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Abstract. In this paper is investigated the use of the scan statisticef@luating the
detectability of small nodules in medical images. The sdatistic method is often used
in applications in which random fields must be searched faoahal local features. Several
results of the detection with localization theory are rexdd and a generalization is presented
using the noise nodule distribution obtained by scannihgrary areas. One benefit of the
noise nodule model is that it enables determination of tl@ statistic distribution by using
only a few image samples in a way suitable both for simulatioexperimental setups. Also,
based on the noise nodule model, the case of multiple tapgetenage is addressed and an
image abnormality test using the likelihood ratio and aerakitive test using multiple decision
thresholds are derived. The results obtained reveal thtaticase of low contrast nodules or
multiple nodules the usual test strategy based on a singiside threshold underperforms
compared with the alternative tests. That is a consequehtigedfact that not only the
contrast or the size, but also the number of suspicious esdsila clue indicating the image
abnormality. In the case of the likelihood ratio test, thdtiple clues are unified in a single
decision variable. Other tests that process multiple difésrently do not necessarily produce
a unique ROC curve, as shown in examples using a test ingptwin decision thresholds.
We present examples with two-dimensional time-of-flighOH) and non-TOF PET image
sets analyzed using the scan statistic for different searehs, as well as the fixed position
observer.
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1. Introduction

Radiological diagnostic tasks often require the detectibfeatures (also called targets or
signals) consisting of small regions with higher than uswaivity concentration. Due to the
data noise and the limited detector resolution these feampear in the reconstructed images
as small bumps of higher concentration than the surroundadkground. Such features
sometimes could be easily mistaken as arbitrary noise dutigt normally occur in the
image background. Therefore distinct detection criteagehto be considered, depending
on whether the feature position is a priori exactly knownther feature must be searched for
in a given image area (or volume).

In order to detect such small features we can scan the imagemiopthly sliding a
scanning window over the area/volume of interest, and fchegindow position compute
some relevant local statistic of the image elements in$idestanning window. For instance
the scanning window can be a disk (or a ball) of a fixed radiasd the statistic can be simply
the sum of the values of the pixels inside the disk. Or, in otdeeliminate the influence of
background nonuniformity, one can use an enlarged scamwimdpw and use as the statistic
the local contrast given by the ratio between the averaggenvalues inside the disk and
the average over an exterior annulus. More complex scamimgows and statistics can be
devised, where these can account for the searched featmeegasiation, or their rotation
asymmetry, or their known typical activity profiles. Howevahen the searched feature is
small, due to the limited system resolution its shape and é@sgeoriginal size become less
relevant, therefore using a scanning window with a fixedusdeems a reasonable approach.

If we expect to find only one feature per searched area, or wenéerested only in
the most suspicious one, a detection strategy would coofsgstanning the interest area and
selecting only the location with the maximum scan value apisious. Further in the text
this value will be referred to as the maximum scan (or maxscesult.

By determining the distributiory(c) of such maximum scan returns for empty
background cases (images with no features present) it casdessed how usual or unusual
a suspicious finding can be. Such tests are often called tatistiss tests and they are
part of a statistics chapter actively studied (Parzen 19&)s 1965, Adler 2000, Glaz
etal. 2001). These methods are preferred in applicatioeswwdndom fields must be searched
for abnormally occurring local features. Scan statisthteques are commonly used in
biostatistics and epidemiology (Wallenstein 1980, Kulftid997) and more recently have
been also applied in astronomy (Orford 2000) and high enginggics (Terranova 2004).

In the medical image analysis literature the scan staisggplicitly mentioned in only
a few recent papers. However, evaluation techniques inging sf the scan statistic tests,
or involving search models have a longer history in medinsging. Kundel (1981) has
performed detectability evaluations by determining thstribution of noise nodules and
the distribution of target nodules in chest radiographs.ei®son (1996, 2001) has used
a maximum search model as the basis for his localizationvweceperating characteristic
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(LROC) and non-degenerate ROC theory. Some of these resllltse summarized below.
Gifford et al. (2003, 2005) have used the Swensson modelatyze human and numerical
observer image rating data. The application of the scarsstamethod in medical image
analysis is explicitly exemplified in (Naiman & Priebe 200A)method to rapidly determine
the LROC curves directly from the image reconstruction praps was proposed in (Khurd
& Gindi 2005). A search model, related to our own result pnése in this paper, has been
recently published by Chakraborty (2006a, 2006b), whickgs related to the model used in
(Edwards et al. 2002). The relation between our approachhas® works will be discussed
in the conclusion section 7. An ideal observer that opefiayassing directly the likelihoods
of the acquired data and not of the reconstructed imagesjdgesl in (Park et al. 2005, Park
et al. 2003) in conditions of signal localization uncertgias well as background uncertainty.

