IRREDUCIBLE COVARIANT REPRESENTATIONS
ASSOCIATED WITH AN R-DISCRETE GROUPOID

Roxana VIDICAN"

Unei perechi covariante pozitiv definite (T, p) relativ la un grupoid r-discret
G, i se poate asocia, printr-o teoremad de tip Stinespring, o reprezentare covarintd
U, ﬁ) . Vom stabili o conditie necesara si suficienta de ireductibilitate pentru aceasta

din urmad.

Let (T, p) be a positive definite covariant pair with respect to an r-discrete
groupoid G. Using a theorem of type Stinespring, we can associate to the pair (T, p) a
covariant representation (U,ﬁ). In this article, we provide a necessary and sufficient

condition of irreducibility for the representation (U, ﬁ) .
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Introduction

For a suitable amenable, r-discrete, principal groupoid G with the unit space
G° and the semigroup I of its compact and open G-sets, we define a covariant
representation of 3, to be a pair (7, p) , where

(i) p is a *-representation of C,(G’) (= the C" -algebra of complex-valued
functions on G°, that are continuous and vanishing at infinity) on a (complex and
separable) Hilbert space H;

(1) T= {T (s)|se S} is a family of operators on H such that ||T (s)|| <1 and

T(s)T(t)=T(st), for s,t€3J;
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(iii) T(s)p(a) = p(ao$)T(s), for ae C,(G’) and s € J; and
(iv) T(s)=p(X,), for se€3I such that s G’ (where N, denote the
characteristic function of ).

Definition If 7 is a function from 3 to B(H) and p is a *-representation
of C,(G") on H,then (T, p) is a positive definite covariant pair , if the following
conditions are satisfied:

() T(s)p(a) = p(acs)T(s), for ae Cy(G"),s € J;

(i) T(s)T(¢t)=T(st), for s,t € 3J;

(iii) T(s) = p(X,), for s € I with s = G’; and

(iv) for each finite collection of points s,,...,s, € I, the operator matrix

(T(s; lsj Ni<ijc, acting on H®..®H, is non-negative (this means that,
Z< T(s;'s )& >,20, for (&,.,6,) e HO..OH ).
L]

Theorem Let (7,p) be a positive definite covariant pair with values in
B(H) . Then there are a Hilbert space H , a covariant representation (U, p) of I on

H and a Hilbert space isomorphism V'  mapping H into H such that
p(a)=V pa)V, for ac Cy(G") and T(t)=V U@V ,forte3.

We shall show a necessary and sufficient condition of irreducibility for the
covariant representation (U, p) from the above theorem in terms of the pair (7', p).

1. Preliminaries

The definitions for the notions of: amenable, r-discrete principal groupoid, G-

set, C" -algebra associated with a locally compact groupoid, can be found in [1], [2],
[3], [4] or [5].

Now, to understanding more easily the content of this paper, we shall present ,
first of all, the most important stages of the proof of the theorem from “Introduction”.



Let H , be the set of all functions f : 3 — H , such that

(1) there is a compact set K, (depending of /) such that K, < G and
f@)=0,for tinK, =0 ;and

(2) if £,t, € 3 suchthat 7, 7, then f(¢)=p(N,,))f (7).

We define on H , asesquilinear functional <-,-> by the formula

< f,g>= Y <T(s" D) f(0),8(5) >,
where the sum is over any two finite sets {7,},{s;} in I such that K ,6 <z,
K, cus,, and such that ¢, Nt =5, N = O,if i#j, k1.

Let N={f¢€ P~Io |< f,f >=0}. The sesquilinear functional <--> from
above passes to an inner product on H o/ N . ( For this inner product we keep the
notation < - >.)

Let H be the completion of H o/ N 1n the associated norm. Next, we define

Vi:H—>H by VE=E+N,
where 5 () =p(EN )¢S ( E being the conditional expectation from C (G) to
C"(G’)=C,(G")). This operator V' is an isometry.

Note that, for f € 1_70 and €3, if we denote f, (s)= f(t"'s), Vse3J, we
obtain f, € H,.

Now, for g € 3 , the operator U on ﬁo /N defined by U(g)(f+ N)=
S, +N,Vf e [—NIO satisfies the properties U(q™')=U(q)" and U(st) =U(s)U(t), for
q,s,te3J.

Finally, for a € C,(G"), we define p,(a) on H, by the formula
(Po(@)f)&) = plact™)f(t). Denote p(a)(f+N)=p,(a)f+N, p is a *-repre-
sentation of C,(G") on H.

The pair (U, p) and the operator V' have the properties asked in the theorem.

