Medical Physics, vol. 34 (5), pp. 1556-1564, 2007
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In this paper we review several results of the nonparametric receiver operating characteristic (ROC) analysis
and present an extension to the nonparametric localization ROC (LROC) analysis. Equations for the estimation
of the area under the characteristic curve and for the variance calculations are derived. Expressions for the
choice of the optimal ratio between the number of signal absent and signal present image samples are also
presented. The results can be applied both with continuous or discrete scoring scales. The simulation studies
carried out validate the theoretical derivations and show that the LROC analysis is considerably more sensitive

than the ROC analysis.

I. INTRODUCTION

The receiver (or relative) operating characteristic (ROC)
analysis has become a standard procedure to evaluate the
performance of observers in radiological tasks. One com-
mon approach of ROC analysis assumes a simple continu-
ous binormal model of a hypothetic latent decision variable'?.
However, the mechanism that human observers use to ana-
lyze medical images (find suspicious features) is more com-
plex and far from being completely understood. Theoretical
considerations,>* as well as eye movement experiments,’ in-
dicate that the detection process comprises two steps: first a
scan process that identifies a number of suspicious locations,
and second, a decision step that establishes whether these are
abnormal or not. Although significant progress has been made
in understanding the human visual system, the decision step
proves to be more elusive to understand and model. Even
within the more predictable realm of mathematical models
and numerical procedures, the decision processes are not al-
ways that simple®. Multiple clues (size, contrast, or number
of apparent features) can indicate an image as suspicious, and
each clue can be considered with a different weight by differ-
ent observers, depending on their prior assumptions.

Originally developed to characterize the operation of an ap-
paratus, the binormal ROC model can be seen as a pragmatic
data modeling approach when it is applied to human decision
processes. An alternative pragmatic approach is the nonpara-
metric data analysis of the observers’ results that, as is the
case with the nonparametric methods in general, does not rely
on specific models or assumptions that are difficult to con-
firm experimentally. Instead of assuming the existence of a la-
tent decision variable the nonparametric methods use directly
the confidence scores reported by the observers. Bamber’ has
shown the relation that exists between the area under the ROC
curve and the Mann-Whitney-Wilcoxon statistic®? that can be
used to show the difference between two populations, or to as-
sess the accuracy of the discrimination performance of a test.
The use of the nonparametric ROC analysis in radiology is
discussed by Hanley and McNeil'°.

As an alternative to the ROC analysis, Swensson!! pro-
posed the localization ROC (LROC) analysis in which the lo-
cations of the suspected abnormalities in images are used to

improve the statistical analysis'?2. The Swensson model is a
significant improvement from the modeling realism point of
view compared to the binormal model. It considers a search
mechanism and elegantly solves the problem of improper or
degenerate ROC curves'?, that is a symptom of the shortcom-
ings of the simple binormal model. However, the parametric
LROC model of Swensson does not account for the multiple
clues situation mentioned above, and there is no guarantee that
the latent variables involved are normally distributed. There-
fore a nonparametric equivalent procedure would be a desir-
able addition to the LROC methodology.

In this paper we review several results of the nonparametric
ROC analysis and present an extension to the nonparametric
LROC analysis.

Il. THEORY
A. Nonparametric ROC analysis

Consider an observer analyzing a total of M + N images,
M images with the signal present, and N images with the sig-
nal absent. The observer gives a subjective confidence score
z to each image. We assume that the observer is stationary,
so that its criteria and behavior do not change with time, and
the confidence scores are independent of each other. In the
next derivations for convenience we will assume that the con-
fidence scores continuously cover an infinite range, but as we
will show later on, the results obtained are also valid for dis-
crete scoring schemes.

We denote by f (z) the nonparametric estimate of the dis-
tribution f(z) of the confidence scores z for the case of the
images with the signal present, and by §(z) the nonparametric
estimate of the distribution g(z) for the signal absent case. If
we use the density kernel method'* to estimate the distribu-



tions from the sample data, we have
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The probability of a true positive result with the score
greater than or equal to z is Py(z) = 1 — F(2) and the prob-
ability of a false positive result is Py(z) = 1 — G(z). The
variation of P; as a function of P represents the receiver (or
relative) operating characteristic (ROC) curve.

