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Abstract— In this paper we propose a comprehensive energy
based scatter correction approach for PET. The detailed energy
information that comes with the list-mode data, as well as the
marked difference between the energy spectra of unscattered and
scattered photons are used for the estimation of the scattered
events distributions and inside the reconstruction algorithm to
individualize the correction terms for each coincidence bytaking
into account the probability of each event to be a true, a scattered
(or a random) given its position and energy information. The
central piece of our approach is the two-dimensional detector
energy response model represented as a linear combination of four
components, each one representing a particular state a PET event
can be found in: both photons unscattered, the second scattered
while the first not, first photon scattered while the second not, and
both photons scattered. For a set of events collected in the vicinity
of a given line of response, the coefficient of each componentis
determined by applying a statistical estimator. As a resultwe
obtain the number of scattered events that are in the given set.
The model gives us also the variation of scatter fraction with the
photon pair energies for that particular position in the data space.

I. I NTRODUCTION

In this paper we propose a comprehensive energy based
scatter correction approach for PET, able to take advantage
of the new photon detection techniques, which due to better
scintillator crystals [1]–[3] and improvements in the associated
electronics, allow for more accurate estimation of the energy
of the detected particles. The detailed energy informationthat
comes with the list-mode data, as well as the marked differ-
ence between the energy spectra of unscattered and scattered
photons, are used for the estimation of the scattered events
distributions, and inside the reconstruction algorithm, to indi-
vidualize the correction terms for each event by taking into
account the probability of each event to be a true, a scattered
(or a random) given its position and energy information.

II. T HE THEORETICAL MODEL

The central piece of our approach is the two-dimensional
detector energy response model represented as a linear combi-
nation of four components each one representing a particular
state a PET event can be found in

C(E1, E2) =

3
∑

l=0

σlel(E1, E2) , (1)
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whereE1, E2 are the reported energies of the first, respectively
second photon of a PET detection event. Here the individual
photons in a PET event are distinguished by their position and
not by the their detection order. We haveσ0 the number of
true coincidences (both photons unscattered),σ1 the number
of events with the second photon scattered while the first
not, σ2 the number of events with the first photon scattered
while the second not, andσ3 the number of events with
both photons scattered. Alsoe0(E1, E2) = A(E1)A(E2),
e1(E1, E2) = A(E1)B(E2), e2(E1, E2) = B(E1)A(E2)
and e3(E1, E2) = B(E1)B(E2), whereA(E) is the average
detector energy response spectrum of the unscattered photons
and B(E) is the average detector energy response spectrum
of the scattered photons;A and B are normalized so that
∫

E
A(E)dE =

∫

E
B(E)dE = 1 over the energy range of

interestE .

A. Energy based scatter estimation

For a set of events collected in the vicinity of a given line
of response (LOR), we can estimate the coefficient of each
component by applying a statistical estimator. As a result we
obtain the number of scattered events that are in the given set.
The model gives us also the variation of scatter fraction with the
photons energies for that particular position in the data space.

For performing the fit several methods are available. The
simplest is the extension of the dual energy window method
for single photons to the case of photon pairs, which in fact is
a 2× 2 energy window method (two energy windows for each
photon). More versatile are the methods that take advantage
of each photon individual energy information, such as the
moments method or the maximum likelihood method. More
details about these methods are given in the appendix.

B. Energy dependent image reconstruction

We denote a point in data space asy ≡ (yg ,ye) ∈ D ×
R

2 wherey
g stands for the geometrical coordinates covering

the data spaceD, andy
e ≡ (E1, E2) are the energies of the

coincidence detected photon pair. The activity distribution f is
discretely represented by{fi}i=1,I image elements. The scatter
events distribution is modeled using a finite set of coefficients
σ ≡ {σ1k, σ2k, σ3k}k=1,K with k indices following the points
of a coarse grid that cover uniformly the geometrical data space.

