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Abstract. In this paper we propose a comprehensive energy based rscattection
approach for positron emission tomography (PET). We takeamtdige of the marked
difference between the energy spectra of the unscatterédseattered photons, and use
the detailed energy information that comes with the lisdmalata for the estimation of
the scattered events distribution in the data space. Afstideé the maximum-likelihood
expectation maximization (ML-EM) image reconstructiogaithm, we introduce energy
dependent factors that individualize the correction teiongach event, given its position and
energy information. The central piece of our approach iswleedimensional detector energy
response model represented as a linear combination of émopanents, each one representing
a particular state a PET event can be found in: both photossattered, the second scattered
while the first not, first photon scattered while the secont] and both photons scattered.
For a set of events collected in the vicinity of a point in thejection space, the coefficient
of each component is determined by applying a statistidahasor. As result we obtain the
number of scattered events that are in the given set. Thelrges us also the variation of
scatter fraction with the photon pair energies for thatipakr position in the data space. A
simulation study that demonstrates the proposed methquiesented.
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1. Introduction

The detector systems of current positron emission tombogréPET) scanners are capable
of estimating the energies (in addition to the positionsihef two photons that are detected
in time coincidence. Although the detectors do not haveguernergy resolution, it would
be desirable for the measured energies of the two photone taken into account in the
subsequent processing of the coincidence data to form toms&ucted image. This adds
two new parameters to the other four to seven parameterdiyusugasured and used in the
reconstruction algorithms. More specifically, the usuabpzeters are the directia, 0),
the position in the projection plane, v), the position of the scanner relative to the patient,
the time stamp used in dynamic reconstruction, and in certain cases thectg emission
position along the projection linkestimated from the time of flight (TOF) difference of the
two photons. While the usual parameters carry informatimuathe spatio-temporal position
of an emission event, the energy parameters bring infoomathout the history of the detected
photons. More specifically, the energy parameters indittegdikelihood that the history of
the detected particles actually corresponds to the moal usthe reconstruction and not
to other competing mechanisms, which are, in our case, ici@nces involving at least one
scattered photon.

In the current general practice the energy information iy omarginally used in the
reconstruction algorithms, most often by simply acceptorgeconstruction only the events
with measured energies in an energy window designed todecinost of the unscattered
photons (Ollinger 1996a), and not making further use of f{ecgic energy values of the
individual events. These accepted events include not tielgvents that really correspond to
the reconstruction model (trues), but also include, witthalde fractions, coincidences due to
scattered photons (scatters) and random coincidencetofres) both representing competing
mechanisms. In order to produce unbiased estimation of ¢tieitg distribution one has
to estimate these fractions and use them as correction m@rfastors in the reconstruction
algorithm. The amount of randoms is usually estimated frdditeonal measurements (counts
in a delayed coincidence window, or count rates of singleatet photons “singles”) from
which the distribution of a single scalar over the sinogrgrace is determined. For scatter
estimation the current state of the art methods involve entagsed simulations in which the
distribution of a single scalar value (the scatter fragtiorthe sinogram space is determined
from an initial estimate of the activity distribution, tager with a map of the attenuation
distribution. The usual used image based methods are esthgle scatter simulations
(with multiple scatter neglected) (Ollinger 1996b, Watstbmal. 1996, Watson 2000, Werling
et al. 2002, Accorsi et al. 2004) or Monte Carlo simulatiodsidi 1999, Holdsworth
et al. 2002, Qi & Huesman 2002). Other scatter correctiorhods were recently reviewed in
(Meikle & Badawi 2003, Zaidi & Koral 2004). Of special intestfor us are the energy based
approaches.

The energy spectrum analysis methods were first introdutsthgle photon emission
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computed tomography (SPECT) as the dual energy window (DEW?)hod (Jaszczak
et al. 1984, King et al. 1992). Refined approaches usingetoplmultiple energy windows
(Koral et al. 1988, Ogawa et al. 1991, Wang & Koral 1992, Hayeioal. 1995, El Fakhri
et al. 2003) were also developed. Judging from the abilitgdourately estimate the scatter
fraction the energy methods in SPECT give acceptable sekrltietectors with good energy
resolution (Farncombe et al. 2004), when their assumpto@sn good agreement with the
theory of photon Compton scatter (see the discussion in Ziéjlay energy based scatter
correction methods in SPECT are accepted in clinical pra¢tlarayanan et al. 2003).

Inspired from SPECT the dual energy window method was eogllyiextended to PET
in (Bendriem et al. 1993, Grootoonk et al. 1996) and subsatuseveral improved variants
were proposed (Shao et al. 1994, Adam et al. 2000). Compar8BECT the energy based
methods in PET had a rather limited success (Harrison eBall,ICutler & Hoffman 1993)
due to a combination of factors. Probably the most impoffizstor is the more complicated
relation between the photons’ energies and the scattarsstdita PET event compared to
the case of SPECT, as we will show in the next section. Anotbason was the limited
two-dimensional spectral information acquired in only tara¢hree energy windows for both
photons combined. A significant factor was also the poorgnesolution of the earlier PET
scanners (the DEW method was often tested on BGO scannérsathajuite poor energy
resolution).