In the case of human observers the rating is subjective, so
it is difficult to define precise operating points. This is one
reason why as performance indicators are used quantities in-
tegrating over a range of operating points. The area under the
ROC curve is such an integral indicator, and it is the most
widely accepted since for other performance indicators inte-
grating only over a partial range, the selection of the appro-
priate operating range is still a matter of subjective judgment.
The theoretical area under the ROC curve is
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The estimated area under the ROC curve is
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FIG. 1: Example of density estimation kernels ¢f4(z) =
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(equation (10)) for three different values of the smoothing parameter
h=0.3,1.0,2.4.

2
[1 — (%)2] and their corresponding rank function H.(z)

In the end the estimate of the area under the ROC curve is
given by the following summation
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is the rank function.

In Silverman'# are given criteria for choosing the optimal
shape and parameters of the density kernels. In general the
density kernels can be expressed as ¢ 4(2) = gb(ﬁ), with
hy and h, smoothing parameters (or kernel window widths)
that depend on the shape of the original functions and the
number of discrete events available. Typical shapes of such
density kernels and of their corresponding H.(z) rank func-
tions are shown in FIG. 1. At the asymptotic limit the density
kernels converge towards the Dirac § function and H towards
the Heaviside function

ifz<0
ifz=0
ifz>0

H(z) = (11)
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In this form H can also be used when the data take only dis-
crete values. Choosing the optimal kernels can bring signif-
icant improvements'>'®, however, in this paper we will con-
sider generic H,. functions, and will present numerical exam-
ples obtained for H given by equation (11). The results and
the conclusions will not lose their generality.

The variance of the area estimate A is
0% = (A4%) — (4)*, (12)

where by (-) we denote the expectation of the given statistic.
We have
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where in order to estimate the average </A12> we have separated the overall sum into terms in which all appearing x,,, and ¥,, data
points are distinct random variables. With {x.,, } and {y,, } independent, each of the above terms can be averaged separately. We
obtain

1
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where A, By, B12 and Bs; denote the following expectations

+oo +oo
2 ee e 2
Bin = (H (2 = Y)) fa)g(y) = / diﬂf(ff)/ dy g(y)H:"(z — y) (16)
Bz = (He(x = y1)He(® = ¥2)) (x)g(v1)g(u2)
+o0 —+o0 —+o0
= [ @@ [ dnat) [ dveg)Hoe - m)HoGo - ) (7
Bor = (He(z1 = y)He(22 = Y)) f(21) f(22)a(w)
o0 “+o00 +oo
= /dl'lf(wl)/ dszf(iUz)/ dy g(y)He (w1 — y)He (72 — y) (18)
[
With (A) = A and with signal. Therefore an observer can correctly report that a sig-

nal is present but indicate a false signal location. To avoid this
So=DB11—A*, S1=DBipy—A*, S;=DBy—A* (19)  ambiguity, in the LROC experiments the readers are asked to
report the most suspicious finding and indicate its location to-

we have gether with a confidence score. In the example given above,
the reader in fact could notice both the false and the true sig-

N -1 M—-1
0124 = So+ i\ilN—i_ ( )% (20) nals, but be forced to make a wrong decision by being asked

to report only the most apparently suspicious one. From this
The equation (20) was given in a slightly different form by perspective the LROC analysis has a forced choice compo-
Bamber” by applying the results of Noether!”. nent unlike the free response analysis'®2!, where the readers
are asked to score all suspicious locations they find in an im-
age. The detection of a small signal at an unknown location in
B. Nonparametric LROC analysis an image is a more complex task than the binary classification

that is the object of the usual ROC analysis.

