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Abstract

The principles of a geometry modelling system for ray tracing or Monte Carlo particle
transport simulation are presented. The model uses the boundary representation of volumes
and was developed using object oriented programming. The surface is adopted as the basic
element in the model. Complex structures are described using the derived concept of com-
pound surfaces. Particle tracking exceptions caused by floating point rounding errors are
discussed and robust algorithms that use geometrical reasoning to address these problems

are presented.
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1 Introduction

One of the advantages of using the Monte Carlo method to solve particle transport
problems is the fact that it does not rely on any theoretical limitations imposed
by geometry or material composition, offering the possibility to obtain solutions
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for various combinations of materials and volume shapes. However, to take full
advantage of this, a Monte Carlo simulation system should offer the user a way of
representing various possible shapes and combinations of geometries in a flexible,
easy to use and efficient manner. For this reason a very important role in a Monte

Carlo particle transport application is played by the geometry modelling system.

In order to allow the selection of the proper set of data necessary for transport sim-
ulation (i.e. cross sections, specific transport algorithms) and to determine certain
actions, like tallying the values of the quantities of interest, particle positions must
be described not only physically using their spatial coordinates but also from a

topological point of view in relation with the surrounding geometrical entities.

According to the usual particle transport Monte Carlo simulation schemes a geom-

etry representation system must provide the following basic functions.

e To verify if a point is inside a certain geometrical domain (volume).

e The particle being inside a certain volume, to determine the distance to the
boundary surface along the particle trajectory, or otherwise said, to determine
the exit point without interacting in the medium.

e When the particle leaves the current volume to determine the new volume into
which it enters, or to flag that the particle has left the domain of interest.

e To determine the distance to the volume boundary (as the distance from the cur-
rent position to the closest point on the boundary). This is often necessary for tal-
lying purposes or for optimization reasons in the case when lateral displacement
corrections must be applied for long steps as in the case of electron condensed
history schemes.

A first way to deal with these problems in simulation software consists of defining
only the prototypes (the interfaces) of the required functions while their specific
implementation remains the responsibility of the user, as in the case of the basic
distribution of the EGS system [1]. Additionally the user can be helped by pro-
viding a library with predefined geometrical objects [2,3]. This approach has the
advantage that it can lead to an optimized and fast code. However this advantage
can fade out if we take into account the effort and the time required for writing and

testing the new routines for each new problem.

In a comprehensive approach, the geometry representation system and the algo-

rithms should be devised in such a way as to reduce the user’s intervention to a



minimum, namely the description of the geometry as input data or as an initializa-
tion routine. In such a system all geometrical problems should be handled auto-
matically dependent only on the particle position, moving direction and the initial
description of the geometry.

The difficulty with this approach consists of the fact that a number of constraints
must be satisfied.

e First a number of ambiguities that may occur in the geometrical description of
the problem must be resolved.

e The system must be robust. The topological description of the particle position
must not be affected by floating point rounding errors or exceptions that may
occur during the calculation of the distances and coordinates.

e The algorithms should be fast. The computing overhead necessary to assure the

generality of the modelling system should be kept in reasonable limits.

Comprehensive geometry modelling systems were introduced in several particle
transport Monte Carlo simulation codes, like MCNP [4] or GEANT [5], well known
in the field of nuclear physics or high energy physics, or medical physics. Reviews
on this subject are presented in [6,7].

One can distinguish between two main approaches, the Constructive Solid Geom-
etry (CSG) modelling or Combinatorial Geometry (CG) and surface or boundary
representation (B-rep) modelling. In the CSG systems complex geometrical bodies
are described using Boolean algebra with a limited set of predefined bodies as in
GEANTS3 [5] or in [8]. In the systems that use boundary representation the geo-
metrical objects are described using Boolean algebra with space regions delimited
by predefined surfaces as in the case of MCNP [4] or version 4 of GEANT that

partially evolved toward boundary representation [9].