The count rate density in the data pointy for given activity
and scattered events distributions is

g(y|f, σ) = gt(y|f) + gs(y|σ) (2)



wheregt(y|f) = e0(y
e)

I
∑

i=1

ai(y
g)fi is the energy dependent

distribution of the true (unscattered) events andgs(y|σ) =
K
∑

k=1

bk(yg)
3
∑

l=1

el(y
e)σlk is the energy dependent distribution of

the scattered photons;ai(y
g) is the probability that an emission

from voxel i be detected in the data space pointy
g, and

bk(yg) = b(yg −y
g
k) is an interpolation kernel between scatter

grid points.
For a set ofN eventsY ≡ {yn}n=1,N . The likelihood

function (the probability density) ofY given f andσ is

L(Y |f, σ) =
ΛN

N !
e−Λ

N
∏

n=1

1

Λ
g(yn|f, σ) (3)

whereΛ is the total (trues and scattered) detection probability,
regardless the energiesΛ =

∫

g(y|f, σ)dy =
∑I

i=1 Qifi +
∑K

k=1

∑3
l=1 σlk with Qi =

∫

D
a(yg)dyg is the detection

sensitivity for image elementi.
The activity distributionf , and that of scattered photonsσ,

most likely to fit the data can be obtained by using maximum
likelihood expectation maximization algorithm (ML-EM) with
the following iterative update equations

f
(m+1)
i = f

(m)
i

1

Qi

N
∑

n=1

ai(y
g
n)e0(y

e
n)

gt(yn|f (m)) + gs(yn|σ(m))
(4)

σ
(m+1)
lk = σ

(m)
lk

N
∑

n=1

bk(yg
n)el(y

e
n)

gt(yn|f (m)) + gs(yn|σ(m))
(5)

If equation (4) is used alone with the scatter coefficients
(σ1k, σ2k, σ3k) estimated prior to the image reconstruction
through an external procedure, then we have an ML-EM
image reconstruction algorithm with energy dependent scatter
correction.

If the equations (5) are used independently and the term
gt(y|f) is replaced with the zero-th order scatter component
bk(yg)e0(y

e)σ0k we obtain the ML-EM equation for energy
based estimation of the scatter components(σ0k, σ1k, σ2k, σ3k).

III. S IMULATION STUDY

We considered a cylindrical PET scanner with 84 cm di-
ameter and 24 cm length. For studying the energy spectra
of scattered and unscattered photons we modeled an inho-
mogeneous phantom with shape similar to that of the Utah
phantom. The physical dimensions of the phantom can be
seen in Fig. 1, where sections through the attenuation map
and activity distribution are shown. The activity distribution
follows that of the attenuation coefficient with the values in the
two cylindrical cold regions 0.2 times background activity. The
phantom’s attenuation and activity distributions are extended
axially outside the scanner field of view. A large hot sphere
with radius 2.5 cm and contrast 4:1 is placed off center in the
middle region. In order to reduce further the system symmetry
we shifted the phantom 3 cm along they axis.

The data were generated using the Monte Carlo simula-
tion program described in [4]–[6] by considering an analog

activity distribution
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Fig. 1. Sections of the inhomogeneous phantom used. The background is
water equivalent, while the two cylindrical cold regions have the attenuation
coefficient 20% of that of water.

simulation of the photon transport through the phantom and
a simplified model for the photon detection using Gaussian
distributions for the the energy and time of flight (TOF)
resolutions. Detailed information about each detected photon
pair, including the energies, the TOF data, and flags indicating
the scattered photons were saved in a list using a compact
format described in [7]. In this study we have not considered
random coincidences.