In the case of detection of a small localized signal in an Let L be the number of images in which the signal was cor-
image, a reader may mistakenly identify a suspicious back- rectly localized by the observer, out of the total M abnormal
ground feature as a signal, while neglecting the actual true images scored. We denote with {z; } the confidence scores as-
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signed to those images. The distribution of the total positive
results is the sum of the distribution of the correctly localized
results f,, and the contamination distribution due to the back-
ground noise f¢

f(x) = fe(x) + fe(z). 1)

The average ratio of the correctly localized positive results is

+oo
Q= 1 fela)de, 22)

and we have the normalized distribution of the correctly local-
ized results

1
—fe(z). 2
0 fe(x) (23)
The probability to report a correctly localized signal (a true
positive) with the score greater than or equal to zis Py L( )
fzoo fg(z’)dz’ = Q—FL( ) where Fg f fg
The variation of P; . as a function of PO (the probab1l1ty 0f a
false positive result) represents the localization receiver oper-
ating characteristic (LROC) curve. An example of a typical
LROC curve and how it differs from its ROC counterpart is
shown in FIG. 2 (bottom). .
The nonparametric estimate f(z) of the correctly localized
results distribution f~(z) according to the confidence score z
is

fr(z) =

(z —ay) 24)
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Also, the estimated cumulative distribution is Fy(z) =
L
ﬁ >y p(z — ).
Following a similar derivation as in the ROC case, the area
under the LROC curve is given by
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The derivation of the equation for the standard deviation
(04,) of the Ay estimate is presented in appendix A, and is
obtained similarly to the ROC case with the difference that we
now have L that is also a random variable.

A different version of equation (A12) without the (L) fac-
tors can be obtained if instead of the expectations defined by
the equations (A5)—-(A8) for the normalized distribution f7,
we use the equivalent quantities for the non-normalized distri-
bution f,. They are related by the following relations
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April 23,2007, 21:41

we obtain the more compact form
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If the Heaviside function (11) is used as rank function and
the data follows a continuous scale, as is often considered in
the theoretical evaluations, then the terms B1; given by equa-
tion (16), and B}, given by equation (A6) are equal to A
and A7, respectively. Therefore equation (20) is sometimes
presented in the literature'® with A in place of the B;; term.
However, if the data scale is discrete, which is almost always
the case in practice, or a different rank function is used, the
Bi1 and B, factors should be computed separately, other-
wise unwanted discrepancies may result. In the discrete case
the expectations given by equations (15)—(18) and (A5)—(AS8)
are obtained by using sums instead of integrals.

C. Edtimation of the standard deviations from samples

In practice we do not know the distributions f, f. or g, and
all we have are the observed samples. In the case of ROC anal-
ysis we can obtain estimates of the variance 62 from equa-
tions (19) and (20) by replacing the theoretical A, B11, Bia,
B with the sample estimates A, and respectively

N
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In the case of the LROC analysis we can obtain the vari-
ance estimate ai from equations (27) and (28) by replacing
the theoretical values Ar, Briis Bria, Brop and @ with the
sample estimates A, and respectively
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R L
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The practical application of the ROC or LROC analysis is
simple and can be done simultaneously for both cases if the



ranking scores contain flags indicating the correct localiza-
tions. Once the ranking function I, has been specified, for
instance in the form given by equation (11), the estimation
of the area A or A/ is done by the very simple evaluation of
the equations (9) or (25), respectively. For the standard devi-
ation calculations the procedure consists of evaluation of the
equations (29)—(31) for the ROC case, and of the equations
(32)—(34) and (35) for the LROC case. For the evaluation of
the Blg and Bgl, and of the Bg 12 and Bg o1 respectively, the
procedures involve just an extra exterior loop passing through
the X or Y data sets. Computer coding of these procedures
is very simple and can be done using simple scripting lan-
guages as we have initially done using the standard UNIX tool
“awk”, or implemented as macro-commands in a spreadsheet
program.

D. Theoptimal N/M ratios

We are interested in obtaining the desired level of precision
for the estimates of the area under the curve by using a mini-
mum number of image samples. The equations (20) and (28)
can be rewritten as expressions of the variance o2 as a func-
tion of the number of signal present images M and the total
number of images 7' = M + N. For a given 7' we want to
determine the number M for which the variance o2(M, T) is

minimum . That is obtained for % = 0. In both ROC
and LROC cases we obtain a second degree equation which
has as positive solution the optimal M we are looking for.
Eliminating the terms with negligible contributions we obtain

the following relations
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The optimal N/M ratios, as well as the total number of
scored images 7" necessary to reach the desired precision of
the estimations, can be determined from samples by perform-
ing a pilot study, as is usually recommended.

