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A�������. Let A and B be two C∗ -algebras. A completely n -positive linear
map from A to B is an n × n matrix [ρij ]

n
i,j=1

whose elements are bounded

linear maps from A to B and the linear map ρ : Mn (A) →Mn(B) ( Mn(A)
denotes the C∗ -algebra of all n× n matrices with elements in A) defined by

ρ
(
[aij ]

n
i,j=1

)
= [ρij (aij)]

n
i,j=1 is completely positive.

Suen [Proc. Amer. Math. Soc. 112(1991),3, 709-712] showed that any
completely n -positive linear map ρ = [ρij ]

n
i,j=1

from A to L(H), the C∗ -

algebra of all bounded linear operators on the Hilbert space H, has the form
ρij (·) = V ∗TijΦ(·)V, i, j = 1, 2, ..., n, where Φ is a representation of A on a

Hilbert space K, V : H → K is an isometry and [Tij ]
n
i,j=1 is a positive element

in the C∗-algebra of n × n-matrices with elements in Φ(A)′ , the commutant
of Φ(A) .

In this work, we extend the result of Suen for completely n -positive linear
maps between C∗ -algebras.

1. I	��
����

	 �	� ����
�
	��
��

Let A and B be two unital C∗-algebras.
Let Mn(A) denote the ∗ -algebra of all n×n matrices over A with the algebraic

operations and the topology obtained by regarding it as a direct sum of n2 copies
of A.

D��
	
�

	 1.1. A completely positive linear map from A to B is a linear map
ρ : A→ B such that the linear map ρ(n) :Mn(A) →Mn(B) defined by

ρ(n)
(
[aij ]

n

i,j=1

)
= [ρ (aij)]

n

i,j=1

is positive for any positive integer n. We say that ρ is unital if ρ (1A) = 1B, where
1A is the unity of A and 1B is the unity of B.

D��
	
�

	 1.2. A completely n -positive linear map from A to B is an n × n
matrix

[
ρij
]n
i,j=1

of linear maps from A to B such that the map ρ :Mn(A)→Mn(B)

defined by

ρ
(
[aij ]

n

i,j=1

)
=
[
ρij (aij)

]n
i,j=1

is completely positive. If ρ is a unital completely positive linear map, we say that[
ρij
]n
i,j=1

is a unital completely n -positive linear map.
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In [8], Suen showed that given a unital completely n -positive linear map
[
ρij
]n
i,j=1

from A to L(H), the C∗-algebra of all bounded linear operators on the Hilbert space
H, there is a representation Φ of A on a Hilbert space K, an isometry V : H → K
and a positive element [Tij ]

n

i,j=1 in Mn(Φ (A)
′), where Φ(A)′ is the commutant of

Φ(A) in L(K) such that

ρij (a) = V ∗TijΦ(a)V

for all a ∈ A and for all i, j = 1, ..., n.
In this paper, we extend the result of Suen for unital completely n -positive linear

maps from a C∗ -algebra A to L(E), the C∗-algebra of all adjointable operators on
a Hilbert C∗-module over B. Moreover, we prove that Suen’s construction is unique
up to unitary equivalence.

Hilbert C∗-modules are generalizations of Hilbert spaces by allowing the inner-
product to take values in a C∗-algebra rather than in the field of complex numbers.

D��
	
�

	 1.3. A pre-Hilbert A-module is a complex vector space E which is also
a right A-module, compatible with the complex algebra structure, equipped with an
A-valued inner product 〈·, ·〉 : E × E → A which is C -and A-linear in its second
variable and satisfies the following relations:

1. 〈ξ, η〉∗ = 〈η, ξ〉 for every ξ, η ∈ E;
2. 〈ξ, ξ〉 ≥ 0 for every ξ ∈ E;
3. 〈ξ, ξ〉 = 0 if and only if ξ = 0.

We say that E is a Hilbert A-module if E is complete with respect to the topology
determined by the norm ‖·‖ given by ‖ξ‖ =

√
‖〈ξ, ξ〉‖.