A particular case of energy spectral analysis approach wagoped in (Bentourkia
etal. 1995a, Bentourkia et al. 1995b). Detailed two-dinared energy spectra were collected
in 16 x 16 energy windows for each projection line. Scattered and staitered energy
dependent spatial components in the projection space (fexpanential functions) were
identified through a fit. The hardware complexity as well ighhstatistics demand limited
the adoption of this approach.

The interest in energy based scatter correction methodsdwasrevived with the advent
of list-mode data storage, where the energy informationlastored for each photon as
precisely as the detector can measure. In (Levkovitz etGfl1Pa simple method assigns
to each event a different weight depending on whether botitgohenergies are above a
certain threshold, or one is below, or both energies arewbéhe threshold. The proper
threshold and the weights are empirically determined. Aproved method that uses energy
dependent weights for scatter correction was proposedtig¢€hen et al. 2003, Chen 2005).
The weights, which should represent the probability an eiea “true” given the values
of its two energies, are obtained from a precomputed reptatee trues fraction table
obtained by averaging Monte Carlo simulation results foamety of activity and attenuation
configurations.

In this paper we propose a comprehensive approach in whiaklseéhe detailed energy
information that comes with the list-mode data and take athge of the marked difference
between the energy spectra of unscattered and scatterezhphdhe energy information is
used in two ways (which may be considered separately or cwedlbgether):
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e For the estimation of the scattered events distributions.

¢ In the reconstruction algorithm, for individualizing thercection terms (scatter and
randoms) for each event, by taking into account the proibalaf each event to be a
true, a scatter or a random given its position and energyrimd&on.

The main aim of this work is to present the principles of thepmsed methods. It is
focused less on the implementation details, or the searcthéoptimal parameter values
needed for specific application conditions. However, wd give examples of practical
applications demonstrating the methods, and the possibleations and the tradeoffs are
discussed. The paper is organized as follows. The thealtetépects are presented in section
2, where we start by describing the detector energy resparagke| for the single photon
case, and the coincidence detected photons case, regpectiv the following subsection
2.2 (and in more detail in the appendices) we present the imayhich the proposed energy
model can be used for statistical scatter estimation,i@tbby a discussion of the conditions
for a robust application. Then we introduce the energy modéhe maximum-likelihood
image estimation formalism obtaining the equations for &imam-likelihood expectation
maximization (ML-EM) energy dependent image reconstauctilgorithm. In section 3 we
present a simulation study that shows how the proposed mietiam be applied, and in section
4 we present the scatter estimation and image reconstnuesalts. The final section presents
our discussion and conclusions.

2. Theory

The central piece of our approach is the two-dimensionadalet energy response model
represented as a linear combination of four components, eae representing a particular
state a PET event can be found in: both photons unscattéredetond scattered while the
first not, first photon scattered while the second not, anti pbbtons scattered. For a set
of events collected in the vicinity of a given data point €liof response — LOR), we can

estimate the coefficient of each component by applying asttatl estimator. As a result

we obtain the number of scattered events that are in the gerthis is the first manner in

which we use the energy information. The model also giveb@sariation of scatter fraction

with the energies of the photons for that particular positiothe data space: introducing this
information in the reconstruction algorithm is the secorahnmer in which we take advantage
of the energy information.

2.1. Detector energy response model

The unscattered incident photons hit the detector with tireginal emission energy (511 keV
for PET) and give an energy response (spectrum) typicalscrilged by the curvel(FE)

in Figure 1. For a given detection system (or distinct regiaithin a detector) this shape
depends mostly on the characteristics of the detectorta@ad be experimentally determined.
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Figure 1. Typical plots of the detected photons energy spectra asdifumof the number of
scatters«#,) suffered by the photon. The curv F) represents the spectrum of unscattered
photons,B(E) the spectrum of the photons that suffered at least one seaitkS (E) is the
total spectrum. Monte Carlo simulation realized for a N& @m thick block detector with

~ 10% FWHM relative energy resolution. Note that the plots shoevd@bsolute count levels
for A(E), B(E), andS(E) whereas in the text thd(E) and B(E) are normalized.

The incident photons that suffered at least one scatterarattenuation medium (the
patient body and the bed) and lost part of their energy havifexeht spectrum, typically
represented by the cunvg(E) in Figure 1. The shape of this curve depends on the detector
position and intrinsic characteristic, as well as the gpadlistributions of the activity and the
attenuation medium. However, the energy interval we amr@sted in, lies above a certain
limit Eg, and if this value is high enough the variation of tB€E) curve in this region is
limited. We will discuss this point in more detail in the neetction (see also Figure 3). As a
first approximation we will consider a unique curiér).