The simulation examples discussed in next section (see TA-
BLE I and FIG. 6) show that there is an asymmetry between
the required number of signal present images M and signal
absent images N, and in the case of LROC this asymmetry is
very pronounced.

I11. SIMULATION STUDY

In order to test the estimators derived above and study their
properties, we have applied a scan statistic model® to simu-
late the overall image abnormality test (no signal localization)
and the signal detection test (with localization). The model
considers that arbitrary noise clumps (noise nodules) appear
in the image background which could be mistaken for true
signals (features or targets) that appear also as small bumps
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of higher concentration than the surrounding background be-
cause of the limited detector resolution. The nodules’ size,
or the contrast or a combination of these, is determined by a
scanning procedure (performed either numerically or by the
human observers®). For each image, the maximum variable z
obtained by scanning the entire interest region is used as an
indicator of image normality/abnormality. For an ensemble
of images, the distribution of the maximum scan value from
background only regions of a given area is g(z), while the
distribution of the signals alone is s(z). The cumulative dis-
tribution function of s(z) is S(z) = [~ __ s(z')dz’. If a signal
is present in an image, the distribution of the max-scan value

isé,ll

f(2) = s(2)G(2) + 9(2)5(2), (38)

while the distribution of the image max-scan that corresponds
to an actual signal (correct localization) is

fe(2) = 5(2)G(2). (39)

We have the cumulative distributions F'(z) = 1 — S(2)G(z),
and F(z) = [~ __ s(2')G(2')dz, respectively.

The signal distribution can be modeled using a Gaussian
s(z) = Csexp [ %} with ps the average signal value

and o, the standard deviation. The constant C; is obtained
so that s(z) is normalized to unity on the interval of in-
terest. According to our model® the background max-scan
distribution is given by g(z) = wvop(z) exp [—vpq(z)], with
vy = nof2 where ng is the density of the noise nodules
with z greater than a certain threshold zg, and 2 is the ana-
lyzed image area (or volume) p( ) is the distribution of the
noise nodules and ¢(z f p(2')dz’. The noise nodules
distribution can be approx1mated by the tail of a Gaussian

_ 2
p(z) = Cpexp [_ (zzﬁgp)

and C), is a normalization constant for the interval of interest.

The parameters for the s(z) and g(z) functions were chosen
for two cases, so that the theoretical A and A, are A; = 0.79,
A = 0.59 in the first case and A = 0.86, Ao = 0.71 in
the second case. The underlying parameters are 2 = 100 cm?,
zg = 1.0, and for the first case: ng = 0.50, p, = 1.0,
op = 0.23, us = 1.7, o5 = 0.235; and for the second case:
ng = 0.50, p, = 1.0, 0, = 0.26, 05 = 1.88, 0, = 0.272.
The two cases were selected from the examples used in a small
nodule detectability study®?? considering 2D PET image re-
constructions. The model functions and their corresponding
ROC and LROC curves are shown in FIG. 2.

Random sets of test scores were generated using the Monte
Carlo method. We sampled the the model distribution using
the alias sampling method?*?*. For the signal present images
the test scores were sampled by randomly generating a vari-
able x according to s, and a variable y according to g. The
final score returned was max(x, y), and if the maximum cor-
responded to the x variable then a correct localization was
recorded. In the discrete case, if a tie z = y occurs, then a
random assignment of the correct localization is made (50%
chance). Also, the equations (38) and (39) should be adjusted

, where 1, and o, are parameters
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FIG. 2: Comparison between the model functions (top) and their
corresponding ROC and LROC curves (bottom) for the two test cases
considered.

for the non-negligible probability of a tie
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where now S(z) = > s(2')and G(z) = > g(2').
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From the randomly generated test score samples the A,
A and their standard deviations & i 0 A, respectively, were
computed and the results histogrammed. We also determined
the averages (A), (Az), (64) (64,), and the sample stan-
dard deviation of the 5 ; and & Aps denoted here with 06, and
To 4, respectively. In TABLE I are summarized the results
obtained for the two test cases considered using sets of test
scores with each set having M = 120 and N = 90 signal
present and signal absent, respectively, samples. A few thou-
sand of test score sets were used in the Monte Carlo simula-
tions.