The requirements listed above are satisfied at different levels by the different sys-
tems for geometry modelling. With the CSG systems it is usually more easy to build
well defined geometrical structures, whereas the boundary representation systems
are more prone to lead to ambiguous, incompletely defined, or degenerate struc-
tures. The complex systems designed to cover with higher generality the multitude
of cases that may occur have a higher computing overhead and thus in many appli-

cations perform significantly slower than systems implementing simpler solutions.



It is often the case that there is little information available about the robustness
of a particular geometry modelling system. Sometimes this issue is little or not at
all documented and the user is the one who has to deal with it. In other cases the
authors acknowledge the problem and offer ad-hoc solutions to overcome it. The
robustness issue in geometry based programs has received increased attention in re-
cent years [10-14]. So far, however, there has been little systematic effort to provide
methodologies for either avoiding geometric errors or for proving the correctness

and accuracy of algorithms dealing with geometry.

A new geometry modelling system satisfying the above requirements has been de-
veloped and implemented recently in the Monte Carlo particle transport simulation
code PTSIM [15,16]. The principles of this system will be described in the follow-

ing sections.

2 Surface representation of volumes

Our goal was to develop a geometry modelling system able to cover a large class
of geometry bodies and combinations at the same time keeping the code simple
and fast. We have opted for the surface representation modelling due to its ability
to cover a wide range of volume shapes using a library of surfaces and a limited
set of rules, as opposed to CSG modelling that requires the implementation of a

comprehensive collection of geometrical bodies.

Mathematically a surface S can be described as the set of points 7 = (z,v, z) for
which f(7) = 0. In order to distinguish between the space regions separated by a
surface we will use the following sign convention. The positive space region is that
for which f(7) > 0, the negative region is that one with f (') < 0; of course, for the
points belonging to the surface, f(7) = 0. With this convention, the logical position
of a point 7 with respect to a surface S will be characterized by the following sign
function sgn(7, S) = {—1if f(7) <0, 0if f(7) =0, 1if f(¥) > 0}.

We extend the sign convention in the case of the distance from a point 7 to a surface
S (to the closest point on the surface) by taking the distance as positive or negative
depending on the value of sgn(7, S).

A volume, or more generally a space region, can be defined using its boundary



surfaces and the sign convention as the proper intersection of positive or negative
space regions delimited by these surfaces. Note that only the intersection operator
is used in our model, although other operators, e.g. the union or the complement
operators, could be used to define volumes. Our choice allows a uniform description
of all volumes, which is important for an object oriented implementation. A way
to overcome certain limitations introduced by this restriction is presented further in

section 5.

As an example consider two planes P, : 2z — 2y = 0and P, : z — 29 = 0, with
21 < 7, and a cylindrical surface C : 22 + y? — R? = 0. The intersection between
the positive semi-space z > z; defined by the plane Pj, the negative semi-space
z < z9 defined by the plane P, and the interior (negative region) of the cylindrical
surface C defines a cylinder V = P;" N P, N C~, where the positive or negative
superscripts denote the positive or the negative region, respectively.

Given the restriction to use only the intersection operator the volume V' will be

designated by a simplified notation
V=P -P-C (1)

Generally, for a volume V' defined by the intersection of space regions with the
signs s; € {—1,1} delimited by n surfaces S;, i € {1,...,n}, the following sym-

bolic definition will be used: .

V= Z 5iS; ()
i=1
with s; = sgn(7, S;), where 7 € V.

For convenience, when the geometry data are given in the input, unique identifica-

tion numbers are assigned to each surface and volume.

3 Robust determination of the exit point of a trajectory from a volume

Consider a particle inside the volume V' defined in (2). Theoretically, the inter-
section point of its trajectory with the volume boundary is given by the smallest
non-negative distance to the intersection points of the trajectory with the volume’s

bounding surfaces
L= min{ly;}, 3)



where 7 is the index of the surface and j refers to the j-th intersection point with

the surface S;.

For a computer application, this formulation is not sufficient, as it may result in
some ambiguities due to floating point errors. For example, even if the intention
was to obtain the intersection point with the boundary, the computed coordinates of
the point could appear in the interior of the initial domain, or, on the contrary, in the
next domain. Also, the cases when the particle is on the boundary should be judged
separately, as in certain circumstances the 0-length distance to that boundary must

be taken into account, while in other circumstances it must be discarded.