With the unscattered energy compondiitf’) determined from detector measurements,
and the average scattered componeak’) determined from measurements and simulations
performed for typical phantom/patient sizes, we can exptke energy distribution of the
detected photons as

S(E) = tA(E) + sB(E). 1)

In this equationgs, t are the number of scattered, respectively true (not sealtgrhotons
detected, withA(E) and B(E) normalized so thaf, A(E)dE = [.B(FE)dE = 1 over the
energy domain of interesgt

In the case of a PET photon pair each photon can fall into ortbeotwo categories.
Therefore, in any collection of coincidence detected phqiairs we can distinguish four
groups: a fractiomr, of true coincidences (both photons unscattered), a fraetiamf events
with the second photon scattered while the first not; a foacti, of events with the first
photon scattered while the second not, and another fraetiaf events with both photons
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scattered. The total fraction of events with scattered @i®iss = o; + 02 + 03. The joint
energy distribution for the coincidence events is givenhgytilinear form

3
C(E1, Es) = ZUJGJ(E1,E2) 2
1=0

Where60(E1,E2) = A(El)A(EQ), 61(E1,E2) = A(El)B(Eg), 62(E1,E2) = B(El)A(EQ)
and63<E1, EQ) = B(E1>B(E2)

2.2. Energy based scatter estimation

In the single photon case, for a given set of detected phototis measured energies
{F4,..., Ex}, One can estimate through a statistical fit of the linear expression (1). In
Appendix A several methods are presented. In the case obplpatrs, similarly, by fitting
the energies of the events collected in the vicinity of a gidata point (LOR) with the two
dimensional surface (2) we can estimate the local valuebe# tcoefficients. As a result
we obtain the number of scattered events that are in the g®enAlso, for that particular
position in the data space, we obtain the variation of thééescamount with the energies of
the two photons.

For performing the fit several methods are available. Thelkst is the extension of the
dual energy window method for single photons to the case ofgrhpairs, which in fact is a
2 x 2 energy window method (two energy windows for each photorghasvn in Appendix
B.1. More versatile are the methods that take advantagechf glaoton’s individual energy
information, such as the moments method or the maximumitiketd method. More details
about the application of these methods are given in AppeBdix

The goodness of the fit depends on how different the two shdpasd B are on the
energy interval being considered, as well as on the numbaresfts available for the fit. Given
the fact that the scatter (as well as the randoms) are smtmthys/arying distributions, in
order to obtain good statistics for the fit we can use a coadéipning of the data space and
wide overlapping interpolation (smoothing) kernels.

In order to increase the difference between the two shapasd B a larger energy
interval down to a lower limits; can be used, while for the image reconstruction itself only
the events above a higher setting of the minimum energy Bvgljust below the photopeak,
need to be considered (see Figure 1). In this case the estiobtained for the larger energy
interval (for fitting) must be renormalized for the smalleeeyy interval (for reconstruction).
The scatter coefficients are adjusted as follows

EIIlaX EIIlaX
0% = Ulﬁt/ / el(Er, Ep)dErdE,y, 1=0,1,2,3 (3)

We assume that initially the,(F;, F>) have been normalized to unity for the fitting energy
interval (Eg, Fiax), With £, the upper energy limit.

The robustness of the approach depends also on how stabke stape3 for different
positions in the data space and with the variation of theviégtiand the attenuation
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distributions. Therefore the low energy limit cannot betsetlow where the multiple scatter
components induce a high variability and the detector imatieCompton scatters become
manifest. For the detectors with good energy resolutiondfecan be taken high enough
so the B curve will have a stable shape over the data space as showgureR3. Since
the A and B curves are normalized we are interested only in their kedaghapes and not in
their absolute values. Refinements using parametrizedigosiependent shapes can be also
considered.

An important feature of the energy-based scatter estimatfproach is that, with a
proper normalization off and B spectra components, the values obtained are absolute, thus
avoiding the scaling difficulties often encountered wittage based scatter estimations.

2.3. Incorporation of the energy model into the image reconstruction algorithm

We denote a point in the data spaceyass (y?,y°) € D x £* wherey? stands for the
geometrical coordinates covering the projection dataes@gcandy® = (Fi, E,) are the
energies of the coincidence detected photon pair. With thigity and the scattered events
distributions generically represented yand respectively, the count rate densityin data
pointy can be expressed as

9g(ylf, o) = a(yIf) +9s(ylo), y=@u"y%) 4)
whereg, (y| f) is the distribution of the true (unscattered) eventsafig|o) is the distribution
of the scattered photons. The true events distribution mpen the activity distribution
f discretely represented byf;},_;; image elements (voxels or image basis function
coefficients). Witha;(y?) the probability that an emission from voxebe detected in the
data space point? (line of response — LOR) and taking into account the energpeddence

of the distribution we have
I

gi(ylf) = eo(y) D ai(y*) f; (5)
=1

While in reality the scatter contribution depends on thegean our model the scattered
events are treated as background counts and their distribyty|o) does not depend directly

on the image. The spatial and energy distribution of theteead events is modeled using a
finite set of coefficients = {14, oo, 031}, 1 following the K points of a coarse grid that

covers uniformly the geometrical data space (sinogram)u¥éea continuous model for the
spatial variation of the;(y?) coefficients, as a superposition of the neighboringvalues

K
o(y’) = > bi(yon, 1=1,2,3 (6)
k=1

with b, (y?) = b(y? — y?) and [ b(y?)dy? = 1. Keeping from the equation (2) only the terms
corresponding to scattered events we have

gs(ylo) = ely) Y bely")ou . (7)

=1 =
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For a detected event the probability density of being regabwitith the attributeg is

p(y1f,0) = 1 [0310) + gu(10)] ®

whereA is the expected total number of events (trues and scattared)/, g(y|f, o)dy =
S LQifi + i o Qi = [yai(y?)dy? is the detection sensitivity for image
element.