A C∗-algebra A is a Hilbert C∗-module over A with the inner-product defined
by 〈a, b〉 = a∗b for a and b in A.

Given two Hilbert A -modules E and F , the Banach space of all bounded module
homomorphisms from E to F is denoted by B(E,F ). The subset of B(E,F ) consist-
ing of all adjointable module homomorphisms from E to F ( that is, T ∈ B(E,F )
such that there is T ∗ ∈ B(F,E) satisfying 〈η, Tξ〉 = 〈T ∗η, ξ〉 for all ξ ∈ E and for
all η ∈ F ) is denoted by L(E,F ). We will write B(E) for B(E,E) and L(E) for
L(E,E).

For a C∗ -algebra A, the C∗ -algebra L(A) is isomorphic with M(A), the multi-
plier algebra of A, and so A can be identified with a C∗ -subalgebra of L(A).

In general, L(E,F ) �= B(E,F ). So the theory of Hilbert C∗-modules is different
from the theory of Hilbert spaces.

The Banach space E# of all bounded module homomorphisms from E to A
becomes a right A -module with the action of A on E# defined by (aT ) (ξ) = a∗ (Tξ)
for a ∈ A, T ∈ E# and ξ ∈ E. We say that E is self-dual if E# = E as right A
-modules.

If E and F are self-dual, then B(E,F ) = L(E,F ) [5, Proposition 3.4].

Suppose that A is a W ∗-algebra. Then the A -valued inner- product on E
extends to an A -valued inner-product on E# and in this way E# becomes a
self-dual Hilbert A -module [5, Theorem 3.2]. Moreover, any bounded module

homomorphism T from E to F extends uniquely to a bounded homomorphism T̃
from E# to F# [5, Proposition 3.6].

A representation of a C∗-algebra A on a Hilbert C∗-module E over a C∗-algebra
B is a ∗- morphism Φ from A to L(E).
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	 1.4. ([4, 5, 9]) Let E be a Hilbert C∗-module over a C∗-algebra
B. The algebraic tensor product E ⊗alg B

∗∗, where B∗∗ is the enveloping W ∗ -
algebra of B, becomes a right B∗∗ -module if we define (ξ ⊗ b) c = ξ⊗ bc, for ξ ∈ E,
and b, c ∈ B∗∗.

The map [·, ·] : (E ⊗alg B
∗∗)× (E ⊗alg B

∗∗)→ B∗∗ defined by



n∑

i=1

ξi ⊗ bi,
m∑

j=1

ηj ⊗ cj


 =

n∑

i=1

m∑

j=1

b∗i
〈
ξi, ηj

〉
cj

is a B∗∗-valued inner-product on E⊗algB
∗∗ and the quotient module E⊗algB

∗∗/NE,
where NE = {ζ ∈ E ⊗alg B

∗∗; [ζ, ζ] = 0}, becomes a pre-Hilbert B∗∗-module. The

Hilbert C∗-module E ⊗alg B∗∗/NE obtained by the completion of E ⊗alg B
∗∗/NE

with respect to the norm induced by the inner product [·, ·] is called the extension
of E by the C∗ -algebra B∗∗. Moreover, E can be regarded as a B-submodule of
E ⊗alg B∗∗/NE, since the map ξ �→ ξ⊗ 1B∗∗ +NE from E to E ⊗alg B∗∗/NE is an
isometric inclusion.

The self-dual Hilbert B∗∗-module
(
E ⊗alg B∗∗/NE

)#
is denoted by Ẽ, and we

can consider E as embedded in Ẽ without making distinction.

Let T ∈ BB(E,F ). For b1, ..., bm ∈ B∗∗ and ξ1, ..., ξm in E we denote by b the
element in (B∗∗)m whose components are b1, ..., bm, by X the matrix in Mn(B∗∗)
whose (i, j) -entry is

〈
ξi, ξj

〉
and by XT the matrix in Mn(B∗∗) whose (i, j) -entry

is
〈
Tξi, T ξj

〉
. By Lemma 4.2 in [3], 0 ≤ XT ≤ ‖T‖X. Identifying Mn(B

∗∗) with
L((B∗∗)n), we have
[
m∑

i=1

Tξi ⊗ bi,
m∑

i=1

Tξi ⊗ bi

]
=

m∑

i,j=1

b∗i
〈
Tξi, T ξj

〉
bj = 〈b,XT b〉

≤ ‖T‖ 〈b,Xb〉 = ‖T‖

[
m∑

i=1

ξi ⊗ bi,
m∑

i=1

ξi ⊗ bi

]
.