Various approaches were proposed to overcome this problem, e.g. by adding a small
shift to particle positions or by shrinking and swelling the volumes in order to have
the particle always without doubt in the proper position, or by considering that the
boundaries have a certain width; or as a last resort, by discarding the trajectories

found in ambiguous situations or trapped in never ending loops [2,3,6,9,17-19].

In the present model a pair of values (I, 7), where [ is the distance to the intersection
point and 7 is the crossing sign, is used to characterize an intersection point of the
trajectory with a surface. Here 7 = 1 when the particle passes from the negative
region to the positive region, 7 = —1 in the opposite case, and 7 = 0 when the
trajectory is tangent to the surface (no sign changing).

In (3) instead of using the condition /;; > 0 which is subject to computations errors,
we will use the topological condition of having an exit point in a more explicit
way, thus giving primacy to the geometrical reasoning. For a particle with current
position known to be inside the volume V, that means it is simultaneously on the
s; side of each surface .S;, an intersection point /;; is accepted as candidate for exit

point if it satisfies the following criteria written in algorithmic form.

if 7;; - 5; < 0 then the point is rejected;
The intersection point is not a crossing from s; side to —s; side of the surface
S;.

else if /;; >= 0 then the point is accepted,;
This is the ideal case as in equation (3).

elseif /;; > ¢, then



We may have an exit point at a negative small distance from the current

position. As the particle is known to be inside, the negative distance might be

due to computing errors.

if doesn’t exist a point /;;,1 then the point is accepted;
The point is an exit point not followed by any reentry intersection with
the surface S;.

elseif /;; .1 > ¢, then the point is accepted,;
The point is an exit point followed by a reentry intersection with the sur-
face S; at a significant positive distance.

else the point is rejected;
Both the exit point and the next intersection are at negative distances, or
the particle is very close to the reentry point that there is rather an error
of calculation of l;;.1.

else the point is rejected;
The intersection point is at a large negative distance significant greater than
any possible roundoff errors. It must be followed by at least a reentry inter-

section point through the same surface.

where €, 1s a small negative number introduced for efficiency reasons. If €,, = —o0
all intersections corresponding to an exit situated at a negative distance will be
tested; €, is a small positive number introduced to decide if the particle is placed
erroneously outside the volume due to miscalculation of the next reentry intersec-

tion point /;;41 rather than of the point /;; as shown in Fig. 1.

The closest point from all points returned by the above algorithm is the exit point
from the volume. In the case of a closed region, a regular solid, at least one is always
found. In the case of an open region, for certain particle positions and moving
directions, no such point will be returned; in this case an “infinite value”, the largest

number in the machine floating point representation, is assigned to [ by convention.

By taking into consideration the above procedure, the ambiguities which may be
encountered in certain limit cases are avoided. Examples of such scenarios are given

below:

(1) The particle is on one of the current volume’s surfaces being headed inward.
This happens each time when a particle enters into a volume. In this case the
null distance to the surface that the particle is on must be disregarded. This is



Fig. 1. A 2-dimensional representation of a case when a particle is placed outside the region

where it logically belongs (the “+” region) due to floating point errors in calculation of

distances to intersection points with a surface (the thick V-shaped solid line). In the case

(a) the error occurs at the calculation of the distance to the exit point, while in the case (b)

the error is assumed to occur at the calculation of the distance to the reentry point.

2)

3)

“4)

&)

automatically done by checking the crossing signs 7;;.

The particle is on one of the current volume’s surfaces being headed outward.
This happens when a particle just left a volume. In this case that surface must
be considered.

The particle is on the surface with the trajectory tangent or contained into that
surface. The crossing sign inequality excludes such points, avoiding thus the
infinite loops which might occur otherwise, when the particle remains in the
same point, but its logical position is changing from a volume to its neighbor.
Due to rounding errors, the particle appears to be in the exterior of the current
volume, headed inward, when in fact it should be on the boundary. This could
happen when the particle just left the previous volume being transported to
the separation surface, but because of the roundoff errors its coordinates are
somewhere still in the previous volume. For the correct determination of the
exit point from the new volume, that particular intersection point with this
surface should be disregarded; this is automatically done in this model.