For a set ofV eventsY” = {y,},_7x- The likelihood function (the probability density)
of Y given f ando is

N
L(Y|f,0) = P(N|f.0) [ p(yalf. o) (9)

where P(N|f,0) = %e_/\ is the probability of detectingV events following a Poisson
distribution.
The log-likelihood function is

3
ImL(Y|f,0)= Zln( (vr, Zaz yJ meZbk yJ Zel v Ulk)-
k=1 1=0
Z Qifi — Z Zam — In(N!) (10)
i=1

k=1 l=1
and has the following partial derivatives

LY [f0) = alyDelys)

0fi - ; 9 yal )+ 9 lyalo) -
OMLY|f0) <~ bdelys)

doi, N nzz:l gt(Yn|f) + gs(Yn|U) ! (12

Maximum likelihood is reached fo#* 57120 — ¢ and 2252112 — 0. The second order
partial derivatives are all non-positive, which (togetgth the complete coverage of the
object) assures the convexity of the log-likelihood fuagti hence the uniqueness of the
solution. The activity distributiorf, and that of scattered photons most likely to fit the
data can be obtained by using the maximum likelihood expieatanaximization algorithm
(ML-EM) with the following iterative equations

f-(m+1) _ f_(m)i i\f: ai(ygz)eo(y'fz) (13)
Z L@ n=1 9t(Yul ™) + gs(yn|o ™)
N g e
) = ol S0 A g (14)

= gi(yalf0™) + gs(yalot™)

These equations, especially (13), are similar to the ML-Ejdations for list-mode data
(Snyder & Politte 1983, Barrett et al. 1997, Reader et al819¥ & Huesman 2002) with
the difference that we have included the energy-dependetdrs, since,, = (y?,y:) (note
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the energy-dependent terms in the numerators and denarsmdthese equations). One can
use the equations (13) and (14) together to simultaneossiyate the activity and scatter
distributions, using the energy pairs as discriminatingades. However, in the numerical
experiments that will be discussed in this paper we havddinourselves to the approach
described in the next subsection.

2.4. Reconstruction using energy dependent scatter correction

If equation (13) is used alone with the scatter coeffici€ntiso,, o3) estimated prior to the
image reconstruction through an external procedure, tleehave a list mode ML-EM image
reconstruction algorithm with energy dependent scatteection for each individual event.

The coefficienty (o1, o2k, 03 ) } can be determined separately through an image based
model such as Monte Carlo simulation. Itis also possibletemnines;, ando,;, by adapting
the current single scatter simulation procedures to cafeseparately the scatter occurring for
each photon and then neglect or empirically estimate thbld@catter term ass;, o< o109%.

The image based simulations in addition can return LOR dép&tB(E) spectra.

If only the equations (14) are used, with the tegnly|f) replaced with the zero-th
order scatter componebtit(y?)eo(y¢)oor and the corresponding equation for the component
[ = 0 included, we obtain the ML-EM equations for energy basetnedion of the scatter
component$ooy, o1k, Ook, O3k )-

2.5. Consideration of random coincidences

In addition to trues and scatter coincidences the deteetmrds also random coincidences.
Therefore in the equation (4) an additional tegpiy|p) must be considered (and as a
consequence added also to the denominator in equationsa(ti3j14)). As in the case
of trues and scatters, for a given pot in the data space the two dimensional energy
distribution of random coincidence photons can be expdeasea combination, (y©|p) =
Z?:o pe(y®) with r = po + p1 + p2 + ps total random correction. Because in the case
of random coincidences the two photons are uncorrelatdikeuim the case of scatter, the
estimation of they, coefficients does not require a two dimensional fit. We camesgthe
energy distribution as the product of single scatter eneligiributions of the two photons
g-(E1, By) = rRy(Ey) Ry (E2) with R;(E;) = (1 — s,5)A(E;) + s,;B(E;) for j = 1,2. We
havepy = r(1 — 5,1)(1 — s72), pr = (1 — 571)8r2, p2 = 75,1(1 — 59) @NAp3 = 75,15,2.
One can estimate, s,; ands,, by fitting the energies either from single photon or delayed
coincidence measurements.

3. Simulation study

We considered a cylindrical PET scanner with 84 cm diameteé24 cm length. For studying
the energy spectra of scattered and unscattered photonsogeled an inhomogeneous
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Figure 2. Sections of the inhomogeneous phantom used. The backgi®uder equivalent,
while the two cylindrical cold regions have the attenuatioefficient 20% of that of water.
Several profiles are marked with dotted lines and labeletltare reference.

phantom with shape similar to that of the Utah phantom. Thesiehl dimensions of the
phantom can be seen in Figure 2 where sections through #euatton map and activity
distribution are shown. The activity distribution followsat of the attenuation coefficient with
the values in the two cylindrical cold regions 0.2 times lgaokind activity. The phantom’s
attenuation and activity distributions are extended &x@ltside the scanner field of view. A
large hot sphere with radius 2.5 cm and contrast 4:1 is plaffesenter in the middle region.
In order to reduce further the system symmetry we shifteghtiaatom 3 cm along thgaxis.