The difficulty of the theoretical treatment of the problemsalving the detection of
small localized signals in noisy images (or more genergligtial extended random fields)
stems from the marked difference in scale of the two enttbebe compared. While the
signal consists of only a few random variables and can beesepted with even fewer
parameters, the image is a very large lattice of random basathat in many applications
are not even independent of each other. If the problem iscestito the detection of a signal
at a known fixed position this difficulty is avoided, sincerfrthe whole image only a portion
commensurate with the signal remains of interest and ttesicial signal detection formalism
can be straightforwardly applied. Based on this fixed positapproach many signal to
noise ratio (SNR) (or detectability index) image qualitytries were proposed (Wagner &
Brown 1985). In these methods in order to distinguish theaifrom the background one
can go to great lengths and apply a careful analysis by takiogaccount every detail of the
shapes of the signal and of the restricted background regionexample we have the ideal
observer when both the signal and the background are exXaxxilyn (from the statistical point
of view) and the Hotelling observer with the signal and theldgaound estimated statistically
(from samples) (Barrett et al. 1993). However, if the sigeakther poor in details (a bump
of activity determined more by the point spread function leé imaging system than the
anatomical detail) and the fixed position restriction is oged, the differences due to the
meticulous analysis of the signal and the background cahfinea narrow region will be
shadowed by the variability with the position of the backgrd response. Therefore, in the
scan statistic methodology the opposite approach is fethvand rather than comparing in
full detail the differences between the signal and the biamkugd for a fixed position using a
complicated statistic, a simplified statistic calculatmmocedure is adopted and its variation
for the full spatial extent of the image background is detead.

The Hotelling observer mentioned above is based on the glration to multidi-
mensional random variables of Student’s ratio (Hotellirgl). However, there is an-
other paper by Hotelling (1939) which proved more fruitfol the theoretical treatment
of a whole class of problems involving the detection of a algat an unknown location
by means of finding the distribution of the maximum value oftatisnary random field
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(Knowles & Siegmund 1989, Johansen & Johnstone 1990, Adl@dR In this class of ap-
proaches we have results developed and applied to funttidRhand PET brain imaging
in (Siegmund & Worsley 1995, Worsley 1995, Worsley et al. @99Recently Yendiki and
Fessler (2006b, 2005) have used the approach of Worsley)I890medical image quality
analysis.

In this paper, instead of attempting to theoretically deiee the scan statistic
distribution from the random field properties as in the pamgted above, we present a scan
statistic model based on certain general properties andriexental observations that are
relatively easy to obtain. The model predicts the max-séstniloution for a given image area
and provides a framework for treating the multiple signalsas.

2. Detection tests

If the search features are of known size we can determinectireresponse distributiof(c)
from multiple realizations, or from the the image reconstian algorithm behavior, if such
theory is available. With both distributiorfsand g known we can study the properties of the
detection tests and plot the ROC type curves.

We denote the cumulative distributions gfand g as Fi(c) = [ f(c')dd, G(c) =
fcco g(d)dd, wherec is the lower limit of the scan response value

2.1. Feature detection test

If the scan procedure returns a vatugreater than a certain threshold valliee declare the
location corresponding to the valu@s a positive detection result, otherwise we declare that
no feature/target/signal is detected.

If no feature is present the probability of the scan procedarreturn a false positive
result, that is a resuttgreater than the threshaldis

Py(d) = Prob(c > d) = /doog(c)dc =1-G(d) (1)

In the case when one feature is present, we have two randdables: a the feature
realization value, anél the maximum scan obtained by searching the background. cére s
will return the valuec = max(a, b). The probability density that the scan procedure returns
the valuec = a corresponding to the true target location (a true posiive)

hiL(¢) = f(a = c) - Prob(b < ¢) = f(c)G(c). (2)
And the probability of detecting a true target locationttisa: > d, is
Puf@) = [ (o= [ fOGE), 3)
d d

It is assumed that the presence of a feature has negligiielet @h the background and vice
versa, which is a reasonable assumption if the feature idl sma the background area is
large compared to the feature size.
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2.2. Image abnormality test

In many image evaluation tests one is interested only in éreir not the image is abnormal
without requiring the correct localization of the suspigdeatures. The testis: if the returned
max-scan value exceeds the threshodtthen the image is abnormal (positive), otherwise we
declare it normal (negative).

In this case the probability for a false positive result s $ame as in previous case given
by (1). While if a feature is present the probability densityhe returned scan values is

hi(c) = f(a = c) - Prob(b < ¢) 4+ g(b = ¢) - Prob(a < ¢)
= [(e)G(c) + g(e)F(c) (4)

The probability of a true positive result (correct locatina not required) is

a@:[;m@@zéj@m@@+égmw@@
)G(d).

—1-F(d (5)

If Pi(c) is plotted agains®,(c) we have the receiver (or relative) operating characteristi

(ROC) curve, while ifPy,(c) is plotted against?(c) we obtain the localization receiver
operating characteristic (LROC) curve.

