COVARIANT COMPLETELY POSITIVE LINEAR MAPS
BETWEEN LOCALLY C*-ALGEBRAS

MARIA JOITA

ABSTRACT. We prove a covariant version of the KSGNS (Kasparov, Stine-
spring, Gel'fand,Naimark,Segal) construction for completely positive linear
maps between locally C*-algebras. As an application of this construction,
we show that a covariant completely positive linear map p from a locally C*-
algebra A to another locally C* -algebra B with respect to a locally C*-
dynamical system (G, A, @) extends to a completely positive linear map on the

crossed product A X G.

1. INTRODUCTION

Locally C*-algebras are generalizations of C*-algebras. Instead of being given by
a single norm, the topology on a locally C*-algebra is defined by a directed family
of C*-seminorms. Such important concepts as Hilbert C*-modules, adjointable
operators, (completely) positive linear maps, C*-dynamical systems can be defined
with obvious modifications in the framework of locally C*-algebras. The proofs are
not always straightforward.

It is well-known that a positive linear functional on a C*-algebra A induces a rep-
resentation of this C*-algebra on a Hilbert space by the GNS (Gel’fand, Naimark,
Segal) construction (see, for example, [1]). Stinespring [13] extends this construc-
tion for completely positive linear map from A to L(H), the C*-algebra of all
bounded linear operators on a Hilbert space H. On the other hand, Paschke [8]
(respectively, Kasparov [5]) shows that a completely positive linear map from A to
another C*-algebra B (respectively, from A to the C*-algebra of all adjointable op-
erators on the Hilbert C*-module Hpg ) induces a representation of A on a Hilbert B
-module. In [2], the author extends the KSGNS ( Kasparov, Stinespring, Gel’fand,

Naimark, Segal) construction for a strict continuous, completely positive linear map
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from a locally C*-algebra A to Lg(F), the locally C*-algebra of all adjointable op-
erators on a Hilbert module F over a locally C*-algebra B. In this paper we
propose to prove a covariant version of this construction. Thus we show that a
covariant completely positive linear map from A to L (F) with respect to a locally
C*-dynamical system (G, A, @) induces a non-degenerate, covariant representation
of (G, A,«) on a Hilbert B -module which is unique up to unitary equivalence,
Theorem 3.6. Using the analog of the covariant version of Stinespring construction
[9] for bounded operators on Hilbert C*-modules, Kaplan [4] shows that a discrete
covariant completely positive map p from a unital C*-algebra A to another uni-
tal C*-algebra B extends to a completely positive map from the crossed product
A x4 G to B. We extend this result showing that a non-degenerate, covariant, con-
tinuous completely positive linear map from a locally C*-algebra to another locally
C*-algebra B extends to a non-degenerate, continuous completely positive linear

map on the crossed product A x, G, Proposition 3.9.

2. PRELIMINARIES

A locally C*-algebra is a complete complex Hausdorff topological * -algebra
whose topology is determined by a directed family of C*-seminorms. If A is a
locally C*-algebra and S(A) is the set of all continuous C*-seminorms on A, then
for each p € S(A), A, = A/kerp is a C*-algebra in the norm induced by p,
and {Ap; Tpq}p.qes(a),p>q> Where T, is the canonical morphism from A, onto 4,
defined by mp, (a +kerp) = a + kerg for all @ € A is an inverse system of C*-
algebras. Moreover, A can be identified with lim Ap. The canonical map from A
onto A, is denoted by ). '

An approximate unit of A is an increasing net {ey }aea of positive elements of
A such that p(ey) < 1 for all p € S(A) and for all A € A, p(aey —a) — 0 and
plexa —a) — 0 for all p € S(A) and for all @ € A. Any locally C*-algebra has an
approximate unit [11, Proposition 3.11].

A morphism of locally C*-algebras is a continuous * -morphism from a locally
C*-algebra A to another locally C*-algebra B. An isomorphism of locally C*-
algebras from A to B is a bijective map ® : A — B such that ® and ®~! are
morphisms of locally C*-algebras.