The data were generated using the Monte Carlo simulatiograno described in
(Popescu & Lewitt 2003, Popescu 2000, Popescu 2003) bydaensg an analog simulation
of the photon transport through the phantom and a simplifiedehfor the photon detection
using Gaussian distributions for the the energy and timagiitf(TOF) resolutions. Detailed
information about each detected photon pair, includingethergies, the TOF data, and flags
indicating the scattered photons were saved in a list usingnapact format described in
(Popescu et al. 2004). In this study we have not consideretbra coincidences.

Here we present results for two scatter estimation casésrperd with the energy based
moments method as described in Appendix B.2 and using th@iiolg four (m, n) pairs of
moments{ (0, 0), (1,2), (2,1),(2,2)}.

In the first test we considered a non-TOF case with the enagplutions; = 6.4%
relative standard deviations(15% relative FWHM). We have selected this energy resolution
value after performing several preliminary tests with @as energy resolutions. The 15%
FWHM energy resolution resulted as roughly the limit beyamkich the energy-based
scatter estimation methods performed less reliably. Heweave caution against any direct
extrapolation to the real scanner data since specific haedarad energy calibration aspects
may have an influence that has to be determined in furthesiigations.

In the second case we considered a TOF case with a positipnéeision along LOR
of oo = 3.0 cm (= 470 ps FWHM timing resolution) and energy resolutigh= 3.4% (~
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8% FWHM). These values have been chosen as rather consergatimates of the average
operating parameters of a new TOF scanner prototype basédRm scintillator crystals
(Karp et al. 2005).

The data space is represented using(thé, «, v, ) coordinates where andd are the
usual polar angles designating a direction in spacandv are position coordinates in the
projection plane and represents the estimated position along a LOR estimated TTOF
data. Further in the text when not specified otherwise theemizal values for angles will be
given in degrees and for the lengths in centimeters; doastwithd = 90° are perpendicular
to the scanner axis. The scatter data was calculated fodauging a spacing aA¢ and Af
of 5°, Au andAwv of 2 cm, and in the TOF cas&l = 20.. In order to reduce the statistical
fluctuations and obtain smoother scatter estimations, dhats were spread among nearby
u, v and! bins using weights given by bell shaped kerrigls) = [1 — (x/R)z]2 along each
direction with a maximum radius d& = r x A whereA is the grid spacing along a given
dimension; we used =~ 2 for u, v and/ dimensions. In both cases the data lists contained
about 15 million true events. We set an energy thresli@|dof 440 keV for thesp = 6.4%
case, and 450 keV for thg; = 3.4% case.

4. Results

In Figure 3 are shown the energy spectra for non-scattetedr(d scattered photon$] for
several positions in the data space, and the overall avetagggmined from Monte Carlo data
for the non-TOF and 15% FWHM energy resolution case. One o#inenthat while the low
energy region of the3 spectra shape varies significantly with the position, thggh lénergy
portion is more stable, hence for a high enough energy thrédty,, a uniqueB shape will
represent a robust approximation.

The plots in Figure 4 (non-TOF) and Figure 5 (TOF) show a gaygr@éement between
the estimated scatter components and the Monte Carlo dathe [TOF case one can notice
the significant variation of the scatter with the TOF positio

In Figure 6 and Figure 7 are presented comparisons betweetdutdd energy window
(DEW), moments (Mt) and the maximum likelihood methods (MDne can notice the
good performance of the Mt and ML methods compared with th&\Diaethod. This is
not surprising given the simplicity of the DEW method andvigsy rough consideration of
the spectral shapes. The DEW method was applied accordihg tescription in Appendix
B.1 with energy windows, = [511keV, E,..,] and&; = [Eg, 480 keV].

In order to further test our concept we adapted a recentleldped TOF list-mode
image reconstruction algorithm in order to accept energyeddent correction terms and
coefficients. Aspects of the reconstruction algorithm usede were recently described in
(Popescu & Lewitt 2004, Popescu et al. 2004). The recortstilumages were represented
using 4 mm voxels. We used iterations over 12 subsets madedomsecutive events in the
list. Further in the text a complete pass through the datebeiteferred to as an iteration.
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Figure 3. The energy spectrd(FE) for not scattered, an(FE) for scattered PET photons at
several positions in the data space as determined from Mtarie data for the non-TOF and
15% relative FWHM energy resolution case. The spectra amalived to unity fork > Eg,
region. The a), b) and c) cases correspond to the projediiong the lines indicated by a),
b), c) respectively in the left image in Figure 2. In the d)ecase shown the averages over all
of the data domain that are used for the scatter estimation.

We performed a multi-realization study using a cylindripaantom of 32 cm diameter
symmetrically placed along the axis of the scanner. The foinafeatures were placed in two
slices each at 2.5 cm distance from the scanner central Blieach slice we have considered
10 identical hot spheres uniformly placed on the circle dfua 8 cm. In this arrangement the
distance between hot spheres is greater than 5 cm, thetb®o®rrelation between spheres
in the same image is small enough to enable us to considerreaohstructed sphere as
a independent realization. By this means in each recoristtumlume we will obtain 20
realizations of each type of feature and with a few recoegtdiimages (3-5) we obtain a
statistically significant number of feature realizations.