Therefore T extends uniquely to a bounded module homomorphism T̂ from
E ⊗alg B∗∗/NE to F ⊗alg B∗∗/NF such that

T̂

(
m∑

i=1

ξi ⊗ bi

)
=

m∑

i=1

Tξi ⊗ bi

and by Proposition 3.6 in [5], this extends uniquely to a bounded module homo-

morphism T̃ from Ẽ to F̃ such that ‖T‖ =
∥∥∥T̃
∥∥∥ .

R����� 1.5. Any element T ∈ B(E,F ) extends uniquely to an element T̃ ∈

B(Ẽ, F̃ ) such that ‖T‖ =
∥∥∥T̃
∥∥∥. Moreover, T̃S = T̃ S̃ for all T ∈ B(E,F ) and

S ∈ B(F,E), and if T ∈ L(E,F ), then T̃ ∗ = T̃ ∗.

R����� 1.6. A representation Φ of a C∗-algebra A on a Hilbert C∗-module E

over a C∗-algebra B induces a representation Φ̃ of A on Ẽ defined by Φ̃ (a) = Φ̃ (a)
for all a ∈ A.
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Let A be a unital C∗ -algebra, let E be a Hilbert C∗ -module over B and let
ρ : A → L(E) be a unital completely positive linear map. It is well known that
there is a representation Φρ of A on a Hilbert B -module Eρ and an isometry
Vρ : E → Eρ such that

ρ (a) = V ∗ρ Φρ (a)Vρ

for all a ∈ A and { Φρ (a)Vρξ; a ∈ A, ξ ∈ E} spans a dense subspace of Eρ [3,
Theorem 5.6]. The triple (Φρ, Eρ, Vρ) is called the KSGNS (Kasparov, Stinespring,
Gel’fand, Naimark, Segal) construction associated with ρ. Moreover, the KSGNS
construction associated with ρ is unique up to a unitary equivalence. Any com-

pletely positive linear map ρ from A to B induces a representation Φ̃ρ of A on a

self -dual Hilbert B∗∗-module Ẽρ .

Let C (ρ) be the C∗ -subalgebra of L
(
Ẽρ

)
generated by {T ∈ L

(
Ẽρ

)
;T Φ̃ρ(a) =

Φ̃ρ(a)T, Ṽρ
∗

T Φ̃ρ(a)Ṽρ |E ∈ L(E) for all a ∈ A}. For any positive element T ∈ C (ρ),
the map ρT : A→ L(E) defined by

ρT (a) = Ṽρ
∗

T Φ̃ρ(a)Ṽρ |E

is completely positive [2, Lemma 2.3]. Moreover, the map T → ρT is an affine order
isomorphism of partially ordered set of operators {T ∈ C (ρ) ; 0 ≤ T ≤ I

L(Ẽρ)} onto

[0, ρ] = {θ ∈ CP (A,E); θ ≤ ρ}, where CP (A,E) is the set of completely positive
linear maps from A to L(E) and θ ≤ ρ if ρ − θ is an element in CP (A,E) [2,
Theorem 2.6].

Let ρ :M2 (A) −→M2 (L (E)) be a unital completely positive linear map defined
by

ρ

([
a b
c d

])
=

[
ρ11(a) ρ12(b)
ρ21(c) ρ22(d)

]
.

Clearly, ρ11 and ρ22 are unital completely positive linear maps from A to B and
ρ∗12 = ρ21 ( that is ρ∗21 (a) = ρ12 (a)

∗ for all a ∈ A ). Let ϕ = 1
2(ρ11 + ρ22). Clearly,

ϕ is a unital completely positive linear map from A to B.