Let M,,(A) denote the * -algebra of all n x n matrices over A with the algebraic
operations and the topology obtained by regarding it as a direct sum of n? copies
of A. Then {My(Ap); w5}y ges(a) pqr Where w0 (Imp(ai)|iyo1) = [rq(aiy)]?;y,
is an inverse system of C*-algebras and M,,(A) can be identified with hj}r)l M, (A,).
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A linear map p : A — B between two locally C*-algebras is completely positive
if the linear maps p(™ : M, (A) — M, (B) defined by

P (i) j—1) = [plai;)] =1
n=12,..,n,.., are all positive.

Definition 2.1. A pre-Hilbert A-module is a complex vector space E which is also
a right A-module, compatible with the complex algebra structure, equipped with
an A-valued inner product (-, ) : E x E — A which is C -and A-linear in its second
variable and satisfies the following relations:
() (€)= (1.€) for every &, € E;
(i) (£,€) >0 for every £ € E;
(iii) (¢€,€) =0 if and only if £ = 0.
We say that E is a Hilbert A-module if F is complete with respect to the topology

determined by the family of seminorms {|-||,,},es(4) where |||, = /P ({£,€)),€ €
E [11, Definition 4.1].

Let E be a Hilbert A-module. For p € S(A), & = {£ € E;p((£,£)) =0} is a
closed submodule of E and E, = E/&, is a Hilbert A,-module with ({+&,)m,(a) =
a+ & and (€+Ep,n+Ey) = mp((§,m)). The canonical map from E onto E,, is
denoted by ¢,. For p,q € S(A), p > ¢ there is a canonical morphism of vec-
tor spaces o, from E, onto E; such that o,4(0,(&)) = 04(§), £ € E. Then
{Ep; Ap; 0pgtp,aes(a),p>q 18 an inverse system of Hilbert C*-modules in the fol-
lowing sense: 0pq(&,ap) = 0pqg(€,)Tpq(ap), &, € Ep,ap € Ap; (0pq(E,), 0pg(n,)) =
Tpg({€ps1p))s Eps My € Eps 0pp(&) = &, &, € By and 04 0 0pg = 0pr if p > ¢ >
r, and lim Ej, is a Hilbert A-module which can be identified with £ [11, Proposition
pq.

Let E and F be Hilbert A-modules. We say that an A-module morphism 7 :
FE — F is adjointable if there is an A-module morphism 7% : ' — FE such that
(T, m) = (€, T*n) for every £ € F and n € F. Any adjointable A-module morphism
is continuous. The set L4 (E, F) of all adjointable A-module morphisms from F into
F becomes a locally convex space with topology defined by the family of seminorms
[Phoesc. where 5(T) = [(m) (D)., (5,5, T € La(E,F) and (my).(T)(E +
&) =TE+ Fp, £ € E. Moreover, {La, (Ep, Fp); (Tpg)«}p,geS(A),p>q> Where (mpq)x
La,(Ep, Fp) — La,(Eq, Fy), (Tpg)«(Tp)(04(£)) = Xpg(Tp(0p(£))), and Xy, p1q €
S(A), p > q are the connecting maps of the inverse system {F}, },c5(4), is an inverse
system of Banach spaces, and lim La,(Ey, Fy) can be identified with L4 (E, F) [11,
Proposition 4.7]. Thus topologiI;ed, LA(E, E) becomes a locally C*-algebra, and
we write La(F) for La(E, E).



The strict topology on L4(E) is defined by the family of seminorms {||-|, .
Yporescays where [Tl = [T€l, + [T°€l,, T € La(E).

Two Hilbert A -modules E and F' are unitarily equivalent if there is a unitary
element in L4(FE, F).

A non-degenerate representation of a locally C*-algebra A on a Hilbert module
E over a locally C*-algebra B is a morphism of locally C*-algebras ® from A to
Lg(F) such that ® (A) F is dense in E.

A continuous completely positive linear map p from A to Lp(E) is non-degenerate
if the net {p (ex)}ren converges strictly to the identity map on E for some approx-
imate unit {ey }rea for A.