Here we present results for two scatter estimation cases
performed with the energy based moments method as described
in appendix B and using the following four(m, n) pairs of
moments{(0, 0), (1, 2), (2, 1), (2, 2)}. First we considered a
non-TOF case and modeled an energy resolutionεE = 6.4%
relative standard deviation (≈ 15% relative FWHM). Second
we considered a TOF case with a positioning precision along
LOR of σl = 3.0 cm (≈ 470 ps FWHM timing resolution)
and energy resolutionεE = 4.0% (≈ 9% FWHM). The data
space is represented using the(φ, θ, u, v, l) coordinates where
φ and θ are the usual polar angles designating a direction
in space,u and v are position coordinates in the projection
plane andl represents the estimated position along a LOR
estimated from TOF data. Further in the text when not specified
otherwise the numerical values for angles will be given in
degrees and for the lengths in centimeters; directions with
θ = 90◦ are perpendicular to the scanner axis. The scatter data
was calculated for a grid using a spacing of∆φ and∆θ of 5◦,
∆u and ∆v of 2 cm, and in the TOF case∆l = 1.17σl. In
order to reduce the statistical fluctuations and obtain smoother
scatter estimations, the counts were spread among nearbyu,
v and l bins using weights given by bell shaped kernels
b(x) =

[

1 − (x/R)2
]2

along each direction with a maximum
radius ofR = r×∆ where∆ is the grid spacing along a given
dimension; we usedr ≈ 2 for u, v and l dimensions. In both
cases the data lists contained about 15 million true events.We
set an energy threshold of 440 keV for theεE = 6.4% case,
and 450 keV for theεE = 4% case.

In Fig. 2 are shown the energy spectra for non-scattered
(A) and scattered photons (B) for several positions in the data
space, and the overall average, determined from Monte Carlo
data for the non-TOF and 15% FWHM energy resolution case.
One can notice that while the low energy tail of theB spectra
shape varies significantly with the position, the high energy
portion is more stable, hence for a high enough energy threshold
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Fig. 2. The energy spectraA(E) for not scattered, andB(E) for scattered
PET photons at several positions in the data space as determined from Monte
Carlo data for the non-TOF and 15% relative FWHM energy resolution case.
The spectra are normalized to unity forE > Efit region, and correspond
to the following (φ, θ, u, v) data space points: a) for(0, 90, 20, 6), b) for
(0, 90,−18, 6) and c) for(90, 90,−12, 6). In the d) case spectra shown are
the averages over all of the data domain used for the scatter estimation.

Efit , a uniqueB shape will represent a robust approximation.
The plots in Fig. 3 and Fig. 4 show a good agreement with

Monte Carlo data. In the TOF case one can notice the significant
variation of the scatter with the TOF position and, althoughwe
have a better energy resolution, the fit has to overcome the
scarcity of counts in each TOF bin.

In order to further test our concept we adapted a recently
developed TOF list-mode image reconstruction algorithm in
order to accept energy dependent correction terms and coeffi-
cients. Aspects of the reconstruction algorithm used here were
recently described in [7], [8]. The reconstructed images were
represented using blobs — smooth overlapping basis functions
[9], [10] — on a face centered cubic grid and we used iterations
over subsets made from consecutive events in the list. Further
in the text a complete pass through the data will be referred to
as an iteration.

We performed a multi-realization study using a cylindrical
phantom of 32 cm diameter symmetrically placed along the axis
of the scanner. The phantom features were placed in two slices
each at 2.5 cm distance from the scanner central slice. In each
slice we have considered 10 identical hot spheres uniformly
placed on the circle of radius 8 cm. In this arrangement the
distance between hot spheres is greater than 5 cm, therefore
the correlation between spheres in the same image is small
enough to enable us to consider each reconstructed sphere as
a independent realization. By this means in each reconstructed
volume we will obtain 20 realizations of each type of feature
and with a few reconstructed images (3–5) we obtain a statis-
tically significant number of feature realizations.