L���� 2.1. Let A be a unital C∗-algebra, let E be a Hilbert C∗-module over B
and let ρ :M2 (A) −→M2 (L (E)) be a unital completely positive linear map defined
by

ρ

([
a b
c d

])
=

[
ρ11(a) ρ12(b)
ρ21(c) ρ22(d)

]
.

Then there is a unique element T in C (ϕ) such that ρ12(a) = Ṽϕ
∗

T Φ̃ϕ(a)Ṽϕ |E ,
where ϕ = 1

2(ρ11 + ρ22), for all a ∈ A.

Proof. Let λ be a complex number with |λ| = 1. The map θ : A→ L(E) defined by

θ (a) =
[
1 λ

]
ρ

([
a a
a a

])[
1
λ

]
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is completely positive, since compositions of completely positive linear maps are
completely positive. From

[
1 λ

]
ρ

([
a a
a a

])[
1
λ

]
= ρ11(a) + λρ12(a) + λρ21(a) + ρ22(a)

= 2 (ϕ+Re(λρ12)) (a)

for all a ∈ A, we deduce that the linear map ϕ+Re(λρ12) : A→L(E) is completely
positive. In particular, ϕ±Re ρ12 and ϕ±Im ρ12 are completely positive. Moreover,
since ϕ − 1

2(ϕ+ Re ρ12) =
1
2(ϕ− Re ρ12) and ϕ − 1

2(ϕ+ Im ρ12) =
1
2(ϕ− Im ρ12),

we have ϕ � 1
2(ϕ+Re ρ12) and ϕ � 1

2(ϕ+ Im ρ12).
Let (Φϕ, Eϕ, Vϕ) be the KSGNS construction associated with ϕ. By [2, Theorem

2.6] there is a unique positive S ∈ C (ϕ) , S � I
L(Ẽϕ) such that

1

2
(ϕ (a) + (Re ρ12) (a)) = Ṽϕ

∗

SΦ̃ϕ(a)Ṽϕ |E

for all a ∈ A and, consequently,

(Reρ12) (a) = Ṽϕ
∗

(2S − I
L(Ẽϕ))Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A. Setting S1 = 2S − I
L(Ẽϕ), we have S1 = S∗1 and

(Re ρ12) (a) = Ṽϕ
∗

S1Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A. Similarly, there is S2 ∈ C (ϕ) such that S2 = S∗2 and

(Im ρ12) (a) = Ṽϕ
∗

S2Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A. Setting T = S1 + iS2, we have T ∈ C (ϕ) and

ρ12 (a) = Ṽϕ
∗

T Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A.
To show that T is unique, let T0 ∈ C (ϕ) such that

ρ12 (a) = Ṽϕ
∗

T0Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A. Then

(Re ρ12) (a) = Ṽϕ
∗ 1

2
(T0 + T ∗0 )Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A and so

1

2
(ϕ (a) + (Reρ12) (a)) = Ṽϕ

∗ 1

2

(
1

2
(T0 + T ∗0 ) + I

L(Ẽϕ)

)
Φ̃ϕ(a)Ṽϕ |E

for all a ∈ A. By [2, Theorem 2.6], 12

(
1
2(T0 + T ∗0 ) + I

L(Ẽϕ)

)
= S and then

1

2
(T0 + T ∗0 ) = 2S − I

L(Ẽϕ) =
1

2
(T + T ∗).

Hence T0 + T ∗0 = T + T ∗. In the same way we obtain T0 − T ∗0 = T − T ∗. These
imply that T0 = T.

The following theorem is a generalization of Proposition 2.7 [8].