Let G be a locally compact group and let A be a locally C*-algebra. An action
of G on A is a morphism « from G to Aut(A), the set of all isomorphisms of locally
C*-algebras from A to A. The action « is continuous if the function (¢,a) — a:(a)
from G X A to A is jointly continuous. An action « is called an inverse limit action

if we can write A as inverse limit lirgl As of C*-algebras in such a way that there

are actions al®) of G' on A such that o = lirgl agé) for all ¢ in G [12, Definition

5.1]. An action « of G on A is a continuous inverse limit action if there is a cofinal
subset Sg(A4, ) of G-invariant continuous C*-seminorms on A ( a continuous C*-
seminorm p on A is G -invariant if p(a;(a)) = p(a) for all a in A and for all ¢ in
G). So if « is a continuous inverse limit action of G on A we can suppose that
S(A) = Sa(A, a).

A locally C*-dynamical system is a triple (G, A, «), where G is a locally compact
group, A is a locally C*-algebra and « is a continuous action of G on A.

Let « be a continuous inverse limit action of G on A. The set C.(G, A) of all
continuous functions from G to A with compact support becomes a * -algebra with

convolution of two functions

(f xh)(s) = | f(t)au (h(t™"s)) dt
/

as product and involution defined by

FH) = AW oy (F(ETH)7)

where A is the modular function on G. The Hausdorff completion of C.(G, A) with

respect to the topology defined by the family of submultiplicative * -seminorms

{Np}pES(A)? where



is denoted by L' (G, A, ) and the enveloping locally C*-algebra Ax ,G of L' (G, A, «)
is called the crossed product of A by « [3, Definition 3.14]. Moreover, the C*-
algebras (A X, G), and A, X, G can be identified for each p € S(A) and so
A X, G can be identified with lgg Ap X o G [3, Remark 3.15].

3. COVARIANT REPRESENTATIONS ASSOCIATED WITH A COVARIANT COMPLETELY

POSITIVE LINEAR MAP

Let B be a locally C*-algebra, let E be a Hilbert B -module and let G be a

locally compact group.

Definition 3.1. A unitary representation of G on E is a map u from G to Lg(FE)
such that

(a) ug is a unitary element in Lg(E) for all g € G;

(b) ugr = uguy for all g,t € G

(c) the map g — uy€ from G to E is continuous for all £ € E.

Remark 3.2. If u is a unitary representation of G on E, then for each q € S(B),

. . . : (q)
g — (mg)« o u is a unitary representation of G on E,. Moreover, uy, = l(l_quUg ,

where uf,q) = (mq)«(ug), for all g € G.

Definition 3.3. A non-degenerate, covariant representation of a locally C*-dynamical
system (G, A, @) on a Hilbert B -module F is a triple (®,v, E), where ® is a non-

degenerate representation of A on E, v is a unitary representation of G on E and

P(ay(a)) = vgP(a)yy

for all g € G and a € A.

Proposition 3.4. Let (G, A, «) be a locally C*-dynamical system such that « is
an inverse limit action, let (®,v, E) be a non-degenerate covariant representation
of (G,A,a) on a Hilbert B -module E. Then there is a unique non-degenerate

representation ® X v of the crossed product A X, G on E such that

(@ x v)(f) = / B((g))vydg

G

for all f € C.(G, A).



PROOF. We partition the proof into two steps.

Stepl. We suppose that B is a C*-algebra.

Since  is a representation of A on E, there is p € S(A) such that ||® (a) L) <
p(a) for all @ € A. From this fact, we deduce that there is a morphism of C*-algebras
®, from A, to Lp(E) such that ®, o m, = ®. Therefore ®, is a representation
of Ay, on E, and moreover, it is non-degenerate, since ® is non-degenerate and
7, is surjective. It is not difficult to check that (®,,v,E) is a non-degenerate
covariant representation of (G,Ap,a(p)). Then there is a unique non-degenerate

representation ®,, x v of A, X, G on E such that

(@ o)) = [ B(1@)eads
G
for all f € C.(G, Ap) (see, for example, Proposition 7.6.4, [10]). Therefore ® x v =
(®, x v) o Tp, where 7, is the canonical map from A X, G onto A, X, G is a

non-degenerate representation of A X, G on E such that
@ x o)) = [ B, FlDlo)uds = [ @(F@)usdg
G G

for all f € C.(G, A), and since C.(G, A) is dense in A x,, G, ® x v is unique with
the above property.