2.3. Fixed position feature detection test

In the situations when the feature position is known a prionly limited or no search is
required. That is often the case when the task is to confirmeaqurs finding or a finding
obtained with a different imaging modality. We denote wiific) the background scan
distribution for this case (and witf¥,(c) its cumulative distribution).

For the fixed position (or very small area search) detecti@n have the classical
hypothesis test case. We have to determine whether the sttan random variableis due
to the distributionf (c) (the feature contrast variation) @y(c) (hormal background variation).

The probabilities for false positive and true positive festespectively, are

&Mﬁzéz@sz%Mﬁ, (6)

Puntd) = [ flede=1-Fla). @

If P sx(c) is plotted againsi) s« (c) we have the particular case of the ROC curve for a priori
known location case.

3. Generalization: noise nodule distribution model

In the scan procedure, instead of picking only the maximumntrast noise nodule from a
scanned region of a given area, we can obtain a list of allenoiglules with values greater
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than a certain limit,. We assume that such noise nodules are a relatively rarerence and
they are independent of each other.

Let us assume that after scanning image regions of a to@laree gather a list with a
total N, noise nodules. The average density of noise nodulesawithy, is ng = N;/A,.

By histogramming (or using other density estimation teghas) we can obtain the
distributionp(c) of the noise nodules contrast (for> ¢,) in the scanned image set. We
havefc‘zo p(c)de = 1.

For a region of a given sizé, that may be different from the size of the scanned regions,
we haveN = nyA for the average number of noise nodules with ¢;.

The average number of noise nodules with contrast largardfaith ¢ > ¢,) in the area
Alisv(c) = Nq(c), whereg(c) = [ p()dc’. Since the numbek of noise nodules in a
given image area is a random variable occurring at a constgtit is natural to assume (as
in (Bunch et al. 1978)) that it follows the Poisson distribat

Uk
P(k;c) = EG_V . (8)

This is mainly valid for large enough areaks Alternatively and with similar results the
analysis can be based on the binomial distributidrik; c) = () [1 — g(c)]¥*¢*(c) that
converges to the Poisson distribution for largevalues.
The probability of having at least one noise nodule with casttgreater thanis
Q(lic)=1-P(0;c)=1—¢"" )

The likelihood of having: nodules with contrast,, . . ., ¢, greater thanm is

L(cy,...,cx) = P(k7c)Hp<(CCJ)> =

N* jeo T
. Fe_ q(c)Hp(cj). (10)
! P

We can derive the max-scan distributigfx) for a given search ared, from the noise
nodule distributiorp(c). The probability of obtaining a max-scan result with theueat is
given by the probability density of having one noise noduithwontrast: and all the other
noise nodules with contrast less than

gl6) = (1502 = Npeper v

The cumulative distribution is
G(c) = e N1l (12)

We assumed that the searched atda large enough so that v ~ 0.

Since the max-scan resultsobtained fromm distinct subregions each of arehare
independent, then the max-scan result for the total redisizemA is ¢ = max{c¢;|1 < j <
m}. If g(c, A) is the scan statistic distribution for area sizendG(c, A) is the cumulative
distribution, then the cumulative distribution of the scatistic for arean A is

G(e,mA)=G™(c,A). (13)
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and we have
g(e,mA) =mG" (¢, A)g(c, A) (14)
The exponential (12) satisfies the property (13) in a sttéogivard manner.

4. The case of multiple features

In (Swensson 1996) the target localization model is extdridehe case of multiple target
images. Instead of picking the maximum suspicious feattom fan image, the test can
pick as suspicious all nodules with contrast greater thaertio decision threshold > d.
The analysis of the results can be performed using the fregorese receiver operating
characteristic (FROC) graphs or the alternative free nespoAFROC) graphs (Bunch
et al. 1978, Chakraborty 1989, Chakraborty & Winter 1990).

In the FROC diagram are plotted the probability of detectrigue featureP; s, (c) =
1 — F(c) against the mean of false-positive reports per ima@e = Nq¢(c). In the AFROC
diagram are plotted probability of detecting a true featbifg.(c) = 1 — F(c) against the
probability of reporting at least one false positive featper imagePy(c) = 1 — G(c).

All ROC, LROC, FROC and AFROC curves change if the search eaeas, because
of the variation of they(c) distribution with the image area. This fact makes it difficial
compare different data sets (or even different observétejvever, if in the FROC diagram
we plot the P, 5.(c) against the average number of false positive reports pegenasea
n(c) = v(c)/A = noq(c), we obtain search area independent diagrams.