In the case of small features with size comparable with tregenoxel size (or blob grid
size), for a particular position the possible realizatidepend on the particular approximation
of the feature at that specific grid position. Instead of hgvhultiple realizations of a unique
feature, we have multiple realizations of multiple distiapproximations of that feature. This
fact can lead to noticeable inconsistencies in statistesllts. In order to avoid this problem
we have introduced small fluctuations of the sphere positaswell as small random shifts
of the reconstructed image grid.

Four image reconstruction cases were compared: no scattection (sn), scatter events
removed (sr), energy dependent scatter correction (so),static (not energy dependent)
scatter correction (ss). In the (sn) case all events withigée® above the reconstruction
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Figure 4. Comparison between the scatter estimates obtained widningy based moments
method (Mt) and the Monte Carlo data (MC), for a non-TOF case @nergy resolution
ep = 6.4% (15% relative FWHM). The cases a) and b) represent two odhalprojections
of the central slice, while c) and d) represent two axial peefi In the legend;, s, are the
partial scatter count densities in the case when the firgpeaively the second, PET photon
is scattered while the other not, apglcorresponds to the case with both photons scattered.

threshold were used and no scatter correction was apphdtel(sr) case the events marked
as scattered were not used. In the other two cases we useer sgatections estimated
with the energy based approach applying the moments methgichilar conditions as in the
tests presented above, willy;, = F... = 450keV. In the (se) case we used the equation
(13) with the prior estimated scatter coefficiedts,}. In the (ss) case we applied the
scatter correction by considering only the estimated tetakter distribution in each point
gs(y9) = S0 be(y9) 325, ou, obtained by eliminating from equation (13) all thegy®)
factors; this is the more traditional way of applying thetssracorrection.

Multiple image realizations were obtained by using didtidata sets containing 12
million true coincidences, with an energy resolutionsgf = 3.4% (8% relative FWHM)
for non-TOF and TOF cases with,; = 3 cm (=~ 470 ps FWHM timing resolution). Hot
spheres with contrast 4:1 and 0.5 cm radius were considered.

For each realization of a sphere of radidis= 0.5cm we measured the signal as
the image average inside the sphere and the backgrBueslthe image average outside the
sphere and within a radis? + 0.5 cm from the center of the sphere. The contrast is defined
asC = % and the contrast recovery coefficientGRC = C% x 100, where(Cj is the
original phantom contrast. For each case we computed thagee€CRC ¢;) over all NV,
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Figure 5. Comparison between the scatter estimates obtained witgningy based moments
method (Mt) and the Monte Carlo data (MC), as in Figure 4 big time a TOF case with
otof = 3.0 cm (= 470 ps FWHM timing resolution) and energy resolutign = 3.4% (8%
relative FWHM). The cases a) and b) represent two orthogpraéctions of the central
slice and central TOF position, case c) is the same as a) onlg flifferent TOF position
I = 8, the cases d) and e) correspond to two longitudinal profdks)g TOF datalj, for
two perpendicular LORs, while the case f) represents an gxadile. The values shown
correspond td® > Egy = 450 keV.

realizations obtained, the standard deviatign the standard errarm = 0., /+/N; and the
uncertainty of the standard deviation estimation., ~ o, //2N; — 2.

For the noise estimation we computed the same quantifies (, o=, andAo,,) for
similar spherical regions at equivalent fixed position bithvhe signal absent (background
only regions). As in the case of non pre-whitening matchaerfibbserver (NPWMF)

the noise was evaluated as = /1(c2 +02), with the uncertainty estimat\n =

2 €0

\/(UC1AUC1)2 + (UC()AUC())2/ %(031 + Ugo)'
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Figure 6. Comparison between the energy based scatter estimatiogndisal energy window

(DEW), moments (Mt), and maximum likelihood (ML) methods the same no-TOF cases
a, b and c as in Figure 4.
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Figure 7. Comparison between the energy based scatter estimatiogndisal energy window

(DEW), moments (Mt), and maximum likelihood (ML) methods the same TOF cases a, b
and f as in Figure 5.

The contrast as function of iteration number and contrasgugenoise plots presented
in Figure 8 show that the scatter removed (sr) ideal methastesyatically performs better
than the others, as expected, while the no scatter come(din) case is relatively largely
biased if compared with any other method. The energy deperderection (se) represents

an improvement over the static scatter correction (ss) indtine contrast versus iteration and
in the noise versus contrast plots.

