
Ãàììà-ðàñïðåäåëåíèå
Î áîçíà÷åíèå ( )a|xΓ

Î áëàñòü çíà÷åíèé ∞<≤ x0

Ïàðàìåòðû Ï àðàìåòð ôîðìû a > 0
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− , ãäå Γ(a) – (ïîëíàÿ) ãàììà-ôóíêöèÿ îò

ïàðàìåòðà a.

Ô óíêöèÿ
ðàñïðåäåëåíèÿ

Í å âûðàæ àåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ

Ïîëåçíû å ñâîéñòâà

Åñëè iγ~ ( )ia|xΓ , i=1,2, òî 21 γγ + ~ ( )21 aa|x +Γ .

Åñëè iγ~ ( )ia|xΓ , i=1,2, òî ( )211 γ+γγ ~ ( )21 a,a|xΒ .

Ãåíåðàöèÿ ñëó÷àéíû õ ÷èñåë

Åñëè 10 << a , âîçüìåì òðè íåçàâèñèìûõ ñëó÷àéíûõ ÷èñëà r1, r2, r3, ðàâíîìåðíî ðàñïðå-

äåëåííûõ íà îòðåçêå [0,1]. Ï îëîæ èì p
11 rs = , p1

22 rs −= . Åñëè 121 >+ ss , òî âîçüìåì

âìåñòî r1, r2 äðóãóþ  ïàðó òàêèõ æ å ñëó÷àéíûõ ÷èñåë. Òàê áóäåì ïîñòóïàòü äî òåõ ïîð, ïîêà
íå ïîëó÷èì 1ss 21 ≤+ . Â ýòîì ñëó÷àå çàäàäèì y, x1 è x2 ñëåäóþ ù èìè ñîîòíîø åíèÿìè:

y=s1/(s1+s2), x1 = ( )3ry ln×− , x2 = ( ) ( )31 ry ln×−− .

Ñëó÷àéíûå ÷èñëà x1 è x2 íåçàâèñèìû è ðàñïðåäåëåíû êàê ( )a|xΓ  è ( )a1|x −Γ  ñîîòâåò-
ñòâåííî.

Äëÿ çíà÷åíèé ïàðàìåòðà, áî′ëüø èõ åäèíèöû, ìîæ íî äîïîëíèòü ýòîò ìåòîä, âîñïîëüçîâàâ-
ø èñü ñâîéñòâîì àääèòèâíîñòè.

Âû ÷èñëåíèå ô óíêöèè ðàñïðåäåëåíèÿ è åå êâàíòèëåé

Ëåãêî ïîëó÷èòü ñòåïåííûå ðÿäû, ïîçâîëÿþ ù èå âû÷èñëÿòü ãàììà-ðàñïðåäåëåíèå (cì.
À áðàìîâèö, Ñòèãàí [6.5.29]):
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Êàê îáû÷íî, âòîðîé ðÿä – èç-çà ïîëîæ èòåëüíîñòè ÷ëåíîâ – âåäåò ñåáÿ ñ âû÷èñëèòåëüíîé òî÷-
êè çðåíèÿ ëó÷ø å ïåðâîãî. Í î ñ ðîñòîì x ñêîðîñòü ñõîäèìîñòè ñòåïåííîãî ðÿäà äîâîëüíî áû-
ñòðî ïàäàåò. Çàòî ñ ðîñòîì x ðàñòåò ñêîðîñòü ñõîäèìîñòè öåïíîé äðîáè (cì. À áðàìîâèö,
Ñòèãàí [6.5.31]):
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È  ñíîâà ïîäïîñëåäîâàòåëüíîñòü åå ÷åòíûõ ïîäõîäÿù èõ äðîáåé ìîíîòîííî ñõîäèòñÿ ê íóæ -
íîìó çíà÷åíèþ .

Ýêñïåðèìåíòû ïîêàçûâàþ ò, ÷òî äëÿ x, ìå′íüø èõ a, ëó÷ø å èñïîëüçîâàòü ñòåïåííîé ðÿä, à äëÿ
áî′ëüø èõ – öåïíóþ  äðîáü. Î êàçûâàåòñÿ, êîãäà x ïðèìåðíî ðàâíÿåòñÿ a, òðåáóåòñÿ ïðîñóì-
ìèðîâàòü îêîëî a  ÷ëåíîâ ðÿäà, ïðè÷åì ñ óìåíüø åíèåì x ÷èñëî òðåáóåìûõ ÷ëåíîâ ðÿäà
áûñòðî óáûâàåò. À íàëîãè÷íî âåäåò ñåáÿ öåïíàÿ äðîáü ïðè ax ≥ .