We have performed tests using various discretization lev-
els, from hundreds to only a few discrete levels for the vari-
able z over the main range of interest (the region where f and
g vary significantly). The results from both theoretical cal-
culations and simulation estimates showed consistency. The
results presented below were obtained for several tens of dis-
crete levels. A full study of the variation of the results with
the discretization level of the scoring scale, which should also
include the effect of changing the shape of the rank function
H_, is beyond the scope of this paper.
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TABLE I: Summary of the results obtained for the two test cases
considered, with M = 120 and N = 90 signal present and signal
absent, respectively, samples.

1 2 1 2
A 0795 0857 Az 0590 0715
(A) 0796 0.858 (Ag) 0591  0.714
o4 0030 0.025 o1, 0042 0038
(64) 0031 0025 | (6,) 0044 0037
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FIG. 3: Distributions of the A and A estimates obtained by Monte
Carlo simulation for the two test cases considered. The theoretical
values are marked on the graph.

In FIG. 3 we compare the area estimates A, A, distribu-
tions with the theoretical values, for the two cases considered.
In FIG. 4 we compare the distributions of the standard devi-
ation estimates & 4, o Ap- One can notice that for the LROC
cases the standard deviation estimates are more precise (nar-
rower and taller peaks).

The difference between two area estimates § = /12 —Al isa

random variable with the variance 02 = 0124 + 0124 . The vari-
1 2

able % is usually assumed to be standard normal distributed

and can be used to determine the significance levels for the

test comparing the two cases'®?. A larger %

to better differentiations of the two imaging procedures. In
FIG. 5 can be compared % for the ROC and LROC cases as
a function of the number of samples M and N. The area es-
timates /11 and /12 represent the same two cases considered
above.

In FIG. 6 (left) is shown the dependence of % on the total
number of samples M + N for the optimal N/M ratio point
for the ROC and LROC, respectively, tests. FIG. 6 (right)
shows the plots N (M) that have as slopes the optimal N/M

corresponds
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FIG. 4: The distribution of the standard deviation estimates & 4, & As
obtained by Monte Carlo simulation for the two test cases considered
(left case 1, right case 2). The theoretical values are marked on the
graphs.
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FIG. 5: Comparison between the ROC and LROC values of % asa

function of the number of samples M and N, for the two test cases
considered. The plotted curves are isolines on the 3-D surfaces de-
0

fined by 75 as a function of M and N for several representative
values marked on the plots.

ratio for the ROC and LROC tests. The optimal N/M ra-
tio points shown in FIG. 6 were determined from the two-
dimensional maps plotted in FIG. 5 and are specific to the
comparison between the test case 1 and test case 2. These val-
ues are in between the optimal ratios of each distinct test case
shown in TABLE I, which are optimal from the point of view
of area under the curve estimation for that specific case.
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FIG. 6: The % ratio (left) as a function of the total number of sam-
ples M + N for the optimal N/M ratio for the ROC and LROC
tests, respectively. On the right are shown the plots of N as a func-
tion of M for the optimal N/M ratios for the comparison between
the specific two test cases considered.

IV. DISCUSSION AND CONCLUSIONS

In this paper a nonparametric approach for LROC analysis
is presented. The equations for estimation of the area under
the LROC curve, and for the variance calculation, are derived.
Equations are also derived for the optimal choice of the ratio
between the number of signal absent and signal present image
samples. These results can be applied with either continuous
or discrete scoring scales.

The simulation studies carried out validate the theoretical
derivations and show (see FIG. 5 and FIG. 6) that the LROC
analysis is considerably more sensitive than the ROC analy-
sis, as was previously demonstrated for the parametric case'2.
This is not surprising since the LROC approach takes advan-
tage of the additional positional information. The area under
the ROC curve (A) is bounded in the interval (3,1), which
makes it a poor discriminator especially when the values to be
compared are close to the extremities of the interval (very poor
or very good tests). The area under the LROC curve (A.) is
bounded in a larger interval (0, 1) and the results of relatively
good or poor tests do not cluster near the interval limits in the
same manner as the ROC results.