An image can be abnormal due to the presence of high contrggicsous features, but
it also can be abnormal due to the presence of an unusual mahfsatures that otherwise
taken individually would not look so suspicious. The prabaés of having at least nodules
with contrast greater thanare given by the equation

k—1
Q(k;c) =1=Y P(isc) (15)
=0

for £ > 0 with P(k;c) given by equation (8), and(0;¢) = 1. In Figure 1 are plotted
the Q(k; c) curves for severat values. We can see that having two or more nodules with
contrast greater thaih, is as unlikely as having only one nodule with contrast gretitan
d,, while a single nodule with contrast greater thians well above the threshold that would
gualify it as suspicious. The same can be observed for thgpgrof three or more nodules.
In general, while the realization @&f nodules is unlikely the presence bf— 1 nodules is
common, hence one nodule among these should be a true fedtutiee case when ak
nodules have similar contrast the localization of the stisps feature is ambiguous. In other
words, in such situations we can declare with a certain cenéid that the image is abnormal,
but we cannot confidently indicate the localization of thescious feature. The best one can
do is to give a list of the suspected locations and a proltgksitiore.
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Figure 1. The realization probability ok or more noise nodules with contrast greater than
for severak values.

4.1. The likelihood ratio test

The likelihood of observing a set éfnodulesc;, = {c, ..., ¢} with contrast larger than,
[ of them being true features is

-1
e = Pt () S ITH@T oo (16)
Il eIl JETF-TI!

where theZ! is a particular combination dfindices{i, ..., } taken from the set of at
indices{1, ..., k}. The sumin the above equation iterates ove(’p)lpossible combinations
of this kind.

If the number of true featurek present in a positive image varies according to the
distribution p(7) then the likelihood of having a positive image with one or enéeatures
present is

Li(cx) = > p(l)Li(ck) - (17)
1

The likelihood ratio between the case when we have at leastroa feature and the case
with no true features present when a totakafodules are observed is

i) = o = 3 s, (18)
kit !
where
Lo Li(e)  P(k—lico) (K7 f(c)
“@‘ww‘mmwa)gjh@ (19)

— I! eIl
We can set a thresholg;, and use the following decision procedure

o If A\i(ci) > Aq then we report a positive image (at least one target present)

8
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o If A\i(ci) < Aq then we report a negative image (no target present).
The probability of wrongly reporting an image as positiva$€é positive) is

R =3 [ L) (20)
P A(en)>Aa
The probability of correctly reporting a positive imageu@rpositive) is
PO)=Y [ L) (21)
F Ae(er)=Aa

4.2. The multiple decision thresholds test

A simpler test that does not require complicated mathemlatalculations can be the
following. Letc; > ¢ > ... > ¢, be the firstm nodules in the decreasing order of their
contrast. We set a series of decision threshdlds d, > ... > d,,, and if¢; > d; then the
image is positive, otherwise i, > d, the image is declared also positive and so on until if
cm < d,, the image is negative.

We will consider here the case with only two decision thrédéid;,d,. The test is
positive if there is one or more nodules with contrast greidu@nd, or two or more nodules
with contrast greater thafy, otherwise the test is negative.

By extending the notations from equations (8) and (15), weehthe probability of
obtaining £ noise nodules with contrast in the interv@h, d>) given by P(k;dy, d;) =
YLe=va1, with vy, = N(q(da) — q(dy)), and the probability of having at lealshoise nodules
with contrast in the same interval given B\(k; dy, dy) = 1 — S5 P(i; dy, dy).

The probability of a false positive result is

Po(di, dz) = Q(1;dv) + [1 — Q(15d1)]Q(2; da, dy) (22)
In the cases when the image has one, two or three featurpscte®ly, the probabilities
for a true positive result are

[F(d1) — F(d2)]Q(1; dy, dy) + F(d2)Q(2; da, di)}

Pio(dy,dz) = Q(Lydy) + [1 — Q(L;dy)] {1 — F*(dy)+ (24)
[F(dy) = F(d2)? + 2[F(dv) — F(da)]F(d2)Q(L; d, dy) +
F*(dy)Q(2;dy, dv) }

Prg(di,dz) = Q(Lidr) + [1 = Q(L;dy)] {1 = F¥(dy)+ (25)
[F(dy) — F(do))® + 3[F(dy) — F(d2)]*F(do) +
3[F(d1) — F(d2)]F*(d2)Q(1; da, dy) + F*(d2)Q(2; do, dy) }

For comparison, whem: features are present the single decision level test has the
following probability for reporting a true positive result

Prn(dy) =1 = F"™(d1)G(dy) = Q(1;dy) + [1 = Q(L;dy)][1 — F™(d1)] . (26)
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5. Simulation study

We have studied the above feature detection approachesvéodimensional PET image
reconstruction configurations. That enabled us to conmdgigoroduce large numbers of
image reconstruction (100-400) realizations and detezrthe distributionsf, gy, andg for
different search area sizes by histogramming the resulsradal by analyzing this large pool
of images.

As phantoms we have considered activity distributions eshape of disks of radius
R, = 16cm. We have obtained hot feature phantoms by placing on théeafcradius
R; = R,/2 a set of uniform circular features of radilis= 0.5 cm and contrast 3:1 relative
to the uniform background of the surrounding disk. The fezgwvere placed symmetrically
at distances of minimum 6 cm one from another. Backgrounyg phéntoms were obtained
by omitting the hot features. In this study we have not cogrgid any attenuation, scatter or
randoms.