Observations (i) (U,p) is just a positive definite covariant pair: let
&,n8,)eH®..®H and s,,...,5, € J; then



0< il<T(sl_—lsj)§j,§l.> - _§=1<U(s[—1,sj)V§j,V§,.> .

i
From here, using VH = H, we deduce that U(s, lsj )i -1 1s a positive operator
matrix.

(i) As Vis an isometry, it results V'V =1,,. Since ¥ is an isomorphism,
there exists V' and VV=V'W=I,, hence (V' -V')V=0. Then
VH = H implies V" =V ~". Consequently, T() =V U@V < VTV =U(r),
VteJ.

(iii) If p is a non-degenerate representation of C”(G°), then the family
{T(s)},.5 1s non-degenerate ( i.e. %{T(s)f |se3,EeH}=H )andsois{U(s)}
also: let ne H and {a,}, = C,(G°),{£,},  H such that 77 = lim p(a,)é; fix

seJ

{s,}, = 3 such that Vi:suppa, = s;'s,. Then
n=limp( , a)é =limp(N . )p(a,)s, = imT(s;"s,)p(a,); .

For the second part of the assertion : since V is an isometry, V,V " are
continuous operators. Therefore,
H=V(H)=VSpI(3)H) c Sp('T()H) = Sp(' (V" H) = Sp(U(NH).

(iv) If (T, p) is a positive definite covariant pair, then 7" (s) =T(s™") ,
Vs € 3: from the proof of the theorem, we know that U (t) =U(¢t'),Vt € I, hence
T"(O)=V'Ue"W=T@t"),Vte3.

(v) If (T, p) is a positive definite covariant pair, then || 7(s)||<1,Vs € J:
let s €3 ; then we have || T(s)[|*=[7(s) T(s) | = T(s )T (s) I=) T (s ") || =
PN ) I<IN =T,

(vi) For a € Cy(G’) and s €T , we have aos =N aN _(wheres from the
right side is a G-set, while s from the left side is a notation for the function
ut>d(u-s); u-s is the element x € s with »(x)=u), hence aos™ os =
(aosos=(N_aR)os=(NN_)a(RN _)=8 aN , =aoss". Now:
P@)T(s) = p(@)T(ss™'s) = p(@)T(ss™)T(s) = p@)p(R . )T() = plas (ss™)T(s) =
placs™ os)T(s)=T(s)p(aos™).



2. Irreducible representations of C,(G")

Lema 1 If (7}, p,),(T,, p,) are two positive definite covariant pairs of I on
B(H) with p,, p, non-degenerate representations of C,(G") such that
Vne N andVs,,...s, € 3: (T)(s;'s)), < (To(s;'s,)), »
while (U,, p, JH ), respectively (U, , p, , H ,) are the corresponding covariant

representations, then there exists a contraction W e B(H Z,PNI D (e | W] <1)

satisfying:

W Wy, =";

(i) WU, (s)=U,(s)W,Vs € J; and

(ii1)
Wp,(a) = 5,(a)W.Va e C,(G") & T(Npy(aot™) = T,(0)p(aot™), Vi €T,
Va e C,(G°).

Proof: (1) Let A,,...h, € Hand s,,...,s, € 3. Then:
IZU (s, Wi 1= ST U (57 Wiyl = ST (577 Dyl < ST (s s Oy =
J LJ LJ LJ

= %:Uz (Sj)VZhj I 2.

Defining W : 1’-~[2 - I-N]1 by WU, (t)V,h =U,(t)Vh, we remarke that IV is a
contraction with WV, =V,.

(i) For s, 3 and h e H, we have
WU, (U, ()V,h =WU,(st)V,h=U,(st)V,h=U,(s)U, W, h=U,(s)WU,(t)V,h.

(iii) If a € C,(G’),t €I and he H , it follows
Wo,(@)U,(O)V,h=WU, () p,(ae t Wrh=WU, )V, p,(a° th = UV, p,(ae t™)h

On the other hand,

P (@WU, )V h=p (U, ()V,h=U,(t)p,(a° til)Vlh =U,(0)V,p(ae t™h.
Hence, Wp,(a) = p,(a)W < I/I*Ul (W, p,(ae ™= V]*Ul OV, py(ae tHh <

T,()p,(act Y =T,(t)p,(aot™h m

Definition 2 Let H be a Hilbert space and U € B(H). U 1is a positive
operator ( and we shall denote this by U >0), if U =U " and (U(x),x)>0,Vxe H .



Notation 3 For a Hilbert space H and a set M such that M < B(H), we

write M’ for the commutant of M/ , i.e.
M'={U e B(H)|VV e M :UV =VU}

Lemma 4 Let (7, p) a covariant positive definite pair on B(H) with p a
non-degenerate representation of C,(G’), (U, p) the corresponding covariant
representation on B(H), and ¥ the isomorphism between H and H such that

p(a)=V pa)V ,YaeCy(G") and T(t) =V UV, Vte3J.