The particle appears to be in the exterior of the current volume and is headed
outward, with [ found negative. In order to avoid working with negative dis-
placements [ will be taken zero. This case could happen because the magni-
tude of the error of the computed intersection distances may vary with the
particle direction and with the type of equation which defines the surface. It



could also be caused by a shift between the solutions of the equations that
give the intersection distances and the particle position with respect to the

same surface. As shown in Fig. 1 the cases 4 and 5 can simultaneously occur.

An alternative way to solve the cases 4 and 5, somewhat similar to how this prob-
lem is addressed in GEANT4 [9,18-20], consists of taking the distances [;; = 0
whenever |/;;] is less than a given tolerance limit and discarding the test of the next
intersection point /;;11. However in narrow regions such a procedure could lead to
ambiguous situations when a particle appears to be simultaneously on two distinct
surfaces, sometimes causing the tracking algorithm to go into an endless loop.

4 Determination of the next volume the particle passes

Denote by A the free distance to the next discrete interaction in the volume V.
If [ < A then the particle should be transported to the boundary of the volume,
s = To+1-d. Suppose that S; is the exit surface. Once the particle reaches this point
the adjacent volume into which the particle passes must be determined. In order to
be able to do this, for each surface S; of a volume V; the list with the adjacent
volumes {Vj,; }, ki; € {1,...,ny;}, separated by the surface S; is constructed (see
below). This is done in a preliminary step, immediately after the input of geometry
data.

The identification of the volume into which the particle passes can be done by
testing successively in which volume from the list {V},, } the particle position 7
belongs. If no volume is found then it is assumed that the particle leaves the domain
of interest. The procedure for testing the particle position with respect to a volume

will be presented later in section 5.1.

The list {V};; } of the volumes adjacent through the surface S to the volume V;, can
be built automatically by searching the volumes that have a common surface and
are placed on its opposite sides. Note that besides the volumes in contact, which are
in fact the only ones of interest, this procedure can add to the list other volumes that
are not adjacent. The only drawback of using an enlarged {V};; } list is the fact that
an additional number of unnecessary comparisons could be made for selecting the
next volume. The inclusion of non-adjacent volumes in the list can be avoided by

giving to the user the possibility to specify for each volume a list where to search
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Fig. 2. Example of using a compound surface for defining a volume with a concavity.

for adjacent volumes or the volumes that must be excluded.

5 Compound surfaces

Using only intersections of space regions delimited by elementary surfaces to de-
fine arbitrary volumes may prove to be a very laborious task requiring the artificial
decomposition of the domain into too many volumes. Such difficulties occur in the
case of volumes with concave shapes defined by distinct surfaces. As an example
consider (Fig. 2) three planes P : 2 — 21 =0, P, : z— 2y =0and P3 : 2 — 23 =0
with z; < 2z < z3 and two cylindrical surfaces C; : 2% + % — R? = 0, respectively
Cy:2?>+y?>— R2=0with R, > Ry > 0.

Using these elementary surfaces two cylinders, V; = P, — Py — C,and Vo, = P, —
P3 — C5 can be defined. But the volume V, = V7 \ V3 (see Fig. 2a) cannot be defined
using only the elementary surfaces defined above. This volume can be represented
by dividing it in two other volumes, e.g. using the tube V5, = P, — P;—C1+C5 and
the cylinder Vo, = Py — P, — Cs (Fig. 2b), or using the cylinder Vi, = P, — P, — (4
and the tube Vg, = P, — P3 — Cy + Cy (Fig. 2¢).
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Fig. 3. Example of using a compound surface for avoiding ambiguities in volume definition.

A way to avoid this kind of additional volume decomposition is to use compound
surfaces. Given a volume, or an open space region, a compound surface is defined
as its boundary surface taken as a whole. Formally it is defined as the union of the

intersections between each boundary surface and the given space region.