The data were generated (Popescu & Lewitt 2003) in list-mwidk precise event
positioning information. This fact enabled us, by randomidtgring the longitudinal position
information, to consider time-of-flight (TOF) with variotising precisions, as well as non-
TOF image reconstruction situations.

The image reconstructions were performed using a list-mblieEM algorithm
described in (Popescu et al. 2004), with images represeaséty blobs — smooth
overlapping basis functions (Lewitt 1992) — on a rectanggital (grid spacing\z = 0.4 cm,
Kaiser-Bessel blobs with radiug = 2.4Ax, and with parameters: = 2 anda = 6). We
used iterations over subsets made from consecutive evetite ilist. Further in the text a
complete pass through the data will be referred to as artigardMultiple image realizations
were obtained by using distinct data sets contaiging)*, 12-10* and18-10* counts, splitin
12 equal consecutive subsets, and using a relaxation pemamne 0.8 applied as an exponent
to the update quantity (Popescu et al. 2004).

For image analysis we have considered as statistic the doodlastc given by the ratio
between the image average on a disk of radiys= 0.5 cm and the image average on the
annulus of inner and outer radil,; = 0.6 cm and Ry, = 2.0 cm concentric with the disk.

We have applied this local contrast calculation procedurettee hot features and
background images in order to obtain the following results:

e The hot feature realizations contrast distributjdn);

e The max-scan distributiong(c, A), obtained by scanning regions of argaof the
background-only images. We have considered an initial dgeia the form of a square
of size22 x 22 cm? and then we took regions of area sizgdivided by 2, 4, 8, 16 and
32 respectively.

e The distributiorp(c) and the density,, of the noise nodules with > ¢,.
e The background variatiog(c) for a fixed position.

10
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Figure 2. Example of image scan (image reconstructed froir0* counts, non-TOF, iteration
3). On the left side is the original unmarked image. On thbtriide the nodules returned by
the scan procedure are marked and numbered in decreasergbtdeir contrast. All nodules
with contrast value greater thap = 1.2 are returned. The eight hot features present in the
original phantom are marked with a *** symbol and are returnégth the following order
numbers: 1, 2, 3, 4,5, 8,9, 12.

The scanning procedure comprises two steps. The first semlegous with a filtering
procedure and consists of computing an auxiliary scan iniagehich each point has the
value of the scan result obtained with the scanning windomtezed on that point. In the
second step we start by determining the maximum point of¢he 8nage. Once this point is
found the value is entered in a list and the pixels in the diskdius i, corresponding to the
nodule at that position are masked. The procedure contiwitbghe rest of the unmasked
image pixels as long as the maximum values found exceed e lomit ¢y. In this manner
a list is produced with the non-overlapping nodules in therel@sing order of their contrast
values. An example is shown in Figure 2.

6. Results

6.1. Nodule detectability evaluation using scan statistic

In Figure 3 we show comparisons between the local contrasilalition for the background
at fixed positiongyy(c), the background max-scan (or scan statistic) distributimtained for
several search area sizg¢g, A), and the true feature contrast distributipfx). The plotted
distributions have been obtained in a smooth form over agéfgrid by using the density
kernel estimation technique with the kernel¢) = (1 — ¢2)?, where¢ = (c — ¢)/h with a
window widthh = 0.08. In Figure 4 are compared the ROC curves for the feature tigtec
tests for the fixed location test and max scan test for seseedth area sizes.

11
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Figure 3. Comparison between the local contrast distribution for Haekground at
fixed positions §o(c)), background max-scan for several search area siZesA), A =
Ao, Ag/4, Ag/32) and the feature realizatiorf(c)). Reconstructions usingy = 6 - 10*
counts, for non-TOF case (left) and TOF case for 300 ps timasglution (right).
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Figure 4. Comparison between the LROC curves for the fixed positioa eassus background
max-scan for several search area siddsame cases as in Figure 3).

In Figure 5 we compare the max-scan distributions for seareh size4,, as well as
for the background fixed position variation, and featureti@st variation for the non-TOF
and the 300 ps TOF case. We show results obtained at itef@tiorthe case of non-TOF,
and iteration 4 in the TOF case, results that are close todheetgence point of each case,
respectively.

We can notice that there is little difference between thedfipesition background
variation curves for TOF and non-TOF. Some improvement aaig be seen in the high
count caseV = 18-10%. The background max-scan distributions show that for theckaunts
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Figure 5. Comparison between the TOF (300 ps) and non TOF local camlistsbution for
the background at fixed positiongy(c) n, go(c) TOF), max-scan for a search area of size
A= Ap (9(c, A) n, g(c, A) TOF), and the feature contrast variatiof{€) n, f(c) TOF). We
show here results fav = 6 - 10%, 12 - 104, and18 - 10* counts.

caseN = 6 - 10* the TOF reconstructions produce noisier backgrounds thamon-TOF.
However, as the number of counts increased’te- 12 - 10* and N = 18 - 10* this situation
is reversed, and the TOF reconstruction tends to produse madules with smaller contrast
than the non-TOF case. Also the TOF reconstructions sysieatig produce higher contrast
features, leading to the difference in detectability, asxshby the LROC curves in Figure 6.