For W eU(J)' and S € p(C,(G"))’ , we define the applications

®, :3—>B(H) by ®,)=VWU@F)V, VteT and
¥, :C,(G°) > B(H) by W,(a)=VWp(a)V, VaeC,(G’).
Under these conditions, the following assertions are true:
(1) the maps W - @, and S - ‘¥ are linear and injective;

(i) if W eU(3)' and 0<W , then for ne N™ and s,,...,s, € I, the operator
matrix (D, (s;'s )i 1s non-negative; and

(iii) if W e U(3) suchthat W =W and Vn e N*,‘v’sl,...,sn e 3, the
operator matrix (D, (s; lsj )i -1 is non-negative, then W >0.

Proof: (1) It suffices to show, that the linear map W - @, is injective. For
the injectivity of S = ¥ , the proof is analogous.

We assume that @, =0. Let 5,t € 3 and 4,k € H . Then:
WU @WVh,U(sVk) = U (s WU @WVh,Vk)y =V WU (s ' t)Vh,k) =(D,, (s 't)h, k) =0
hence, W =0.

(i1)) We use the observation (i) from “Preliminaries” and the following
theorem:

“If 4 1s an involutive algebra, H a Hilbert space, 7 a representation of 4 on H
and T € B(H) suchthat 7 >0 and T € 7(A)" , then exists K € B(H) with

K=K ,K*=T and K € 7(4)".“
Thus, for W e U(3)' with 0 <W | there is K € B(H) such that K =K ",
K*>=W and K € U(J)'.



Let s,,....,s, €3 and (&,,....&,) € H ®...® H . The required conclusion

follows by
LDy (5,15 ))8,.8) =T WU(s;'s WE,.8) = KUK U (s s &, VE ) =

~L(U(s's )KVE, . KVE) 2 0.
(i11) Let W asin the s;atement of the lemma. For ne N”, )5S, €3,
s, € H and k=U, (s )Vl + ...+ U, (s,)Vh, , we get
Wk, ky = %(V*U(S{I)WU(SA,‘ Wh,,h) = §<V*WU(S,?1S,)Vh/., by =
= (@, (55, )y 1) 2 0,
hence, W >0 m !

Lemma S Let (7}, p,)and (T, p) two positive definite covariant pairs
with p,, o non-degenerate representations of C,(G°) such that
Vne N, Vs,,..,s, €3: (T\(s;'s;)); . <(T(s;'s;));,, and
Vte3,VaeCy(G): T,(t)p,(act™)=T,(t)plaot™) .
If (U, p) is the covariant representation with respect to (7, o), then there is
W eU(3I) N p(C,(G")) with the properties: 0<W <I( I: H — H is the identity
operator, [(h)=h,Vh eﬁ) , I, =®, and p, =¥, .
Proof: Let V:H — H the isomorphism corresponding to the pair (7, p),
(U,, p,) the covariant representation and V, : H — H , the isomorphism associated
with the pair (7}, p,).
The lemma 1 assures the existence of a contraction W : H — H , such that
WV =V,, WU(s) =U,(s)W , ¥s €3 and Wp(a) = p,(a)W , Va e C,(G*).
We shall denote W =W W . Then W >0 and for he H , we have:
(Wh,hy = (Wh,Wh) < (h,h), hence 0<W <1.
Choose s € 3. Then,
WU (s)=W'U,(s)W = U, (W)W =U,(s W)W =WU(s™ ) W =
=UGs™) W W =U@EW



implies W e U(J)'. Analogously, W € p(C,(G"))'.
Suppose that € 3 and 4,k € H . Since
(D, (t)h, k) = (WU@Wh,VE) = (WU ()Vh,WVE) = (U, (O )WV, WVk) =
= (U, 0V, V,ky = VU (0 b, k) =T (0)h, k)
I, =®, . Similarly, p, =¥, =

Observations 6 (i) Ifsis a G-set, then ss™',s's are also G-sets and at the
same time, they are subsets of G°. Moreover, s =ss"'s .( If xess™'s, then x = yu,
with yes and u e s™'s, hencex = y € 5. Conversely, for x € s, we have x = xx'x
ess’'s))

(ii) The operator W from lemma 5 satisfies W* = W , as follows from

I, =@, = T,(st) = Dy, (s1),Vs,t € I= Dy, (5)P, (1) = T, ()T, (1) = T, (s7) =
=®,, (st) =V WU@SVV WU@)WVh=V WU (st)Vh,Vs,t € 3,Vhe H=
VWU (st)Vh=V WU (st)Vh,Vs,t € 3,Vhe H=
WU (st)Vh = WU (st)Vh,¥s,t € 3,Yhe H= WU(ss"'s)h =WU(ss 's)h ,
Vs e S,Vﬁ ceH= WZU(S)Z = WU(S)Z,VS € S,VZ eH.

