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ABSTRACT. Let A and B be two C* -algebras. A completely n -positive linear
map from A to B is an n X n matrix [p;;]?,;_; whose elements are bounded
linear maps from A to B and the linear map p : My (A) — Mn(B) ( Mn(A)
denotes the C* -algebra of all n x n matrices with elements in A) defined by
P <[aij]f7j:1) = [psj (ai;)]} j—=; is completely positive.

Suen [Proc. Amer. Math. Soc. 112(1991),3, 709-712] showed that any
completely n -positive linear map p = [py;]7;_; from A to L(H), the C* -
algebra of all bounded linear operators on the Hilbert space H, has the form
Pij () =V*T3®()V, i,j = 1,2,...,n, where ® is a representation of A on a
Hilbert space K, V : H — K is an isometry and [Tijmjzl is a positive element
in the C*-algebra of n x n-matrices with elements in ® (A)’, the commutant
of ®(A).

In this work, we extend the result of Suen for completely n -positive linear
maps between C* -algebras.

1. INTRODUCTION AND PRELIMINARIES

Let A and B be two unital C*-algebras.
Let M,,(A) denote the * -algebra of all n x n matrices over A with the algebraic

operations and the topology obtained by regarding it as a direct sum of n? copies
of A.

DEFINITION 1.1. A completely positive linear map from A to B is a linear map
p: A — B such that the linear map p™ : M, (A) — M, (B) defined by

p™ ([aij]ijl) =[p (aij)]zj:1

is positive for any positive integer n. We say that p is unital if p (14) = 1p, where
14 is the unity of A and 1p is the unity of B.

DEFINITION 1.2. A completely n -positive linear map from A to B is an n X n
matriz [pz-j] : of linear maps from A to B such that the map p : My, (A) — M, (B)
defined by

=1

n
P ([alJ}ZJ:1> = [plj (aij):li’jzl
is completely positive. If p is a unital completely positive linear map, we say that
[pij]?jzl 18 a unital completely n -positive linear map.
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In [8], Suen showed that given a unital completely n -positive linear map [pij] "

i,j=1
from A to L(H), the C*-algebra of all bounded linear operators on the Hilbert space
H, there is a representation ® of A on a Hilbert space K, an isometry V : H — K
and a positive element [Tij]?j:l in M, (®(A)"), where ® (A)" is the commutant of
® (A) in L(K) such that

Pij (a) = Vi@ (a)V

for alla € A and for all 4,5 =1,...,n.

In this paper, we extend the result of Suen for unital completely n -positive linear
maps from a C* -algebra A to L(E), the C*-algebra of all adjointable operators on
a Hilbert C*-module over B. Moreover, we prove that Suen’s construction is unique
up to unitary equivalence.

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner-
product to take values in a C*-algebra rather than in the field of complex numbers.

DEFINITION 1.3. A pre-Hilbert A-module is a complex vector space E which is also
a right A-module, compatible with the complex algebra structure, equipped with an
A-valued inner product (-,-) : E x E — A which is C -and A-linear in its second
variable and satisfies the following relations:

L(&m)" = (n,€) for every &,n € E;

2. (£,€) >0 for every £ € E;

3. (£,6) =0 if and only if £ = 0.

We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the norm ||| given by ||€]| = /|I{&, &) |-

A (C*-algebra A is a Hilbert C*-module over A with the inner-product defined
by (a,b) = a*b for a and b in A.

Given two Hilbert A -modules E and F', the Banach space of all bounded module
homomorphisms from E to F is denoted by B(E, F). The subset of B(E, F) consist-
ing of all adjointable module homomorphisms from E to F ( that is, T € B(E, F)
such that there is T* € B(F, E) satisfying (n, T¢) = (T*n, &) for all £ € E and for
all n € F') is denoted by L(E, F). We will write B(E) for B(E, E) and L(E) for
L(E,E).

For a C* -algebra A, the C* -algebra £(A) is isomorphic with M(A), the multi-
plier algebra of A, and so A can be identified with a C* -subalgebra of L(A).

In general, L(E,F) # B(E, F'). So the theory of Hilbert C*-modules is different
from the theory of Hilbert spaces.

The Banach space E# of all bounded module homomorphisms from E to A
becomes a right A -module with the action of A on E# defined by (aT) (§) = a* (T€)
fora € A, T € E# and € € E. We say that E is self-dual if E# = E as right A
-modules.

If E and F are self-dual, then B(E, F) = L(E, F) [5, Proposition 3.4].