6.2. Experimental max-scan distribution versus estimatag-scan distribution

The main drawback of the scan-statistic approach, as it ppléed in the previous examples,
is that it requires a large number of image samples in ordéetermine the distributiog(c).
One of the benefits of the generalized approach presentetiios 3 is its more economic
way of using the sample images, since from one scan are eltamultiple values for the
determination of the noise nodule distributipfx), while with the max-scan procedure only
one value per scan is obtained. In Figure 7 we show comparisetween the noise nodule
distributionsp(c) obtained for a reduced set of only 8 images and the full se06fichages.
As shown in the figure, both experimental histograms are fiitdtl by the tail of a Gaussian
distributiona exp —(02_0’;)2 with meanu = 1.

In Figure 8 and Figure 9 are shown comparisons between theriexgntal max-scan
distributionsg(c) obtained for different search area sizes and the estimétgs: pobtained
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N =6-10% A= A,
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0 0.2 0.4 0.6 0.8 1
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TOF 300, it=4 TOF 700, it=7 s

Figure 6. Comparison between the LROC curves for images for diffefé¥ resolutions
(300, 500 and 700 ps and non-TOF) for a search area of&jz&esults shown are obtained
for N = 6 - 10* counts.

N: 6, TOF: n, IT: 8, A: Aj/1 N: 6, TOF: 300, IT: 4, A: Aj/1
3.5 ¥ T T T T T T 3.5 T T T T T T T
, p)1 —— pE)1 ——
3| . p(c) 2 . sl p(c) 2 .
p(C) fit 1 weeeens | p(C) fit 1 weeeens

25 | p(c) fit2 u 25 k.- p(c) fit 2w u

p(c)
p(c)

05 A . 05 Ly .
1 e
0 1 1 L 1 1 0 1 | 1‘&...4_ L 1
0.8 1 12 14 16 18 2 22 24 0.8 1 12 14 16 18 2 22 24

Figure 7. Comparison between the noise nodule distributiea$ obtained for a reduced set
of 8 images (1) and the full set of 400 images (2). Both redwsddand full set histograms
are well fitted by the tail of a Gaussian distribution with mesat to unity. On the leftis a non
TOF casef- 10* counts, iteration 8). On the right is a TOF casel0* counts, 300 ps timing
resolution, iteration 4.)

from equation (11) using the curves fitting the experimentise nodule distributiop(c)
from scanning areas of siz&, with ¢ > 1.1. The right column of each figure shows
comparisons between experimental cumulative distribgtio- G(c¢) and the corresponding
estimates from equation (12). The plots reveal a good agreeespecially for the tail of the
distributions and for the large search area cases.

6.2.1. Practical image evaluation procedurtn the case of 3D PET there are two
symmetrical slices per frame (axially symmetric about ttenger center) for which we have
similar data acquisition and image reconstruction coodgi With about 4-5 reconstructed
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Figure 8. Comparisons between the experimental and the estimatssli¢th thep(c) fit)
max-scan distributiong(c) (left) and the cumulative distributionis— G(c) (right) obtained
for different search areas. Pairs of curves show resulimdd from both the reduced set
of only 8 images (1) and the full set of 400 images (2). The m@i case ¢ - 10* counts,
non-TOF, iteration 8).

images we obtain about 8-10 image realizations. As showrhbyabove examples this
number seems enough for determination of the noise nodstghditionp(c) necessary for
the estimation of the scan statistic distributiga) according to equation (11). Also we can
create phantoms with a number of hot features placed in tme gmir of slice positions,
as shown in our example in Figure 2. With about 8 features lpmg and about 16 in one
image frame, only a few image reconstructions are necetsdgtermine the feature contrast
distribution f(c), which is usually assumed to fit a Gaussian. Moreover thedaitifes can
be placed in the same slices used for the estimation of theenwdule distribution. The
scan procedure returns the list of all relevant nodules panrged area, and from this list
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Figure 9. Comparisons between the experimental and the estimateesaaaxdistributions
g(c) (left) and the cumulative distributioris— G(c) (right) obtained for different search areas.
Pairs of curves show results obtained from both the redueedfsnly 8 images (1) and the
full set of 400 images (2). The TOF cage (L0* counts, 300 ps timing resolution, iteration 4)

the true hot features can be distinguished from the noisalasdy their position. Using the
noise nodule model proposed and following the procedudeedtabove, otherwise laborious
detectability studies can be performed with only a few imesgdizations obtainable either
from experiments or simulations.