Step2. The general case.

For each ¢ € S(B), (mg)« o ® is a non-degenerate representation of A on Eg,
and ((m)+0®,v(9), E,) is a non-degenerate covariant representation of (G, A, a) on
E,. By Step 1 there is a unique non-degenerate representation ((m,). o ®) x v(@ of
A X4 G on E4 such that

(1) 0 @) x 0 D)(f) = /(Wq)*(@(f(g)))véq)dg

G
for all f € C.(G, A). By Lemma 3.7 in [3], we have

() ((((7)- 08 x 0 )(P) = [ (Rar)el ). (£ (0))) ol

G
= / 9)))v))dg
G

= (((m)s 0 ®) x v™)(f)

for all f € C.(G,A) and for all ¢,r € S(B) with ¢ > r. Therefore (mg )« ©
(((mg)« 0 ®) x v D) = ((7,.)4 0 ®) x v for all ¢,r € S(B) with ¢ > r. This implies
that there is a continuous x -morphism ® x v from A X, G to Lg(F) such that

(Tg)x 0 (® x v) = ((mg)s 0 ®) x v(@ for all ¢ € S(B). Using Lemma IIT 3.1 in [7],
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it is not hard to check that (® X v)(A X, G)E is dense in E. Therefore & x v is a

non-degenerate representation of A X, G on E, and by Lemma 3.7 in [3],

(@ x v)(f) = / B(1(g))vydg

G
for all f € C.(G, A). Moreover, since C.(G, A) is dense in A X, G, ® X v is unique
with the above property. q.e.d.

Definition 3.5. Let (G, A, «) be a locally C*-dynamical system and let u be a
unitary representation of G on a Hilbert B -module F. We say that a completely
positive linear map p from A to Lp(FE) is u -covariant with respect to the locally

C*-dynamical system (G, 4, o) if

plag(a)) = ugp(a)ug

for all a € A and for all g € G.

Recall that if p is a completely positive linear map from a C*-algebra A to
Lp(FE), the C*-algebra of all adjointable operators on a Hilbert module E over a
C*-algebra B, the quotient vector space (A @a15 E) /N, where N, = {3"1" | a; ®&;;
Zijl (&;,p(ajaz) €;) = 0} becomes a pre-Hilbert B -module with the action of B
on A®,1; E defined by (a ® £+ N,) b= a® &b+ N, and the inner-product defined
by

<Zai®£i+Np7ij @15 +Np> = ZZ<£i7p(a?bJ)nj>'

=1 Jj=1 p  i=1j=1

The following theorem is a covariant version of Theorem 4.6 in [2].

Theorem 3.6. Let (G, A, a) be a locally C*-dynamical system, let u be a unitary
representation of G on a Hilbert module E over a locally C*-algebra B, and let p
be a u -covariant, non-degenerate, continuous completely positive linear map from
A to Lp(F).
1. Then there is a covariant representation (®,,v”, E,) of (G, A, ) and an el-
ement V, in Lg(E, E,) such that
(a) pla) = V;®,(a)V, for all a € A;
(b) {®,(a)V,&;a € A& € E} spans a dense submodule of E,;
(c) v§V, = Vyuy for all g € G.
2. If F is a Hilbert B -module, (®,v, F) is a covariant representation of (G, A, «)
and W is an element in Lp(E, F) such that
(a) p(a) =W*®(a)W for all a € A;

(b) {®(a)W&;a € A, € € F} spans a dense submodule of F
7



(c) vgW =Wuy for all g € G,

then there is a unitary operator U in Lg(E,, F) such that
(i) ®(a)U =UP,(a) for all a € A;
(ii) vyU = Uvy for all g € G;
(ili) W =UV,.

PROOF. We partition the proof into two steps.

Step 1. Suppose that B is a C*-algebra.