Suppose that A is a W*-algebra. Then the A -valued inner- product on F
extends to an A -valued inner-product on E# and in this way E# becomes a
self-dual Hilbert A -module [5, Theorem 3.2]. Moreover, any bounded module
homomorphism 7" from F to F' extends uniquely to a bounded homomorphism T
from E# to F# [5, Proposition 3.6].

A representation of a C*-algebra A on a Hilbert C*-module E over a C*-algebra

B is a *- morphism ® from A to L(F).
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CONSTRUCTION 1.4. ([4, 5, 9]) Let E be a Hilbert C*-module over a C*-algebra
B. The algebraic tensor product E Q4 B**, where B** is the enveloping W* -
algebra of B, becomes a right B** -module if we define (§ ® b)c = ®be, for & € E,
and b,c € B**.

The map [-,-] : (E ®aq1g B*™) X (E ®q19 B**) — B** defined by
Z£i®biyz77j®cj :Zzb? (&imj)c
i=1 j=1 i=1 j=1

is a B**-valued inner-product on E®q, B** and the quotient module EQq1, B** /N,
where Np = {¢ € E ®q1y B**;[(,(] = 0}, becomes a pre-Hilbert B**-module. The
Hilbert C*-module E ®q, B**/Ng obtained by the completion of E ®q4, B**/Ng
with respect to the norm induced by the inner product [-,] is called the extension
of E by the C* -algebra B**. Moreover, E can be regarded as a B-submodule of
E ®qy B** /[N, since the map § — £ ® 1p«+ + Ng from E to E ®q, B**/Ng is an
isometric inclusion.

_ \# ~
The self-dual Hilbert B**-module (E Ralg B**/NE) s denoted by E, and we

can consider E as embedded in E without making distinction.

Let T € Bg(E, F). For by,...,b,, € B** and ;,...,&,, in E we denote by b the
element in (B**)™ whose components are by, ..., by, by X the matrix in M, (B**)
whose (i, j) -entry is (&;,¢;) and by X7 the matrix in M, (B**) whose (i, j) -entry
is (T¢;,T¢;). By Lemma 4.2 in [3], 0 < X < ||T|| X. Identifying M, (B**) with
L((B**)™), we have

m

Y TE @b, Y TE b
i=1 i=1

m

> b (T, TE;) by = (b, Xrb)

i,7=1

m m

> & @b > @b
=1 i=1

Therefore T extends uniquely to a bounded module homomorphism T from
E ®a1y B** /NE to F ®a1y B** /NF such that

T (Z& ®bz’> = ZTfi ® b;
i=1 i—1

and by Proposition 3.6 in [5], this extends uniquely to a bounded module homo-
morphism 7" from E to F such that ||T]| = HTH .

IA

1T} b, Xb) = [T

REMARK 1.5. Any element T € B(E,F) extends uniquely to an element T €
B(E,F) such that ||T|| = HTH Moreover, TS = TS for all T € B(E,F) and
S eB(F,E), and if T € L(E, F), then T* = T*.

REMARK 1.6. A representation ® of a C*-algebra A on a Hilbert C*-module E

over a C*-algebra B induces a representation ® of A on E defined by ® (a) = CI/;(_a/)
for all a € A.



2. REPRESENTATIONS ASSOCIATED WITH COMPLETELY 7 -POSITIVE LINEAR
MAPS

Let A be a unital C* -algebra, let E be a Hilbert C* -module over B and let
p: A — L(E) be a unital completely positive linear map. It is well known that
there is a representation ®, of A on a Hilbert B -module E, and an isometry
V, : E — E, such that

pla) =V, ®,(a)V,

for all a € A and { ®,(a)V,&a € A, € E} spans a dense subspace of E, [3,
Theorem 5.6]. The triple (®,, E,,V,) is called the KSGNS (Kasparov, Stinespring,
Gel’'fand, Naimark, Segal) construction associated with p. Moreover, the KSGNS
construction associated with p is unique up to a unitary equivalence. Any com-
pletely positive linear map p from A to B induces a representation ®, of A on a

self -dual Hilbert B**-module Ev’p .

Let C (p) be the C* -subalgebra of £ (/Evp> generated by {T € L (/Evp) ;T<I/>vp(a) =
q/;;(a)T, /‘};*T@;(a)/‘}; |z € L(E) for all a € A}. For any positive element T' € C' (p),
the map pp: A — L(E) defined by

pr(a) = Vo T(I)p(a)vp |E

is completely positive [2, Lemma 2.3]. Moreover, the map T' — py is an affine order
isomorphism of partially ordered set of operators {T'€ C (p);0 <T <1, (E, )} onto
P

[0,p] = {0 € CP(A,E);0 < p}, where CP(A, E) is the set of completely positive
linear maps from A to L(E) and 0 < p if p — 6 is an element in CP(A, E) [2,
Theorem 2.6].