6.3. Image abnormality tests in the case of multiple suspgfeatures

In previous sections 2.2, 4.1 and 4.2 several approachesbean presented for testing the
image abnormality. We have the usual test using a singlesidecthreshold, and also the
two decision thresholds test, and the likelihood ratio. tdeo to compare these tests we
have chosen the image background noise model derived fraamgdamreconstructed from
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Figure 10. Comparison of the feature realization distributiofa;(c) for the high contrast
feature, and, (c) for the low contrast feature) with the max-scan distriboj¢c) determined

for the images reconstructed fraW = 6 - 104 counts, TOF 300 ps data, iteration 4 and search
aread,/4.

N = 6 - 10* counts and TOF 300 ps data, at iteration 4, and we considesedrah area

A = Ap/4. As signals we used two Gaussian distributions, fne:) that partially exceeds

the max-scan distribution(c), and the second,(c) that is only a little different from the

max-scan distribution (see Figure 10). We considered cgitles single, two, or three signals
per feature present image, as well as a combinationof these.

In the case of the likelihood ratio test the probabilities floe false P, respectively,
true P, positive decisions given by equations (20) and (21) wereprded using the Monte
Carlo method. Random sets = {ci,..., ¢} of kK nodules were generated separately for
the background only case (containing only noise nodules),far the signal present cases
(containing signals and noise nodules). In each situatienlikelihood ratio\(c;) given
by equation (18) was computed and the result binned in thespondingL?(\) or Li())
histogram. We used a logarithmic scale for spacing of thetedrams. In the end the reverse
cumulative quantitiesPy(A) and P, (\) respectively, were computed and normalized for the
total number of cases generated {0°). The random sets, of £ nodules, out of whicli are
true features, were generated by first selecting from thesBaidistribution (8) the number
k — [ of background noise nodules and then from ff{e) distribution the signal nodules
{c1,...,c} were sampled, and from thgc) distribution the remainingc;,.1, . .., ¢, } noise
nodules were generated. The Poisson distribution, and thieandp(c) distributions were
sampled using the efficient alias sampling technique (WdlR&7, Popescu 2000).

In Figure 11 and Figure 12 we present comparisons betweeR@ curves for the
likelihood ratio test, a single contrast threshold test] #re family of ROC curves of the
two contrast thresholds test. The plots shown in Figure Ifiespond to the high contrast
feature casef{; in Figure 10) for a single feature and two features, respelgti present in
the images. The graphs shown in Figure 12 correspond to thedatrast feature casé(
in Figure 10) for a single, two and three, respectively,dezd present in the images. We also
show the results for the case of a distribution of featur@s with 60 % for! = 1, 30 % for

17



Small nodule detectability evaluation

1 =
0.8 E
0.6 i
— —
o o
0.4 E
0.2 roc-2 T
rOC-1 «eeebere:
roc-L e
o 1 1 1
04 06 038 1
a)l =1 byl = 2 Po

Figure 11. Comparisons between the ROC curves for likelihood ratib (fee-L), a single
contrast threshold test (roc-1), and the family of ROC csirokthe two contrast thresholds
test (roc-2). The plots correspond to the high contrastifeatasefy,; (see Figure 10) for a) a
single feature, and b) two features, respectively, prasehe images.

[ =2and, 10 % for = 3.

The ROC plots show that the common test using only a singlésidecthreshold
performs optimally only in the case of the single high cositfaature, for which it is virtually
identical to the likelihood ratio test. In the same situat{&igure 11 (a)) the two decision
threshold test can lead to worse results as shown by theyfarhdurves below the single
threshold and likelihood ratio tests’ curves. In the casmoltiple features per image the two
decision thresholds test represents a better strategyhbasingle decision threshold both in
high contrast and low contrast signal cases. In the caseedfitigle low contrast feature per
image (Figure 12 (a)) the two decision level test performsebdéor most parts of the ROC
domain and descends slightly under the single decisiosltotd test's curve in the high,
andP; region. Summarizing, in the cases when the number of nodatlesr than the contrast
of individual nodules represent a significant indicatorrafige abnormality, the alternatives
to the usual single threshold test perform better. Howawelike the likelihood ratio test,
the two decision thresholds test can lead to worse perfacenanthe case of a single high
contrast feature per image.

6.4. Relation with the human observers

We can hypothesize, and eye movement studies (Kundel e9&®) indicate this, that the
detection by the human observers consists also in a scaproogss that identifies a number
of suspicious locations (a short list) that is followed byexidion process that establishes
whether these are abnormal or not. We can assume that treashesirategy is based on the
size and contrast of the nodules, as well as their number @atchbdistribution. In order to
establish a correspondence between the numerical obsgrdehe human observer we need
first to determine the correspondence between the humaepiene of the nodules size and

18



Small nodule detectability evaluation

0.8

0.6

0.4

0.2

c)l=3

Figure 12. Comparisons between the ROC curves for likelihood ratib(tes-L) and single
contrast threshold test (roc-1) and the family of curvegtertwo contrast threshold test (roc-
2). The graphs correspond to the low contrast feature fig4see Figure 10) for: a) single,
b) two, c) three features present in the images. The caseod)sstesults for a distribution of
true features per image!) with 60% forl = 1, 30 % forl = 2 and, 10 % foi = 3.

contrast and the numerical procedure, and second to detei(oi at least approximate) the
human observer decision strategy.