1. Let {ex}rea be an approximate unit of A such that the net {p(ex)}rea is
strictly convergent to the identity operator on E, and let (®,;V,; E,) be the KSGNS
construction associated with p. Since p is continuous there is p € S(A) and a
completely positive linear map p,, from A, to Lp(E) such that p = p, o7, ( see, for
example, the proof of Proposition 3.5 in [2]). By the proof of Theorem 4.6 in [2] we
can suppose that E, is the completion of the pre-Hilbert space (A, ®a15 F) /Npp’
Vo€ = lim (wp (ex) ® € + Npp) and @, (a) (w,, b) @€+ Npp) = 7y (ab) © €+ N,
for all a,b € A and for all £ € E.

Let g € G. From

<2n:7"p(az') ®&+N,,, ilbj Qn; +Npp> = 2”: > (& p(aiby)ny)
j=

<u9 (gz) , UgP (a:bj) Ug—11g (nj)>
22 (g (690 (@ (a70,)) g (1))

= <Z mp (g (a;)) @ uy () +Npp7 /;1 Tp (g (b)) @ ug (nj) +Npp>

=1

T
NIE

s
3|l
—
.
S
—

1

Il
_

%

Pp
forall &, ...,&,, N1y --s My € B, for all aq, ..., ap, b1, .....; b, € Aand for all g € G,

we deduce that, there is a unitary operator v in Lp (Ep) such that

vy (mp(a) ® ¢ +Npp) = mp(ag(a)) ® ugg +Npp

for all @ € A and for all £ € E. It is not difficult to check that the map g — v}
from G to Lp (E,) is a unitary representation of G on E,,.

To show that (®,,v”, E,) is a covariant representation of (G, A, a) it remains
to prove that ®,(a4(a)) = vgép(a)vg,l forall g € G and a € A. Let g € G and
a € A. We have



(Vg @p(a)vy 1 )(mp(b) @E+N,,) = (v)@p(a))(mp(ay-1(D) ® ug-1€ +N, )
= v(mplacy 1(b) @ ugi€ + N, )
= mplag(a)h) ©E+ N,

= (Pp(ag(a))(mp(d) ®E+N,)

for all b € A and for all { € E. Hence ®,(oy(a)) = Uf,)q)p(a)vg
By Theorem 4.6 (1), [2] the conditions (a) and (b) are verified. To show that

the condition (c) is verified, let £ € E and g € G. Then we have

vavpg - Vp“g£|i2 = llé% va (Wp (ex) ®¢& "‘Npp) - Vpugé’f

= }\151\ H<f,p(€§\)5> +(£,¢) — <P(O‘g(e/\))ugf,ug€> - <ugf,p(0zg(e)\))ug§>“

< lim [[{€, p(ex)8) + (&, €) = {plea)§, &) — (&, plex)) |

= lim € — plex)e, €)= 0.

Therefore the condition (c) is also verified.

2. By Theorem 4.6 (2), [2] there is a unitary operator U in Lg(E,, F') defined by
U(®,(a)V,€) = ®(a)WE such that ®(a)U = UP,(a) for alla € A, and W =UV,,.

Let g € G. From

—1-

(vgU)(®p(a)V,€) = vg(P(a)WE) = P(ag(a))vgWE
= O(ay(a))Wuyl =U(P,(ag(a))Vyugé)
U(@,(ag(a)vgVpg) = (Uvg) (P, (a)Vpé).

for all a € A and for all £ € E, we conclude that v,U = Uvy and thus the assertion
2. is proved.

Step 2. The general case.

Let ¢ € S(B). Then p, = (mg)«0pisa u(9) -covariant, non-degenerate, continuous
completely positive linear map from A to Lg, (E,), ((1).0®,v(@, F,) is a covariant
representation of (G, A,a) and (m4).(W) is an element in Lp (Eq, F;) such that
the conditions (a), (b) and (c¢) from 2. are verified. By Step 1, there is a covariant
representation (®,_, v, E, ) of (G, A, a) and an element V, in Lp, (Eq, E, ) which
verify the conditions (a), (b) and (c) from 1. and there is a unitary operator Uy, in
Lp,(E,, Fy) which verifies the conditions ), i) and 4ii) from 2.