5. Discussion and conclusions

The energy dependent reconstruction method compared wWwghsimple (not energy
dependent) scatter correction approach, produces imaghsimproved overall quality,
having higher contrast and at the same time lower noise. dditées, as well as other physical
effects that represent departures from the idealized toapigc model, are often seen only as
bias terms that can be compensated somehow even after aa Wwaaglready reconstructed.
We emphasize here that the scatter is a problem that affextsvierall quality of the activity
distribution estimation, both the bias and the variancd,taerefore it should be, as much as
computationally feasible, fully treated in the model usgdHe reconstruction algorithm.
Given the theoretical generality of the proposed appro#uod,main purpose of this
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Figure 8. Comparisons between contrast as function of iteration rsrabd contrast versus
noise plots for no scatter correction (sn) case, scattartevemoved (sr) case, static scatter
correction (ss) case, and the energy dependent scattectiorr (se) method. Top plots show
a non-TOF case, bottom plots show a TOF case.

paper was to present and demonstrate the principles of tfleodwewithout attempting to
find the optimal parameterizations and application coadgifor specific practical situations.
Therefore, for simplicity, we have neglected a number of daga factors.

We have not considered the effect of the dispersion of theggrgains, therefore the
conclusions relative to the lowest quality of the energyhason for which the proposed
methods are reliable should not be directly extrapolatetthéoreal situations. At the same
time, in general the reported energy resolutions of the RiEaRrgers are the system averages
that include the system wide variability, with values sfgrintly worse than the energy
resolution measured for a single block on the laboratorghbemhe energy resolution values
that we used in our simulation study can be seen as examptegsd# system wide values.
Also, because we estimate the scatter for a coarse grid andveslapping kernels, for one
set ofgy, coefficients we have contributions from a large number of sORherefore, it is
not unreasonable to expect that the average energy resolili be a good representation of
the local one. In this context it should be noted that the wadlwe propose allow for the use
of position specific energy spectra components.

From the numerical experiments we can conclude that thgghesed scatter estimation
method is feasible in the cases when the energy resolutiggoasl enough so that the
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photopeak shapé does not spread over the less stable portion of the sRajBetter energy
resolution leads to better estimations.

The main difference between the energy based scatter ¢istmpart of our approach and
the previous dual energy window (DEW) type approaches egjhi PET, is found in the four
energy component model we are proposing, which leads tcstimaation of four independent
coefficients. The previous DEW methods in PET attempted foircally estimate the scatter
fraction by establishing a proportionality relation of sesort between the number of counts
collected in the energy windows used, overlooking the fhat the total scatter fraction in
reality is the sum of at least three independent parameélteesneed for multiple components
is clearly revealed when symmetries are broken, as bestrshothhe TOF depth profiles d)
and e) in Figure 5. When used with the moments method or thénmoax likelihood method,
our approach benefits also from the more detailed energynmafoon that comes with list-
mode data. Another benefit of working with an underlying ggenodel arises from the fact
that if the results are obtained for one energy range theybeaeasily renormalized for a
different energy range, as shown in equation (3).

The energy-based image reconstruction approach propesedibes scatter corrections
that vary both with the LOR position (due to the variationtwpbsition of ther;;, coefficients)
and the energy (due to consideration of the energy depefaleots), while in the methods
using energy dependent weights discussed in the intragugtievkovitz et al. 2001, Chen
et al. 2003, Chen 2005) the variation with the LOR positioneglected. It must be noted
that using a position independent weight table leads toedsed contrast in the hot regions
where the local trues fraction is above the average, an imbéseffect when the goal is to
detect these same small hot spots (small lesions). In oupapip we incorporate the scatter
correction as an additive term that naturally integrates wie randoms correction term and
avoids the general drawback of the correction by weightscgmh that leads to an alteration
of the true probabilities.

Compared with the current most widely used image based atronlmethod for scatter
estimation (Ollinger 1996b, Watson et al. 1996, Watson 200€ling et al. 2002, Accorsi
et al. 2004) the energy based approach inherently consitlerscatter from outside the
field of view. Another advantage is that it estimates thetscatistributions in absolute
values, eliminating the need for the error prone tail fittsogling. The proposed methods
also directly provide the position and energy dependenttescaorrections necessary for
the energy-dependent image reconstruction. The singktes@mulation method can be
modified in order to provide two of the components (singldtecdractions for each photon
in a PET pair). With the third (double scatter fraction) reegéd or empirically estimated from
the first two, one can still use the model we propose to perfammenergy dependent image
reconstruction. However, the energy based methods opleyaperforming only a simple
statistical analysis of the population of events recordeu, therefore they are considerably
more convenient and flexible.
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Appendix A. Energy based scatter estimation in the single pbton case

In these appendices, we present derivations of the duaggmwendow method, both for
SPECT and PET cases based on the proposed energy modelsl () atWe also present
the application of another two standard statistical egionamethods, the moments method
and the maximum likelihood expectation maximization metho

Appendix A.1. The dual energy window method for single photons

The dual energy window applied in SPECT is just a particudaecf energy spectrum fitting
applied to events binned in a two intervals histogram. dee€; be two energy windows (or
more generally two energy domains). We define= feo A(E)dE, ay = fel A(E)dFE, and
Bo = [;, BE)AE, B = [, B(E)dE. If we detectN, photons with energy’ € & and N,
with energyE € &;, then in order to have equation (1) fit the data we obtain thagon
system

tag+ sy = Ny
Al
{ tag +s61 = N ( )
from which results the total number of the scattered photons
Ny — ag N,
5 — QolVy — Q1iVp (A.2)

apf — a1

Appendix A.2. The moments method

Instead of tallying the number of events in separate enenmgglaws we can estimate moments
of the energy distributiong,, = Zle E™. This quantity should be equal to the theoretical
value

Gm = /EmS(E)dE = ta, + sby, (A.3)
£

wherea,, = [, E"A(E)dE andb,, = [, E™B(E)dE. For two distinct moments: andn,
proceeding as in the dual energy window case, we obtain
_ AmGn — Anlm
Ambn, — aybm,
We can choose among various moment orderandn or linear combinations of them in
order to have more stable estimates and assure the begniistion.