The main advantages of a nonparametric method are that it
does not rely on particular assumptions about the image score
distributions, and its simplicity. The Swensson LROC model
assumes a combination of two distributions: g(z) for the im-
age background, and s(z) for the signal. In the applications
of this model so far, the two distributions are assumed nor-
mal. There are theoretical reasons® to assume that the back-
ground distribution has an asymmetric shape instead of being
a symmetric Gaussian. In the case of non-uniform images
the asymmetry of the distribution tails can be even more pro-
nounced since the distribution for the full image is the result
of the distributions for different background regions with dif-
ferent noise levels. In more realistic conditions the signal dis-
tribution could also have asymmetric tails. The accuracy of
the parametric fit depends on choosing an adequate param-
eterization. It must be emphasized that when the statistical
model considered by the fit does not match the reality, the fit
procedure could also report erroneous error estimates. The
nonparametric approaches are more robust in this respect.

Similar to the ROC analysis, the LROC analysis can also



be applied to more varied situations other than the radiolog-
ical diagnostic case. We can consider the general case when
we have signal present and signal absent results, and in the
signal present case the results are partially contaminated with
background noise. Provided that there is an additional test
that can check for contamination (as we have the test for cor-
rect localization in the case of nodule detection) one can use a
similar LROC type analysis.

The nonparametric LROC approach presented here can be
extended in the same way as previously was done for the non-
parametric ROC method to the cases of correlated data (e.g.
same data multiple readers) or other situations documented in
the literature?®?°. Also, further improvements are possible
by applying smoothing kernels as discussed here, and demon-
strated previously for the ROC case'>!®. By restricting the
domain of integration (or summation) one can easily obtain
the equations for the estimation of the partial areas A and A,
and their standard deviations.

The Monte Carlo simulation module we have used for this
work can be easily modified and extended in order to be used
as a tool for design of experiments and for analysis of data.
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APPENDIX A: DERIVATION OF 0'124£ EXPRESSION

From the variance definition we have

(AD)

* * 2
_ By AT ANV

— 1)(Bzy, — A7

The average quantities (A, ) and (A2) are given by

M
(Ag) = > P(LIM)(Az)y (A2)
L;O A
> P(L|M)(A) (A3)
L=0

where P(L| M) is the probability of correctly localizing L fea-
tures out of M signal present images, (Az) and (A%)[, are

the mean and the second moment of A ¢ for a fixed value of
L.

The distribution of the random variable L is given by the
binomial distribution P(L|M) = Ag) QF(1 — QML its

mean and variance are (L) = MQ and 02 = MQ(1 — Q).
Proceeding as in the ROC case, we obtain

A By, — A2+ (N —1)(Bk,, — AL
<A2L>L - L L11 MQN L12 L +
B AL? *2
L(L—1) ﬁ?\lﬁN L2A (Ad)

where. A}, B}, B}, and B}, denote the following ex-
pectations

AL = (He(@ = 9) 12 (ay900) (A3)
Bryy = (HE(@ =) sz @)e(w) (A6)
By = (He(z —y1)He(z — y2)) s F2(@)g(yr)g(y2) (AT)
By = (He(z1 —y)He(z2 — y)>f;g(zl)f,; (2) y)(AS)

We have used similar notations as defined in equations (15)—
(18). From the equations (A3) and (A4) we obtain

X ) M
(AZ) ’ 3 P(L|M) +
M-*N =
B A2 M
£21 ﬁ ZP L|M (A9)
_ BLll — AL ( )(BL12 — ALQ) 3221 — A*ﬁz 2 AZQ 2
= V2N <L>+W(<L ) — (L) + I (L)
We also have
(Ac)L = — A (A10)
and from equation (A2) results
i S (L)
(Ag) = ALY P(L|M) Az (A1)
L=0
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In the end the variance is given by the equation

*

Biy, — AR® + (N —1)(Bi,, — A7) Biy, — AL? Ax?
2 _ PLi11 L L£12 L L£21 L 2 L 2
% = i (L) + e (L)L) —1)+0}] + V201
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