In the above example we can define the compound surface S, as the surface of P, —
Cs (see Fig. 2a). For the compound surfaces we use the sign convention (described
in more detail in 5.1) that the positive sign corresponds to the region interior to the
compound surface, so that the compact notation () — S, represents the intersection
of some region () with the region exterior to the S.. This notation allows us to

express the volume V, simplyas V, = P, — C; — P3 — S..

Compound surfaces prove to be useful also for eliminating certain ambiguities in
defining the space regions. As an example, a volume incompletely defined only
by its border surfaces is presented in Fig. 3; this example was discussed also in [4]
where a concept of ambiguity surface is used. Consider two spheres S;, Sy centered
on the origin and a cylindrical surface C' around the y axis. Suppose that the volume
V represented by the hatched region in Fig. 3b should be defined.

If we try to define it as the intersection of the interior of the sphere S; with the
exterior of the sphere Sy and the exterior of the cylindrical surface C, that means
V = —-51+ 5, + C, we obtain the space region formed by the two hatched regions
in Fig. 3a, W = —S; + S5 + C, which is not the desired volume.

Instead of using directly the cylinder C' we can introduce an additional plane P

11



as in Fig. 3b and take the surface S., marked with thick line, defined by the space
region formed by the semi-space at the right side of the plane P intersected with
the interior of the cylindrical surface C', S. = surface of P — C'. Then the desired
volume can be correctly defined as V = —S; + S, — S..

In order to solve geometrical problems (position relative to the surface, intersection
points, distance to the boundary) using compound surfaces in a transparent and
simple way, like in the case of elementary surfaces, the procedures developed for

elementary surfaces should be extended to the case of compound surfaces.

5.1 Determination of the position sign of a point with respect to a compound

surface

The position sign of a point with respect to a compound surface is defined as: 0
if the point is situated on that surface (on one of its components), 1 if it is in the
interior of the region delimited from the rest of the space by that surface, and —1 if it
is in exterior. Consider a space region Y. ; s;S; where s; € {—1, 1} and denote by
S, the corresponding compound surface. Accordingly, the algorithm for obtaining

the position sign with respect to a compound surface is the following:

If there exists a surface S; for which sgn(7, S;) -s; < 0 then sgn(7, S.) = —1, other-
wise if the point is on one of the surfaces S; then sgn(7, S.) = 0, else sgn(7, S;) =
1.

In this case also the ambiguities which may result due to finite precision compu-
tations must be avoided. For example, when the particle passes from one volume
to another, logically its position is situated on the separation surface between the
two volumes, but its new coordinates could be somewhere still in the interior of the
first volume. For this reason, when testing the particle position with respect to an
adjacent volume, the test against the common surface is skipped.

12



5.2 Determination of the intersection points of a trajectory with a compound sur-

face

Consider a compound surface defined as above and a particle in the position 7
with moving direction %. We are interested in finding the intersection points of
the particle’s trajectory with the compound surface. This can be done using the
following algorithm.

(1) Search successively to find the intersection points with each surface S;, © €
{1,...,n}.

(2) When for a certain surface S; such a point is found, at distance /;; from 779, test
if it belongs to the region delimited by the remaining surfaces Sk, k # .

(3) If there exists a surface for which the point 7 + ;4 is outside, then the point
is not a valid intersection with the whole compound surface. Otherwise this
point is one of the points we are looking for. Its crossing sign is 7;; - s;.

(4) Repeat the procedure from the first step until all points on all surfaces are
tested.

The test of the position of an intersection point /;; with respect to a surface Sy

needed in step 2 can be done in two ways.

First it can be done by computing the coordinates of the point i’ = 7'5+1;;-@ and test-
ing its position with respect to these surfaces. This procedure introduces the prob-
lem of producing topologically consistent lists of intersection points. Due to round-
ing errors at edges correct intersection points can be rejected, or points outside the
domain could be accepted. The problem of rejected points can be corrected by ac-
cepting the points within a given tolerance distance from the bounding surfaces.
The additional erroneous introduced points can be eliminated by screening the list

for breaks in the alternation of crossing signs of successive points, 7, * Tpr1 < 0.