(A.4)
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Appendix A.3. The ML-EM method

For a given region in the data space the events energy distnibis w, where

A = t + s is the expected total number of counts. For a given datd Bet. .., Ey} the
likelihood function is

N
L(E,...,Ex|t,s) = P(N|A) H +SB(E) (A.5)

where P(N|A) = /}Vlfe"‘ is the probability of detectingV events following a Poisson
distribution. The maximum likelihood point satisfié§~< = 2. — (, and can be reached
using the following maximum likelihood expectation mamalluon (ML-EM) iterative update

equations:

N
A(En)
(m+1) _ y(m) n
t t ;t(m)A(E)+s TB(E) (A.6)
N
B(E,)
(m+1) _ (m) n A7
° ° Zt(mmw ) + st B(E,) (A1)

Appendix B. Energy based scatter estimation for PET

Appendix B.1. The 2 x 2 energy windows method

The extension of the dual energy window method to the casbatbp pairs gives usax 2
energy window method (two energy windows for each photongt ke /V, the observed
number of photon pairs with both energies in the windw/N; the number of events with
(Ey, Ey) € & x &1, N, the number events withFy, Fs) € &£ x & and N3 the number of
events with(Ey, Ey) € & x &. The number of true and scattered photons are obtained by
solving the following system of equations

00048 + oapfBy + 0By + 0358 = Ny
oo + orapB + o 4+ o3 = N (B.1)
ooy + oy + oy + o36iBy = Na

ek + ojafy + ofiar + 030 = N3

In order to minimize the estimation errors one should che@msenergy windows arrangement
that maximizes the determinant of the equation system. Alsdarsingle photon case, this is
achieved when we have a large difference between the cotitnits of the two distributions
in the two energy windows, e.gw 5, > a1 5.

Appendix B.2. The moments method

Similar to the single photon case, we can estimate the moaientler(m, n) of the energy
distribution of the photon pairs by computing the quaniity = Zf\il ET;E3,;, which should
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match the theoretical value

rn = / / EPELC(Ey, Ex)dEdE,s
ele
= 09QmGn + 010mby, + Tabya, + 03,0, (B.2)

By conveniently selecting four combinatiofi®, n) we can obtain an equation system as in
the case of the dual energy window method (B.1).

Appendix B.3. The ML-EM method

Using notations similar to those used in section 2.3, forvamgregion in the data space the
expected number of countsAs= Z?:o o;. The energy distribution ig E?:o oe(y©). For
adata sety = {y{,...,y%} the likelihood function is

AV S
Lglo) = e " [ 5 2_oelyn) (B.3)
' n=1 =0

Maximum likelihood corresponds to the point for whigk=X212) — 0, and can be reached
using the following ML-EM iterative update equation

N

m+1 m el(Yfz)

o =™y — o, 1=10,1,2,3 (B.4)
= Dr—o oy er(ye)

Appendix B.4. Considerations about the practical implementation

For simplicity we have presented all the above methods ferctse of an individual data
space position (a LOR vicinity) where are processed onlyetrents from the list that are
relevant for that position. In the practical situations veed to determine the entire ensemble
of scatter coefficient§oy,. }, with & covering the whole data space, as defined in section 2.3.

In all methods, for each position index is necessary to evaluate an additional Seuof
variables. For example in the case2ok 2 energy windows method we have the measured
(Nok, N1k, Nox, N3i) Set, in the case of moments method we h@ye, ¢1x, gor, gs.) Set with
the components defined for four differemt, n) moments pairs. And, in the case of ML-EM
method we havéco, cix, car, csi,) Sets, withe, = SN % [=0,1,2,3thatare
used for each iteration update (B.4). The ensemble oﬁﬁrﬁﬁﬁ&ﬁl 4-variable sets can be
evaluated together in an event driven manner through onpdss. It is not necessary to bin
or rearrange the events in the list. In the case &f2 energy window and moments methods
the calculations are completed by solving for eadhdex a 4-equations system to obtain the
scatter coefficients. In the case of ML-EM several iteratiare necessary. The size of the
scatter coefficients arrays are of easily manageable piopsy due to the coarse sampling.
For the examples presented in section 3 the size was aboutfbMBe non-TOF case, and
about 12 MB for the TOF case.
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In order to obtain good statistics for the fit performed athelagosition index, we can
split an event between the nearby grid positions by assigmnéights computed using distance
dependent kernels, as it is exemplified in the simulatiodysta section 3. Also, in the case
when the continuous representation in the form of equaéipis Used, for the ML-EM method
we have the equation (14) with the modifications discussedinsection 2.4.
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