Four image reconstruction cases were compared. The first
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Fig. 3. Comparison between the scatter estimates obtained with the energy
based moments method (Mt) and the Monte Carlo data (MC), for anon-TOF
case and energy resolutionεE = 6.4% (15% relative FWHM). The cases
a) and b) represent two orthogonal projections of the central slice, while c)
represents an axial profile. In the legends1, s2 are the partial scatter count
densities in the case when the first, respectively the second, PET photon is
scattered while the other not, ands3 corresponds to the case with both photons
scattered.
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Fig. 4. Comparison between the scatter estimates obtained with the energy
based moments method (Mt) and the Monte Carlo data (MC), as inFig. 3 this
time for a TOF case withσl = 3.0 cm (≈ 470 ps FWHM timing resolution)
and energy resolutionεE = 4.0% (9.4% relative FWHM). The cases a) and
b) represent two orthogonal projections of the central slice and central TOF
position, the case c) correspond to a longitudinal profile along a LOR, while
the case d) represents an axial profile.



— no scatter correction (sn) — all events with energies above
the reconstruction threshold were used and no scatter correction
was applied. In the second — scatter removed (sr) — the events
marked as scattered were not used. The other two cases we
used scatter corrections estimated with the energy based method
using ML-EM approach in similar conditions as in the tests
presented above, withEfit = 450 keV and Erec = 460 keV.
In one case — energy dependent scatter (se) — we used the
equation (4) with the prior estimated scatter coefficients{σlk}.
In the last case — static scatter correction (ss) — was used
the traditional scatter correction approach by considering only
the estimated total scatter distribution in each pointgs(y

g) =
∑K

k=1 bk(yg)
∑3

l=1 σlk, applied by eliminating from equation
(4) all theel(y

e) factors.
Multiple image realizations were obtained by using distinct

data sets containing 12 million true coincidences, with an
energy resolution ofεE = 3.4% (8% relative FWHM) for non-
TOF and TOF cases withσl = 3 cm (≈ 470 ps FWHM timing
resolution). Hot spheres with contrast 4:1 and 0.5 cm radius
were considered. For each realization of a sphere of radius
R we measured the signalS as the image average inside the
sphere and the backgroundB as the image average outside
the sphere and within a radius2R + 0.5 cm from the center
of the sphere. The contrast is defined asC = |S−B|

B
and the

contrast recovery coefficient is CRC= C
C0

× 100, whereC0 is
the original phantom contrast. For each sphere we computed the
average CRC over all realizations obtained. The uncertainties
of these estimations (as statistical sample standard deviations
σf ) were also computed. For the noise estimation we computed
also the standard deviationsσb of the same spherical regions
at similar fixed position but with the signal absent (background
only regions). As in the case of non prewhitening matched filter

observer (NPWMF) the noise was evaluated as
√

1
2 (σ2

f + σ2
b ).

The contrast as function of iteration number and contrast
versus noise plots presented in Fig. 5 show, as expected, that
the scatter removed (sr) ideal method systematically performs
better than the others, while the no scatter correction (sn)
case is relatively largely biased if compared with any other
method. The energy dependent correction (se) represents an
improvement over the static scatter correction (ss).

IV. D ISCUSSIONS AND CONCLUSIONS

We can conclude from these numerical experiments that
the energy based scatter estimation method is feasible in the
cases when the energy resolution is good enough so that the
photopeak shapeA does not spread over the less stable portion
of the shapeB. Also, the improved results produced by the
energy dependent reconstruction method compared with the
simple — not energy dependent — scatter correction approach
illustrate the importance the accurate modeling of the physical
effects plays in the quality of the images obtained.

The difference between the energy based scatter estimation
part of our approach and the previous dual energy window
(DEW) type approaches applied in PET [11]–[14], consists
mainly in the four energy component model we are proposing,
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Fig. 5. Comparisons between contrast as function of iteration number and
contrast versus noise plots for no scatter correction (sn) case, scatter events
removed (sr) case, static scatter correction (ss) case, andthe energy dependent
scatter correction (se) method. Top plots show a non-TOF case, bottom plots
show a TOF case.

that leads to the estimation of four independent coefficients.
The previous DEW methods in PET attempted to empirically
estimate the scatter fraction by establishing a proportionality
relation of some sort between the number of counts collected
in the energy windows used, overlooking the fact that, when
symmetries are broken, the total scatter fraction in reality is
the sum of at least three independent parameters. When used
with the moments method or the maximum likelihood method
our approach benefits also from the more detailed energy
information that comes with list-mode data. Compared with
the image reconstruction methods that use energy dependent
weights [15], our energy-based image reconstruction approach
uses scatter corrections that vary both with the LOR position
and energy, while in the aforementioned methods the variation
with the LOR position is neglected.