Another method, more consistent, exploits the geometrical meaning of the order re-
lations between the intersection points. Let [, be the intersection with the surface
Sy, that is nearest to the point /;;. The point is inside if ;7 (l;; — lgm) > 0, else it
is outside. If we have no intersection with the surface Sy, then the position sign of
the initial point 7 is relevant; the point is inside if sgn(7, Sy) - s, > 0.

13



Fig. 4. Determination of the distance from a point to a compound surface. The positive
distances are represented with solid lines while the negative distances are represented with

dashed lines.

5.3 Determination of the distance from a point to a compound surface

Keeping the sign convention used in the definition of the distance from a point to an
elementary surface, in the case of compound surfaces (and of volumes) the distance
from a point 7" to a surface S; of the volume V' is d; = d, - s;, where d;, is the signed
distance to S; according to the definition in the third paragraph of section 2.

If the point 7 is in the interior of V' where sgn(7, S.) > 0 (the case of point A in
Fig. 4) then the distance we are looking for is the smallest among all the distances
to the surfaces S;, i € {1,...,n}, each being nonnegative. If the point 7 is outside
V where sgn(7, S;) < 0 (like the points B and C in Fig. 4) then we can have both
positive and negative distances to the elementary surfaces S;. In this case the only
significant distances are the distances to the surfaces with respect to which 7 is in
exterior, that means only the negative distances. In consequence the distance we are
looking for is the greatest in absolute value from all the distances d; < 0. Thus we

can apply an unique rule: the smallest of all distances regardless of their sign.

As can be seen from the case of point C in Fig. 4, when the distance to the com-
pound surface is selected from negative distances, the result may lose the signifi-
cance of the distance to the closest point on the surface (in our case the point I).
This results in an underestimate of the real distance, more manifest at large dis-

tances. However, the value returned by the above algorithm is still useful in most
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C_Surface C_CompoundSurface C_Volume

> C_Plane

Y

C_CylSurf

» C_Sphere

> C_ConeSurf

Fig. 5. Schematic representation of the class hierarchy used in the implementation of the
geometry modeling system proposed.

practical cases when the proximity of the boundary must be detected in order to
trigger certain actions like change of the step size selection method for particles

with curved trajectories, or tallying of certain quantities of interest.

6 Notes about implementation

The geometry modelling system was implemented using object oriented techniques.
It was coded using C++ programming language. The code is structured into a class
hierarchy as described in Fig. 5.

The class C_surface is defined as an abstract class, from it being derived all
other classes implementing specific surface types. Its main methods are GetPosi-
tionSign, GetIntersections, GetNextIntersection and GetDistance,
used to implement the functions described in sections 2 and 3. In the case of class
C_CompoundSurface the above methods implement the algorithms described in
section 5 which are inherited also by the class C_vVolume. In addition the class
C_vVolume has methods for dealing with the particle passage to adjacent volumes
as described in section 4.

For initialization first the instances of specific surface types (planes, cylindrical
surfaces, ...) are created; then, if it is the case, the compound surfaces, and finally

15



the volumes (a volume once declared can be used also as a compound surface). At
creation time each instance receives an unique identification number. After creation
of all volumes the routines for the construction of the lists with adjacent volumes

as described in section 4 are called.

7 Conclusion

The principles of a geometry modelling system for particle or ray tracking simula-
tion are presented. It uses the surface representation modelling offering flexibility
in describing a wide range of volume shapes rather than combining a limited set of

predefined geometrical bodies as in the case of Constructive Solid Geometry.

The particle tracking algorithm uses in a systematic manner additional information
about the topological description of the particle position and trajectory with respect
to cells surfaces in order to accurately determine position and intersection points,

avoiding ambiguities induced by floating point rounding errors.

The basically uniform definition of volumes, using only the intersection operator,
allows the possibility to create complex structures by using compound surfaces,
and at the same time leads to an efficient and natural implementation using object

oriented programming.
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