Â áîëüø èíñòâå ñòàòèñòè÷åñêèõ ïàêåòîâ (â ÷àñòíîñòè, â ø èðîêî ðàñïðîñòðàíåííûõ â Ðîññèè
ïàêåòàõ Statistica è SPSS) ôóíêöèÿ ãàììà-ðàñïðåäåëåíèÿ çàâèñèò îò äâóõ ïàðàìåòðîâ, êîòî-
ðûå ïðèíÿòî íàçûâàòü ôîðìà (shape) è ìàñøòàá (scale). Ï óñòü a – ïàðàìåòð ôîðìû, b – ïà-
ðàìåòð ìàñø òàáà; äëÿ ôóíêöèè ãàììà-ðàñïðåäåëåíèÿ áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

( )b,a|xΓ . Ô îðìóëà äëÿ ïëîòíîñòè âûãëÿäèò â ýòîì ñëó÷àå ñëåäóþ ù èì îáðàçîì:
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Âíèìàíèå: èíîãäà â êà÷åñòâå ïàðàìåòðà ô îðì û  èñïîëüçóåòñÿ 
b
1=λ .

Â ïðèâåäåííûõ íèæ å êîäàõ ïðåäëàãàåòñÿ èìåííî ýòîò âàðèàíò, ñòàâø èé äå-ôàêòî ñòàíäàð-
òîì â ïðèêëàäíîé ñòàòèñòèêå. Ï î óìîë÷àíèþ  ïàðàìåòð ìàñø òàáà ðàâåí 1, ýòîò ñëó÷àé ñîîò-
âåòñòâóåò ðàññìîòðåííîìó â "îñíîâíîì" òåêñòå. Ï ðèâîäèìûå êîäû ñëåäóåò, åñòåñòâåííî, ðàñ-
ñìàòðèâàòü ëèø ü êàê èëëþ ñòðàöèþ , õîòÿ è ðàáîòîñïîñîáíóþ  âî âñåõ ñòàòèñòè÷åñêèõ çàäà-
÷àõ, ñ êîòîðûì ÿ ñòàëêèâàëñÿ.

Äëÿ ðàáîòû ñ ýòèìè êîäàìè íåîáõîäèìî óìåòü âû÷èñëÿòü ãàììà-ôóíêöèþ  (ñì. ôàéëû
loggamma.h è loggamma.cpp).

Ô àéë gammaDF.h

/***********************************************************/
/*                   Gamma distribution                    */
/***********************************************************/
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#ifndef __GAMMA_H__                    /* To prevent redefinition           */

#define ENTRY   extern
#define LOCAL   static

class GammaDF {
    public:
       GammaDF(double shape, double scale=1);
       double value(double x);    // Ôóíêöèÿ ðàñïðåäåëåíèÿ Gamma(x|shape,scale)
       double inv(double p);      // Îáðàòíàÿ ôóíêöèÿ: Gamma(x|shape,scale)=p
    private:
       double a, shape, scale, lga;
       double fraction(double x);
       double series(double x);
 };

#define __GAMMA_H__                    /* Prevents redefinition             */
#endif                                 /* Ends #ifndef __GAMMA_H__          */

Ô àéë gammaDF.cpp

/***********************************************************/
/*                   Ãàììà-ðàñïðåäåëåíèå                   */
/***********************************************************/

#include <math.h>
#include <assert.h>

#include "gammaDF.h"
#include "logGamma.h"

LOCAL const double zero = 0.0;
LOCAL const double one = 1.0;
LOCAL const double two = 2.0;

GammaDF::GammaDF(double shape, double scale):
    a(shape), shape(shape), scale(scale), lga(logGamma(shape))
 {
   assert(shape > 0 && scale > 0);
 }

double
GammaDF::series(double x)
// Ñì. Abramowitz & Stegun,
//      Handbook of Mathematical Functions, 1964 [6.5.29]
//  Ì.Àáðàìîâèö, È.Ñòèãàí
//      Ñïðàâî÷íèê ïî ñïåöèàëüíûì ôóíêöèÿì (Ì: Ìèð, 1979)
//
// Äëÿ âû÷èñëåíèÿ íåïîëíîé ãàììà ôóíêöèè P(a,x)
// èñïîëüçóåòñÿ åå ðàçëîæåíèå â ðÿä Òåéëîðà.
//
{
   double sum, prev_sum, term, aa = a;
   long i = 0;