The correspondence between the numerical scanning pne;esdich as the one used in
our examples, and the human visual scanning of the image ésajuation of the contrast
and size of a suspected nodule) can be established if theriwaingrocedure allows for a
parameterization that determines a wide variation of gpo@ases5(¢) from very good to poor
performance. This variation of the scanning procedurearesp can be achieved for example
by coupling it with a filter. With the human observer respofiseeturning values somewhere
in between the lowest and the highest response of the nuathprimcedure, there is always a
pointé, so thatS,, = S(6;,). With ¢ standing for multiple parameters, a fit could return values
that will approximate the human observer for a wider rangepafrating situations.

A more difficult task is the determination of the decisiorattgy used by humans, or at
least devising a procedure that imitates its results. Restedies have revealed the ability
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of humans to apply the correct underlying probability disttion when asked to predict
outcomes of various random variables, if they had prior egpee with them (Griffiths &
Tenenbaum 2006). Similarly we can assume that when askedéotémall nodules on noisy
backgrounds the human observers will also tend to adoptitimal strategy corresponding to
their prior assumptions. Our results indicate that fromemthtical point of view the optimal
decision strategy depends on the contrast of the featigeglaas how many features may be
present. For an observer using a multiple decision threlsiest approach, that corresponds
to selecting the decision threshold combinations that gpredhe optimum operating curve
from a family of ROCs. As previously shown, using a two demidihresholds test in the case
with a relatively high feature contrast and only one feapunesent can lead to a suboptimal
strategy, while it is always a better strategy if two or magattires are present. If the human
observers use a similar decision mechanism, using muttlpks for image abnormality (i.e.
the individual nodule size and contrast, as well as their emand spatial distribution)
then instead of a single ROC we also could have a family of RO@es. The selection
of the optimal strategy will depend on, and sometimes be gengitive to, the accuracy
of the assumptions made by the observer about the noisdwsutarget contrast and size
distribution, as well as the likely number of targets pergea

7. Conclusions

The comparisons between scan-statistic based image gwakiand the fixed position
evaluations reveal a reduced sensitivity of the latter whithTOF timing improvement. This
is in agreement with similar conclusions reached in (Yenglikessler 2006a) where various
image regularization techniques were tested. In geneeatétectability of the features at
unknown positions depends on the search area size. Thetbfsearch area size is a factor
that should be carefully considered when the image evalustire meant to produce results
proportional to the real performance of the evaluated nithas is required for cost-benefit
evaluations. If only the ranking order is of interest thistéa is less important, yet the area
scan methods are more sensitive than the fixed positionaiahs.

We present a generalized scan-statistic approach thaekassadvantages compared
with the direct determination of the scan statistic (or nsa&n) distribution from multiple
realizations. One advantage is the greater efficiencyesine scan search obtains multiple
values for the determination of the noise nodules distidoup(c), while the max-scan
procedure obtains only one value per scan. A further adganis the greater flexibility,
since thep(c) distribution can be determined by searching areas of arisize, and then
the theory can be applied to a certain reference area sizembldel proposed here is similar
to the model recently published by Chakraborty (2006b, 20@8 well as the model used
in (Edwards et al. 2002), all relying on assumptions oritlynaade in (Bunch et al. 1978)
and later developed in (Swensson 1996). What differerstiate approach is the fact that
here we focus on the derivation of the scan statistic digtiob g(c) from the distribution
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of noise noduleg(c), relating the expected number of nodules per image with ¢aect
area and the nodules densityc) = Angq(c). Also, based on the noise model proposed
we address the multiple targets per image case and derigeiatanormality tests using the
likelihood ratio and an alternative multiple decision sirelds approach. The results obtained
reveal that in the case of low contrast nodules or multipkutes the commonly assumed test
strategy based on a single decision threshold underpesfoompared with the alternative
tests, showing that not only the contrast or size but alsmtheber of suspicious nodules
is a clue indicating the image abnormality. It must be noteat the tests that use multiple
clues, that are not unified in a single decision variable abencase of the likelihood ratio
test, do not necessarily produce a unique ROC curve, as we ishihe examples with the
two decision thresholds test.

These theoretical results add to results of previous wook®ing out that the evaluation
of the detectability of small features at unknown locatiamsioisy images requires more
complex underlying models than the binormal model usuafigyuamed in ROC analysis
(Dorfman & Alf 1969, Metz 1986) and other related works. Thadomal model seems
to apply as a realistic detection mechanism model only feffitted position detection tasks,
while for the other situations it can be seen rather as a patigrdata modeling approach
without basis on a specific detection mechanism model.
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