]A L

A S L — Qlp, :12) |(B.22)
QU A k%) = QUK A3 A%)]

= A2 PRy Q(A, k; k%) (B.23)

0w k)| Q0 A AQ(. ki k)|
— A e ~A — (B.24)

dQ(K, k; k?)

The first term in equation (B.21) is — . This result can be seen easily by

dA
differentiating equation (B.1)

QK. k:k?) _ o Van(K, A)QA k: )

A 2 A2 (B.25)

where E = k? and the initial condition is @(k" ,A; k?) = Van (K, A), which gives

dQK K k) QK A R)QA ki 1)
dA k2 — A2 ’

(B.26)

The second term has on-shell @ and is the first term in the folded-diagram expansion

for Viewr (K, k) as seen in equation (B.19), Therefore

- QK" A A*)Q(A, ks kz)] 2 Viewk (K, A) Vi (A, K)
K2 AZ T 1 (k/A)

(B.27)

Substituting the results of equation (B.26) and (B.27) into equation (B.24), we get

d . d ~ 2 Viow (K, A)Vigw (A, k)
(1=fold) _ __ ! 1. 1.2 < Vlowk\IV 5 low k\ 43,
0 RO ks k)~ e (B.28)

Finally we have the result

dvl(()igk(klvk)_ d A !o7..1.2 (1—fold) (1.1
e = QK K k) + 0 (k‘,k)]- (B.29)

174



Extending the above arguments term by term in the T,y ; matrix expansion, we can

generalize equation (B.29) as follows:

dVlowk(klak)_ d [ /7. 1.2 (1—fold) (1.1 (2—fold) (1.1
LD - — [Q(k,k,k)Jrq? (K, k) + 0 (K, k) + (B.30)

Therefore, we get the result that formally integrating the sharp cut-off energy-independent

RG equation results in generating the folded-diagram series for Vigy x (K, k).
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APPENDIX C

DECOUPLING SCHEMES

Solving the set of first-order coupled differential equations using any of the reg-
ulators, hermitization schemes etc., present one way of decoupling low- and high-
momentum modes (chapter 2 and chapter 4). In this section, we will see other equiv-

alent ways of getting a low-momentum effective potential.

C.1 Projection Operator Methods

Consider the following two projection operators:

P = Z |2) (i (C.1)
and

Q=Y il (C.2)
i=d+1
satisfying the usual relations, P? = P, Q* = Q, P+ Q =1 and PQ = QP = 0. Let

H be the hamiltonian acting on the full Hilbert space. Then

Hly) = El¢) (C.3)

is the solution we are seeking. Using the projection operators, we write equation (C.3)
as
H(P+Q)|v) = El) (C.4)
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Acting on equation (C.4) from the left by P, we get
PH(P +Q)[¢) = EP|¢) (C.5)

= (PHP + PHQ) |[v)) = EPJv). (C.6)

Similarly by acting on equation (C.4) from the left by @, we get

(QHP +QHQ) |¢) = EQ|). (C.7)

Equations (C.6) and (C.7) can be written in a matrix form as

PHP PHQ Ply)y \ Ply)
(e o) (o ) == ol ) (©8)
where PHP and (QH(Q) represent projections on to the low and high-momentum

states, while the off-diagonal blocks QH P and P H() mixes these states. Using equa-

tion (C.7) we can eliminate Q|¢) from equation (C.6) as follows

QlY) = QHP(Py)) (C.9)

QHQ-E

Substituting equation (C.9) into equation (C.6) we get,

PHP + PHQE%QHQ QHP| (Pl)) = E(P|v)). (C.10)
Now we can define Hiow (E) as
Hiowr(E) = H + HQE%QHQQH (C.11)
so that equation (C.10) becomes
Hiowk(E) = PHiowr(E)P (C.12)

which we immediately recognize as the Bloch-Horowitz equation.

177



A refinement of the Bloch-Horowitz theory is the Lee-Suzuki transformation that

eliminates this energy dependence. This is defined as

(C.13)

GAHHIku:<}Wﬁ’PHQ)

0 QHQ
where the decoupling condition is QHP = 0. We parametrize 6 as a non-orthogonal

transformation in terms of the wave operator w as
0=14+w (C.14)

and

Ol =1-w (C.15)
and QwP = w. Once again Hyyw i = PHiowrP. It can be easily shown that

Hiwr = PHP + PHQw = PHP + PHQwP (C.16)

But H =Ty + V', where Tj is the kinetic energy or the unperturbed hamiltonian and

V' is the interaction. P and () commute with 7j. Therefore,

Vigvfk = Hlﬁv%k — PP (C-17>
= PVP+ PVQwP (C.18)

Now we can write equation (C.18) in momentum space for a given partial wave using

the following definition for projection operators

2 A
P = ;/0 p*dp|p)(p| (C.19)
and
Q=2 [ Fasln) (C.20)
A
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so that

[e.e]