Let p : My (A) — M (L (E)) be a unital completely positive linear map defined

by
p({ a b }) _ { p11(a)  p1a(b)
c d p21(c)  paa(d)
Clearly, p;; and p,, are unital completely positive linear maps from A to B and

pia = Py (that is p3; (a) = p1y (a)” for alla € A). Let ¢ = 5(py; + pap). Clearly,
 is a unital completely positive linear map from A to B.

LEMMA 2.1. Let A be a unital C*-algebra, let E be a Hilbert C*-module over B
and let p: Ma (A) — My (L (F)) be a unital completely positive linear map defined

by
p({ a b }) _ { pi1(a)  p12(b) } )
c d p21(c)  paa(d)
Then there is a unique element T in C (p) such that pi5(a) = X/};*Tf/};;(a)‘/}; e,

where ¢ = 1(pyy + pas), for all a € A.
Proof. Let X be a complex number with |A| = 1. The map 0 : A — L(FE) defined by



is completely positive, since compositions of completely positive linear maps are
completely positive. From

xle([ e ) 3] = @ @) + R+ pale)

= 2(p+Re(Ap12)) (@)

for all a € A, we deduce that the linear map p+Re(Apyy) : A — L(F) is completely
positive. In particular, cpj:Re p12 and p=£Im p;5 are completely positive. Moreover,

since ¢ — 5(¢ + Repyy) = 5(¢ — Repyy) and ¢ — 3(p +Imp;y) = (o — Impy,),
we have ¢ > §(¢ + Repy,) and ¢ = 5(p+Impy).

Let (®,, E,, V,,) be the KSGNS construction associated with ¢. By [2, Theorem
2.6] there is a unique positive S € C (¢), S < IL(E;) such that

1

5 (9 (@) + (Repp) (@) = V. 5@, ()V, |

for all @ € A and, consequently,
(Repi) (@) =V, (25 = I 5.)@o()Vo |5
for all a € A. Setting S; = 25 — I.C(E ) we have S; = ST and

(Repya) (a) =V, S1®,(a)V, |
for all a € A. Similarly, there is Sy € C (¢) such that Sy = S5 and
(Impyy) (@) = Vi S2®p(a)Vy [g
for all @ € A. Setting T'= 51 +iS2, we have T € C (p) and
piz(a) =V T (a)V, |p
for all a € A.
To show that T is unique, let To € C (¢) such that
P12 (a) =V, To®y(a)V, |
for all @ € A. Then

~=*1

(Re py) (a) = Vi, 2(ToJrTo) NOIAE

for all @ € A and so

3 (@) (Rep) @) = 753 (500 4 T5) + 1) ) BtV e

for all a € A. By [2, Theorem 2.6, § (§(To+15) + 1)) = S and then

1 * *
§(T0+TO) = QS_IL(ENgo) = §(T+T )
Hence Tp + T = T + T™. In the same way we obtain Ty — Ty = T — T™. These
imply that Ty =T. i
The following theorem is a generalization of Proposition 2.7 [8].

THEOREM 2.2. Let A be a unital C*-algebra, let E be a Hilbert C* -module over
B, let [p;;]} j=1 be a unital completely positive linear map from A to L(E).
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1. Then there is a representation ® of A on a Hilbert C*-module F' over B, an

isometry V. E — F, and [T;;]}';—; € M, (®(A)") such that

(a) V*Ty;®(a)V |g € L(E) for alla € A and for alli,j = 1,2, ...n, [V*lev |E}

n
is a positive element in M, (L(E)), and Y Tpx = nlz(py;
k=1

(b) {®(a)VE&a€ A € EY} is dense in F ;
(¢) pijla) = V*T;;®(a)V |g for alla € A andi,j=1,..,n.
2. If W is another representation of A on a Hilbert C*-module G over B, W :

E — G is an isometry and [Si]7;—y € My (¥(A)’) such that

(a) W*Sij\i(a)wm € L(E) foralla € A and for alli,j =1,2,...n, {’WV*SU,VI\; |E}

n
is a positive element in M, (L(E)), and Y Skx = nlrq);
k=1

(b) {¥(a)W¢&ae€ A& e E} is dense in G ;
(c) pijla) = W*Sij\fl(a)w |g foralla€e A andi,j=1,2,..,n,
then there is a unitary operator U : F' — G such that
(i) U®(a) =¥ (a) U for all a € A;
(il) OV =W;
(i) UTy; = Si;U for all i,j =1,2,..n.