T��
��� 2.2. Let A be a unital C∗-algebra, let E be a Hilbert C∗ -module over
B, let [ρij ]

n
i,j=1 be a unital completely positive linear map from A to L(E).
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1. Then there is a representation Φ of A on a Hilbert C∗-module F over B, an

isometry V : E → F, and [Tij ]
n
i,j=1 ∈Mn(Φ̃(A)

′) such that

(a) Ṽ ∗TijΦ̃(a)Ṽ |E ∈ L(E) for all a ∈ A and for all i, j = 1, 2, ...n,
[
Ṽ ∗TijṼ |E

]n
i,j=1

is a positive element in Mn (L(E)) , and
n∑
k=1

Tkk = nIL(F );

(b) {Φ(a)V ξ; a ∈ A, ξ ∈ E} is dense in F ;

(c) ρij(a) = Ṽ ∗TijΦ̃(a)Ṽ |E for all a ∈ A and i, j = 1, ..., n.
2. If Ψ is another representation of A on a Hilbert C∗-module G over B, W :

E → G is an isometry and [Sij ]
n
i,j=1 ∈Mn(Ψ̃(A)

′) such that

(a) W̃ ∗SijΨ̃(a)W̃ |E ∈ L(E) for all a ∈ A and for all i, j = 1, 2, ...n,
[
W̃ ∗SijW̃ |E

]n
i,j=1

is a positive element in Mn (L(E)) , and
n∑
k=1

Skk = nIL(G);

(b) {Ψ(a)Wξ; a ∈ A, ξ ∈ E} is dense in G ;

(c) ρij(a) = W̃ ∗SijΨ̃(a)W̃ |E for all a ∈ A and i, j = 1, 2, ..., n,
then there is a unitary operator U : F → G such that
(i) UΦ(a) = Ψ(a)U for all a ∈ A;
(ii) UV =W ;

(iii) ŨTij = SijŨ for all i, j = 1, 2, ...n.

Proof. 1. It is easy to verify that the map

[
ρii ρij
ρji ρjj

]
: M2(A) −→ M2(L(E))

is completely positive for each i, j = 1, ..., n with i �= j. Then by the proof of
the above lemma, we have 1

2(ρii + ρjj) + Re(λρij) is completely positive for all
i, j = 1, 2, ..., n, with i �= j and for all complex numbers λ with |λ| = 1, and
so 1

2(
∑n
k=1 ρkk) + Re(λρij) is completely positive for i, j = 1, .2, ...n with i �= j.

In particular, 1
n
(
∑n
k=1 ρkk)±

2
n
Re ρij and 1

n
(
∑n
k=1 ρkk)±

2
n
Im ρij are completely

positive for each i, j = 1, 2, ...n, with i �= j.
Setting ρ = 1

n

∑n
k=1 ρkk , the map ρ is completely positive, because it is a sum

of completely positive linear maps. By the KSGNS construction associated with
ρ, there is a Hilbert C∗-module F over B, a representation Φ of A on F, and an
isometry V : E → F such that the vector subspace {Φ(a)V ξ; a ∈ A, ξ ∈ E} is
dense in F. For each i, j = 1, 2, ..., n with i �= j, by the proof of Lemma 2.1, since
ρ− 1

2

(
ρ+ 2

n
Reρij

)
= 1

2

(
ρ− 2

n
Re ρij

)
and ρ− 1

2

(
ρ+ 2

n
Im ρij

)
= 1

2

(
ρ− 2

n
Im ρij

)
,

there is a unique element Tij in C(ρ) ( that is, Tij ∈ Φ̃(A)
′ and Ṽ ∗TijΦ̃(a)Ṽ |E ∈

L(E) for all a ∈ A) such that

ρij(a) = Ṽ ∗TijΦ̃(a)Ṽ |E

for all a ∈ A.
For each i = 1, 2, ..., n, clearly 1

n
ρii ≤ ρ, and by [2, Theorem 2.6] there is a

unique element T 0ii ∈ C(ρ) such that

1

n
ρii(a) = Ṽ ∗T 0iiΦ̃(a)Ṽ |E

6



for all a ∈ A. Let Tii = nT 0ii. Then Tii ∈ C(ρ) and ρii(a) = Ṽ ∗TiiΦ̃(a)Ṽ |E for all
a ∈ A. From

ρ (a) =
1

n

n∑

k=1

ρkk (a) =
1

n

n∑

k=1

Ṽ ∗TkkΦ̃(a)Ṽ |E = Ṽ ∗

n∑

k=1

1

n
TkkΦ̃(a)Ṽ |E

for all a ∈ A,and [2, Theorem 2.6] we deduce that
∑n
k=1

1
n
Tkk = IL(F ).