) 2
ViES (K k) = Van(K' k) + ~ / p2dpVan (K, p)w(p, k). (C.21)
A

Comparing equation (C.21) with the Bloch-Horowitz equation for the energy depen-

dent effective interaction Vog(FE)

, 2 [
Vg (K, k: E) = Vaw (K, k) + ;/ prdpVan (K, p)Go(p, E)Ver(p, ks E)  (C.22)
A

we can see that the wave operator w transforms the energy-dependence for momentum
dependence. Once again it is possible to derive the sharp RG equation using Lee-
Suzuki equarions as the starting point [33]. It would be interesting to explore the
possibility of a similar equivalence relationship between smooth RG and a smooth

generalization for the Lee-Suzuki transformation.

C.2 Similarity Renormalization Group

Similarity Renormalization Group [46] achieves the decoupling of low- and high-
momentum modes using unitary transformations of the Hamiltonian. This has the
unique feature of driving the high-momentum states towards the diagonal, which
makes it different from the RG methods so far seen. To elaborate further, we saw
earlier that Vi, potentials, obtained from the half-off shell 7" matrix invariance for
instance, preserves phase shifts up to the cut-off A. Above the cut-off the phase shifts
are zero. The low-momentum potential obtained using Similarity Renormalization
Group (SRG) denoted as Vsrg, preserves all the phase shifts with respect to the bare
potential. As shown clearly in [93], this requirement of reproducing high-energy phase
shifts is not needed for preserving low-energy observables. In this section we discuss

the SRG approach.
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Consider the following transformation on the hamiltonian
H, =U(s)HU'(s) = Tya + Vi

where U(s) and U (s) are unitary operators. Now

dH dU dUT
s o= gyt i
s s HU"(s)+U(s)H s
dUj dUt
_ Ul(s)U(s)HU(s) + U(s)HUT(s)U(s)L.
ds ds
T
Consider 7(s) = MUT(S) = nl(s) = U(S)M. Therefore,
ds ds
dH
> =n(s)Hy + Hen'(s).
dS 77(3) S _I_ 577 (S)
Using UT(s)U(s) = 1, we can establish the following
i(UT(s) Uls))=0= 4 U(s) + U'(s) iU(s) =0
ds B ds ds B

= 11'(s) +n(s) = 0.

Therefore using the above result, equation (C.26) can be written as

M (s) Ho— Hon(s) = lnfs). 1.

We have the freedom to choose n(s). Consider the following choice

dU(s)

= [Tia, Hy) = U'(s).
(s) = [T, 1) = 2 01(s)
The flow equations (C.29) now becomes
dH,
= Trchs 7Hs .
(AN

After some algebra we can show that equation (C.31) reduces to

dVi(k', k)
ds

180

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)

= —(k* — (K)*)? Vo(K' k) + %/0 ¢dq (K + (K)? —2¢*) Vo(K', q) Vi(q, k)

(C.32)



Far away from the diagonal (i.e., k # k'), the first term in equation (C.32) dominates,

so that
dv, (K, k
% = —(K = (K)*)?* V(K. k) (C.33)
= V(K. k) = VoK, k)e *—EP)s, (C.34)

Therefore it is clear that the off-diagonal elements are exponentially supressed. We
can define A = s7'/4 where \ measures the spread of the off-diagonal strength. Now
we can decrease A analogous to the cut-off A in the Vi, approach.
The simplicity of the flow equations (C.31) help specify the running of any operator
O ie.,
0o,
ds

= [ma.vi].0,]. (C.35)

A good check for the convergence property of Varg are the Weinberg eigenvalues.
Figure (C.1) shows the repulsive Weinberg eigenvalues for Avyg potential (bare) and
the corresponding Varg potentials (A = 2.0 fm ™) while figure (C.2) shows the attrac-
tive eigenvalues. The figures also show the corresponding Vi« eigenvalues (sqaures).
We see that lowering the cut-off from bare value of A = 30fm™" to A = 2.0fm™"
results in the major decreases in the repulsive eigenvalues (analogous to Vi - refer
chapter 5). Note that there are differences in the eigenvalues for Vi, and Vsgrg, but
the trends remain the same. This is important for the convergence of the in-medium
Born-series. The attractive eigenvalues for Vsgrg in the S channel do not change much
in free-space, due to the presence of shallow bound states.

SRG approach provides a neat way to explore the three-body running and work

in this direction is already in progress [94].
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Figure C.1: Largest Repulsive Weinberg eigenvalues for Viowr and Vsrg for Avig
potential. The filled squares denote Weinberg eigenvalues corresponding to Vi for
A =2.0fm™". Notice similar trends as ) is decreased analogous to decreasing A.
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Figure C.2: Largest Attractive Weinberg eigenvalues for Viow, and Vsrg for Avig
potential. Notice similar trends as \ is decreased analogous to decreasing A.
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