Proof. 1. Tt is easy to verify that the map { Pii Zij } : My(A) — My(L(E))
i P

is completely positive for each 7,5 = 1,....,n Wjith z'”;é j. Then by the proof of
the above lemma, we have 3(p;; + p;;) + Re(Ap;;) is completely positive for all
i,7 = 1,2,...,n, with ¢ # j and for all complex numbers A with |A\| = 1, and
s0 5(3h_1 Prr) + Re(Ap;;) is completely positive for 4,5 = 1,.2,..n with i # j.
In particular, L(377_ ppi) £ 2 Rep;; and £(3°,_, ppp,) = 2 Im p,; are completely
positive for each i, 7 = 1,2,...n, with 7 # j.

Setting p = % > k1 Prr » the map p is completely positive, because it is a sum
of completely positive linear maps. By the KSGNS construction associated with
p, there is a Hilbert C*-module F' over B, a representation ® of A on F, and an
isometry V : E — F such that the vector subspace {®(a)V&;a € A€ € E} is
dense in F. For each i,j = 1,2,...,n with ¢ # j, by the proof of Lemma 2.1, since
p=3(p+ 3 Repy;) =5 (p— 3 Repyy) and p—3 (p+  Impyy) = 5 (p— ZTmpy;)
there is a unique element T;; in C(p) ( that is, T;; € ®(A)" and V*T;;@(a)V | €
L(E) for all a € A) such that

pij<a) = ‘N/*sza’(a)‘7 |E

for all a € A.
For each i = 1,2,...,n, clearly %Pn’ < p, and by [2, Theorem 2.6] there is a
unique element T € C(p) such that

1 S0 NS
Epii(a) =V :’fi(b(a)v |E

6
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4,j=1

n

i,7=1



for all @ € A. Let Tj; = nT9. Then T}; € C(p) and p;;(a) = V*T;;®(a)V | for all
a € A. From

3

Zpkk: l; T ®(a)V |p = v*Z%TkkE’(a)r/@

k=1
for all @ € A,and [2, Theorem 2.6] we deduce that Y ) _, %Tkk =Irp)-
~ ~ n
To show that {V*TijV |E} ~is a positive element in M, (L(E)), let ar, € A

7,7=1
and &, € E, k=1,2,...,n. We have

MZ; (T35 (®(a;)VE;), ®(a;)VE] = Mzzjl [{N/*Tij&)(a;‘.ai)f/@,fj]
Z <‘7*Ej:f)(a;ai)‘7§ia§j>
ij=1

= > {py(ajai) &,¢;) 20

i,j=1

since [p;;]';—; is completely positive. From this fact and taking into account that
the vector subspace generated by {®(a)V¢;a € A,€ € E} is dense in F, we deduce
that

n

Z [Tij (1:) 777j] >0

ij=1
for all ny,...,n,, € E and then
n . . n . . n . .
Z <V*Tijvfiafj> = Z [V*Tijvfiafj} = Z [ﬂjvfiavé-j} >0
i,j=1 ij=1 i,j=1

for all &, ...,¢,, € E. Thus we showed that [V*TU‘N/ |E} ~is a positive element

1,7=1
in M,, (L(F)).
2. Consider the linear map U :Sp{®(a)V¢;a € A, € E} — Sp{¥(a)W¢;a €
A, ¢ € E} defined by

U (®(a)VE) = W(a)WE.
From
({U(2(a)VE), U (2(a)VE)) = (¥()WE ¥(a)WE)
= WU (@) WE,€) = (Wl g Uaa)WE )

3

%<W Sen¥(a*a)WE, 5> %(Pkk(a*a)&@

k=1

M= I-

%<V T ®(a*a)Ve, §>

I
—

I
/\w

V*I£< ) (a*a)‘~/§,£>
®(a)VE, 2(a)VE)
7
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for all @ € A and for all ¢ € E and taking into account that Sp{®(a)V¢;a €
A, € E} is dense in F and Sp{¥(a)W¢;a € A, € E} is dense in G, we deduce
that U extends to a unitary operator from F' to G. It is not difficult to check that
UP(a) =T (a)U foralla € A and UV = W.

Clearly, (7*5”4(? eC(p) foralli,j=1,2,...,n. From

pij(@) = WS;U(a)W |p = V*U*S;¥(a)UV |p
= VXU*S;U)®(a)V |5
for all a € A and for all 7,5 = 1,2,...,n, and the uniqueness of the operators

T;j € C(p) such that p;; (a) = V*Tijff (a)V|g for all a € A, we deduce that T;j =
ﬁ*Sijﬁ for all 7,5 = 1,2, ...,n, and the theorem is proved.
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