Proposition 7 Let (7, p) a positive definite covariant pair. Then there is a
bijection between the set

A=W eUI) N P(C(G*)) | 0O<W < ILLW?> =W}
and the family B of the positive definite covariant pairs (S,6) on B(H), which are
the property

Vne N ,Vs,..,s, € 3: (S(s;'s,) . <(T(s;'s;)); ., and
St plact™)=S{t)0(aot™"),VaeCy(G"),VteJ.

Proof: Assume W € A. By lemma 4, forn € N" and t,...nt, €3, the
operator matrix (D, (¢;'t 7))i. = 1s non-negative. Because W <[, we can claim that
Vne N andVi,,....t, € 3: (D, , (ti_ltj )i ;-1 s a non-negative matrix, hence®,, <7'.

Using W?* =W ,itis clear that @, (st) = D, (s)D,, (¢),Vs,t € I and that
W, is a representation of C,(G°).



For s € 3 such that s € G°, we have @, (s) =V WU (s)V =V Wp(N,)V =

¥, (X,). Next, for a € C,(G°) and s € T, it follows
D, ()Y, (@) =V WUV Wp(a)V =V W?U(s)p(a)V =
=V'W?p(acs)US)V =V Wp(aos)VV WU(s)V =¥, (aos)D,(s).
Finally, if 7€ 3 and ae C,(G’), then
D, O)plact™)y=V"WU@{)Vp(aot™")and
D, (O, (act™ )=V WUV V Wp(aot W =V WU@t)p(aot "V =
=V WU@t)Vp(aot™).

Thus, @, (H)p(act™) =D, (1)¥, (aot™"). All these imply (®,,¥, )< B.

By the lemma 4, the mapW +— (®,,,'¥,,) is injective. Its surjectivity follows
from lemma 5 and observation 6 (i) m

Proposition 8 If (T, p) is a non-null, positive definite covariant pair such
that, for every (S,0) € B, thereis A € C with § = AT, then the covariant
representation (U, p) associated with (7, p) is irreducible ( in the sense that, only
the subspaces 0 and H are closed and invariant with respect to U(J)and p(C,(G"))

Proof: Let (7, p) and(S,0) € B as in the statement of the proposition. By
lemma 5, we can find W € 4 such that § =®,, and 8 =¥, . Consequently, there is
A € Csuch that @, = AT . It results:

VWU@GW =AT@t),Nte IS WU@)=AVT)V ,VteI <
WU@)=AU@),NteISW =

Let K a closed subspace of H , such that K is invariant with respect to U (J)
and p(C,(G")). For he H , we consider the writting & = h, + h,, where h, € K and
h, € K*. We shall denote with P, , the projection on K, P, : H—H,Ph=h.lt
remains to show that, P, € 4 ( 4 from proposition 7). Then it will exist 4 € C such
that P, = AI . This is equivalent with K =0 or K = H .

For ke K,he K" and s € 3, we have U(s ')k € K , hence (U(s)h,k) =
(h,U(s k) =0, from where U(s)h € K*. Thus, if h € H such that / = h +h,,

with i, € K and h, € K*, we can write



P.Uh=P,(U(s)h +U(s)h, =U(s)h, =U(s)Ph,
ie. P, eU(J)'. Analogously, it results that P, € p(C,(G"))".
For h e H with the same decomposition as above, we find
Ph=P.h =h =P.h, (Phhy=_h, h +h)={h,h)>0 and
(P =Dh,h) =(hy —h,hy = =(hy, h) = —(hy, hy) < 0.
Hence P =P, and 0< P, <[ m

Proposition 9 If (T, p) is a non-null, positive definite covariant pair such
that p is a non-degenerate representation of C,(G") and (U, p) is irreducible, then
for V(S,0) € B, thereis A € C such that S = AT'.

Proof: Choose (T, p) and (U, p) with the properties from the statement
and (S,0) € B . By lemma 5, there is an operator W € 4 such that (S,0) =(®,,%¥, ).

Let K =W (H). Then
W(H)={heH|3 keHai h=Wk:=1{he H| h=Wk}
is a linear closed subspace of H . Moreover, it is invariant with respect to U(J) and
P(C,(G*)). Because (U, p) is irreducible, we deduce that W(H) is 0 or H, hence
W =l forsome A € C . Finally, Vt € 3:S(t) = ®,, (1) =V AUV = AT(t) m
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