Let (®,;V,;E,) be the KSGNS construction associated with p. According to
the proof of Theorem 4.6 in [2] , (7g)s 0 @) = @, ; (mg)«(V,) =V, 5 (Ep)g = Ep,
for all ¢ € S(B) and (U,),, is a coherent sequence in Lp, (E), , Fy). It is not difficult
to check that for each g € G, (vgq)q is a coherent sequence in Lp, (E,, ), and the

map g — vj, where v is an element in Lp(E,) such that (m,), (vf) = vy for all
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q € S(B) is a unitary representation of G on E,. Also it is not difficult to check that
(®,,v”, E,) is a covariant representation of (G, A, ) which verifies the conditions
(a), (b) and (c) from 1.

Let U € Lg(E,, F) such that (m,), (U) = U, for all ¢ € S(B). Clearly U is a
unitary operator in Lg(E,, F') and it verifies the conditions ), 4i) and 4i7) from 2.

q.e.d.

Remark 3.7. The covariant representation (®,,v°, E,) of (G, A, a) induced by p

18 unique up to unitary equivalence.

From Proposition 3.4 and Theorem 3.6 we obtain the following corollary.

Corollary 3.8. Let (G, A,«) be a locally C*-dynamical system such that o is an
inverse limit action, let u be a unitary representation of G on a Hilbert module E
over a locally C*-algebra B, and let p be a u -covariant, non-degenerate, continuous
completely positive linear map from A to Lg(E). Then p induces a non-degenerate

representation of the crossed product A X, G on a Hilbert B -module.

The following proposition is a generalization of Proposition 2 in [4] in the context

of locally C*-algebras.

Proposition 3.9. Let (G, A, «) be a locally C*-dynamical system such that c is an
wnverse limit action, let B be a locally C*-algebra, let E be a Hilbert B -module and
let u be a unitary representation of G on E. If p is a u -covariant, non-degenerate,
continuous completely positive linear map from A to Lp(E), then there is a unique

completely positive linear map ¢ from A X G to Lp(FE) such that

o(f) = / p((9))ugdy

G

for all f € C.(G, A). Moreover, ¢ is non-degenerate.

PROOF. By Theorem 3.6 there is a covariant representation (®,,v”,E,) of
(G, A, @) and an element V,, in Lg(E, E,) such that p(a) = V;®,(a)V, and vy V, =
Voug for all a € A, and for all g € G.

Let @, x v” be the representation of A x, G associated with (®,,v”,E,). We
define ¢ : A X, G to Lp(FE) by

p(a) =V, (@, x0”)(2)V).

Clearly ¢ is a continuous completely positive linear map from A x, G to Lp(E).

Let {ex}rea be an approximate unit for A x, G and let £ € E. Since ®, x v” is
10



non-degenerate, by Proposition 4.2 in [2]
m V; (@, % 07)(ex)Vp€ = Vo V€ = &,

This implies that the net {p(ex)}rea converges strictly to the identity map on F,
and so ¢ is non-degenerate.
For f € C.(G, A) we have

of) = Vi@, x ) (f)V, = / Vi, (f(g))ulVydg
G

- /vp*@p(f(g))vpugdg = /p(f(g))ugdg
G G

and since C.(G, A) is dense in A X, G, ¢ is unique with this property. q.e.d.

Corollary 3.10. Let (G, A, «) be a locally C*-dynamical system, let B be a locally
C*-algebra, let E be a Hilbert B -module, let u be a unitary representation of G
on E, and let p be a u -covariant, non-degenerate, continuous completely positive
linear map from A to Lp(E). If G is a compact group, then there is a unique

completely positive linear map ¢ from A X G to Lp(FE) such that

o(f) = / p((9))ugdy

G

for all f € C.(G, A). Moreover, ¢ is non-degenerate.

PROOF. The corollary follows from Proposition 3.9, since G is compact and

then o is an inverse limit action of G on A [12, Lemma 5.2].q.e.d.
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