Compared with the current most widely used image based
method for scatter correction [16]–[20] our energy based ap-
proach inherently considers the scatter from outside the field
of view, it estimates the scatter distribution in absolute values
eliminating the need for the error prone tail fitting scaling, and
the method provides directly the position and energy dependent
scatter corrections necessary for the energy-dependent image
reconstruction. The single scatter simulation method can be
modified in order to provide two of the components (single
scatter fractions for each photon in a PET pair). With the third
(double scatter fraction) neglected or empirically estimated
from the first two, one can still use the model we propose to
perform an energy dependent image reconstruction. However, if
we take into consideration the revival of interest in the time of
flight PET and the continuous bed movement design option
pondered by the scanner manufacturers nowadays, then the
image based scatter estimation methods would be required to



produce simulation results that accurately cover a considerably
larger multidimensional space, a fact that will be at least
inconvenient if not computationally too expensive. The energy
based method estimates the scatter distribution as a function of
position and energies by only performing a simple statistical
analysis of the population of events recorded, and therefore it
is considerably more convenient and flexible.

APPENDIX

A. The 2 × 2 energy window method

The extension of the dual energy window method to the
case of photon pairs gives us a2 × 2 energy window method
(two energy windows for each photon). LetN0 be the observed
number of photon pairs with both energies in the windowE0,
N1 the number of events with(E1, E2) ∈ E0 × E1, N2 the
number of events with(E1, E2) ∈ E1 ×E0 andN3 the number
of events with(E1, E2) ∈ E1 × E1. Matching the observed
data with the energy model predictions we obtain the following
system of linear equations that can be easily solved















σ0α
2
0 + σ1α0β0 + σ2β0α0 + σ3β

2
0 = N0

σ0α0α1 + σ1α0β1 + σ2β0α1 + σ3β0β1 = N1

σ0α1α0 + σ1α1β0 + σ2β1α0 + σ3β1β0 = N2

σ0α
2
1 + σ1α1β1 + σ2β1α1 + σ3β

2
1 = N3

, (6)

where α0 =
∫

E0

A(E)dE, α1 =
∫

E1

A(E)dE, β0 =
∫

E0

B(E)dE, β1 =
∫

E1

B(E)dE.

B. The moments method

We can estimate the moment of order(m, n) of the energy
distribution of the photon pairs by computing the quantity
q̂mn =

∑N

i=1 Em
1,iE

n
2,i, which should match the theoretical

value

qmn =

∫ ∫

Em
1 En

2 C(E1, E2)dE1dE2

= σ0aman + σ1ambn + σ2bman + σ3bmbn , (7)

with am =
∫

E EmA(E)dE, bn =
∫

E EnB(E)dE
By conveniently selecting four combinations(m, n) we can

obtain an equation system as in the case of dual energy window
method (6).

C. The ML-EM method

Using notations similar to those used in section II-B, for a
given region in the data space the expected number of counts
is Λ =

∑3
l=0 σl. The energy distribution is1Λ

∑3
l=0 σlel(y

e).
For a data setYE ≡ {ye

1, . . . ,y
e
N} the likelihood function is

L(YE |σ) =
ΛN

N !
e−Λ

N
∏

n=1

1

Λ

3
∑

l=0

σlel(y
e
n) (8)

Maximum likelihood corresponds to the point for which
∂ lnL(YE |σ)

∂σl

= 0, and can be reached using the following ML-
EM iterative update equation

σ
(m+1)
l = σ

(m)
l

N
∑

n=1

el(y
e
n)

∑3
k=0 σ

(m)
k ek(ye

n)
, l = 0, 1, 2, 3 (9)
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