   term = sum = one / a;
   do {
      aa += one;
      term *= x / aa;
      prev_sum = sum; sum += term;
      i++;
   } while(fabs(prev_sum) != fabs(sum));
   return sum *= exp(-x + a * log(x) - lga);
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}/* incGamma_series */

double
GammaDF::fraction(double x)
// Ñì. Abramowitz & Stegun,
//      Handbook of Mathematical Functions, 1964 [6.5.31]
//  Ì.Àáðàìîâèö, È.Ñòèãàí
//  Ñïðàâî÷íèê ïî ñïåöèàëüíûì ôóíêöèÿì (Ì: Ìèð, 1979)
//
// Äëÿ âû÷èñëåíèÿ íåïîëíîé ãàììà ôóíêöèè P(a,x)
// èñïîëüçóåòñÿ åå ðàçëîæåíèå â öåïíóþ äðîáü Ëåæàíäðà
//
//  P(a,x)=exp(-x +x*ln(a))*CF/logGamma(a),
//
//  ãäå
//
//        1    1-a   1   2-a   2
//  CF = ---  ----- --- ----- --- ....
//       x+    1+   x+   1+   x+
//
//  Èñïîëüçóþòñÿ ïîäõîäÿùèå äðîáè CF(n) = A(n) / B(n)
//
//  ãäå
//        A(n) = (s(n) * A(n-1) + r(n) * A(n-2)) * factor
//        B(n) = (s(n) * B(n-1) + r(n) * B(n-2)) * factor
//  ïðè÷åì
//        A(-1) = 1, B(-1) = 0, A(0) = s(0), B(0) = 1.
//
//  Çäåñü
//
//        s(0) = 0, s(1) = x, r(0) = 0, r(1) = 1,
//
//  òàê ÷òî
//
//        A(1) = one * factor, B(1) = r * factor
//
//  è, ñëåäîâàòåëüíî,
//
//        r(i) = k - a  if i = 2k,   k > 0
//        r(i) = k      if i = 2k+1,
//        s(i) = 1      if i = 2k,
//        s(i) = x      if i = 2k+1
//
//  factor - øêàëèðóþùèé ìíîæèòåëü
//
{
   double old_sum=zero, factor=one;
   double A0=zero, A1=one, B0=one, B1=x;
   double sum=one/x, z=zero, ma=zero-a, rfact;

   do {
      z += one;
      ma += one;
      /* two steps of recurrence replace A's & B's */
      A0 = (A1 + ma * A0) * factor; /* i even */
      B0 = (B1 + ma * B0) * factor;
      rfact = z * factor;
      A1 = x * A0 + rfact * A1; /* i odd, A0 already rescaled */
      B1 = x * B0 + rfact * B1;
      if (B1) {

 factor = one / B1;
 old_sum = sum;
 sum = A1 * factor;

      }/* if */
   } while (fabs(sum) != fabs(old_sum));
   return exp(-x + a * log(x) - lga) * sum;
}/*fraction*/

double
GammaDF::value(double x)
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// Âû÷èñëÿåòñÿ Gamma(x|a):
//      âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíàÿ âåëè÷èíà,
//      ïîä÷èíÿþùàÿñÿ öåíòðàëüíîìó ãàììà-ðàñïðåäåëåíèþ ñ ïàðàìåòðîì 'a',
//      ìåíüøå èëè ðàâíà 'x'.
{
   x *= scale;
   if(x <= zero)
      return zero;            /* ÍÅ îøèáêà! */
   else if(x < (a + one))
      return series(x);
   else
      return one - fraction(x);
}/*value*/

double
GammaDF::inv(double p)
// Èùåò òàêîå çíà÷åíèå 'x', äëÿ êîòîðîãî Gamma(x|a) = p,
//      ò.å. ðàâíà 'p' âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíàÿ âåëè÷èíà,
//      ïîä÷èíÿþùàÿñÿ öåíòðàëüíîìó ãàììà-ðàñïðåäåëåíèþ ñ ïàðàìåòðîì 'a',
//      ìåíüøå èëè ðàâíà 'x'.
{
   double fx, l = 0, r = 1, x;

   if (p == 0) return 0;
   assert(p > 0 && p < 1);

   for(l=0, r=a/2; value(r) < p; r+=a/2) l=r;
   x=(l+r)/2;
   do {
      fx = value(x);
      if (fx > p) r = x; else
      if (fx < p) l = x; else
         break;
      x = (l + r)* 0.5;
    } while ((l!=x) && (r!=x));
    return x;

}/*inv*/