To show that
[
Ṽ ∗TijṼ |E

]n
i,j=1

is a positive element in Mn (L(E)) , let ak ∈ A

and ξk ∈ E, k = 1, 2, ..., n. We have

n∑

i,j=1

[
Tij (Φ(ai)V ξi) ,Φ(aj)V ξj

]
=

n∑

i,j=1

[
Ṽ ∗TijΦ̃(a

∗

jai)Ṽ ξi, ξj

]

=
n∑

i,j=1

〈
Ṽ ∗TijΦ̃(a

∗

jai)Ṽ ξi, ξj

〉

=
n∑

i,j=1

〈
ρij
(
a∗jai

)
ξi, ξj

〉
≥ 0

since [ρij ]
n
i,j=1 is completely positive. From this fact and taking into account that

the vector subspace generated by {Φ(a)V ξ; a ∈ A, ξ ∈ E} is dense in F , we deduce
that

n∑

i,j=1

[
Tij (ηi) , ηj

]
≥ 0

for all η1, ..., ηn ∈ E and then

n∑

i,j=1

〈
Ṽ ∗TijṼ ξi, ξj

〉
=

n∑

i,j=1

[
Ṽ ∗TijṼ ξi, ξj

]
=

n∑

i,j=1

[
TijṼ ξi, Ṽ ξj

]
≥ 0

for all ξ1, ..., ξn ∈ E. Thus we showed that
[
Ṽ ∗TijṼ |E

]n
i,j=1

is a positive element

in Mn (L(E)) .
2. Consider the linear map U :Sp{Φ(a)V ξ; a ∈ A, ξ ∈ E} → Sp{Ψ(a)Wξ;a ∈

A, ξ ∈ E} defined by

U (Φ(a)V ξ) = Ψ(a)Wξ.

From

〈U (Φ(a)V ξ) , U (Φ(a)V ξ)〉 = 〈Ψ(a)Wξ,Ψ(a)Wξ〉

= 〈W ∗Ψ(a∗a)Wξ, ξ〉 =
〈
W̃ ∗I

L(G̃)Ψ̃(a
∗a)W̃ξ, ξ

〉

=
n∑

k=1

1

n

〈
W̃ ∗SkkΨ̃(a

∗a)W̃ξ, ξ
〉
=

n∑

k=1

1

n
〈ρkk(a

∗a)ξ, ξ〉

=
n∑

k=1

1

n

〈
Ṽ ∗TkkΦ̃(a

∗a)Ṽ ξ, ξ
〉

=
〈
Ṽ ∗I

L(F̃)Φ̃(a
∗a)Ṽ ξ, ξ

〉

= 〈Φ(a)V ξ,Φ(a)V ξ〉
7



for all a ∈ A and for all ξ ∈ E and taking into account that Sp{Φ(a)V ξ; a ∈
A, ξ ∈ E} is dense in F and Sp{Ψ(a)Wξ; a ∈ A, ξ ∈ E} is dense in G, we deduce
that U extends to a unitary operator from F to G. It is not difficult to check that
UΦ(a) = Ψ (a)U for all a ∈ A and UV =W.

Clearly, Ũ∗SijŨ ∈ C (ρ) for all i, j = 1, 2, ..., n. From

ρij (a) = W̃ ∗SijΨ̃(a)W̃ |E = Ṽ ∗Ũ∗SijΨ̃(a)Ũ Ṽ |E

= Ṽ ∗(Ũ∗SijŨ)Φ̃ (a) Ṽ |E

for all a ∈ A and for all i, j = 1, 2, ..., n, and the uniqueness of the operators

Tij ∈ C(ρ) such that ρij (a) = Ṽ ∗TijΦ̃ (a) Ṽ |E for all a ∈ A, we deduce that Tij =

Ũ∗SijŨ for all i, j = 1, 2, ..., n, and the theorem is proved.
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