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APPENDIX A

PSEUDO-CODE FOR VARIANCE CALCULATION PROGRAM

A.1. PDF for two Points in a Square with Side Length of A

∫ −−=
1

1 2
)sin1)(cos1(

4
),,1,1(

y

x
d

A

r

A

r

A

r
Aryxf θθθ

{ }10,01 θθ <<<<= Arf







 <<<<= )sin()cos(,22

r

A
a

r

A
aArAf θ

A.2. Correlation Coefficient for Two Points in a Rectangle with Side Length L and Width

W

∫
∫

−

−−
=

1

1

)](2cos[

2

2

)](2cos[)cos1)(sin1(
)1,,,,,2,2( θ

θ

ϕ

θ

ϕ

θθ
λ

θ
ωθ

de

de
rr

WLrkyxa
k

y

x

k

{ }10,01 θθ <<<<= Wra







 <<<<= )sin(0,2

r

W
aLrWa θ







 <<+<<= )sin()cos(,3 22

r

W
a

r

L
aWLrLa θ

{ }10,04 θθ <<<<= Lra







 <<<<= 1)cos(,

1sin
5 θθ

θ r

L
a

W
rLa







 <<+<<= )sin()cos(,

1sin
6 22

r
W

a
r
L

aWLr
W

a θ
θ







 <<<<= 1)cos(,

1cos
7 θθ

θ r

L
a

L
rLa
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A.3. Variance Function

∫ ⋅=
2

1
)1,,,,,2,2(),,1,1(()1,,,(

R

R
drWLrkyxalphaAryxfQALWVariance θ

A.4. Variance Calculation for the von Mises Distributed Flake Orientation (k ≠ 0 and θ1 =

2
π )

Inputs to the program are: flake length (L) and width (W), side length of square zones (A), and

concentration parameter (k).

Equations used to implement the Visual Basic program

S1( ),,,L W A k d

0

A

r.f ,,,0
π
2

r A alpha ,,,,,0
π
2

k r L W

S2( ),,,L W A k d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0

π
2

k r L W

var1( ),,,L W A k S1( ),,,L W A k S2( ),,,L W A k

S3( ),,,L W A k d

A

W

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0

π
2

k r L W

S4( ),,,L W A k d

W

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
k r L W

var2( ),,,L W A k S1( ),,,L W A k S3( ),,,L W A k S4( ),,,L W A k

S5( ),,,L W A k d

W

L

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
k r L W

S6( ),,,L W A k d

L

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
k r L W
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var3( ),,,L W A k S1( ),,,L W A k S3( ),,,L W A k S5( ),,,L W A k S6( ),,,L W A k

S7( ),,,L W A k d

L

L2 W2

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
k r L W

var4( ),,,L W A k S1( ),,,L W A k S3( ),,,L W A k S5( ),,,L W A k S7( ),,,L W A k

S8( ),,,L W A k d

0

W

r.f ,,,0
π
2

r A alpha ,,,,,0
π
2

k r L W

S9( ),,,L W A k d

W

A

r.f ,,,0
π
2

r A alpha ,,,,,0 asin
W

r
k r L W

S10( ),,,L W A k d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
k r L W

var5( ),,,L W A k S8( ),,,L W A k S9( ),,,L W A k S10( ),,,L W A k

S11( ),,,L W A k d

A

L

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
k r L W

var6( ),,,L W A k S8( ),,,L W A k S9( ),,,L W A k S11( ),,,L W A k S6( ),,,L W A k

var7( ),,,L W A k S8( ),,,L W A k S9( ),,,L W A k S11( ),,,L W A k S7( ),,,L W A k

S12( ),,,L W A k d

W

L

r.f ,,,0
π
2

r A alpha ,,,,,0 asin
W

r
k r L W

S13( ),,,L W A k d

L

A

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
k r L W

S14( ),,,L W A k d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
k r L W
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var8( ),,,L W A k S8( ),,,L W A k S12( ),,,L W A k S13( ),,,L W A k S14( ),,,L W A k

S15( ),,,L W A k d

A

L2 W2

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
k r L W

var9( ),,,L W A k S8( ),,,L W A k S12( ),,,L W A k S13( ),,,L W A k S15( ),,,L W A k

S16( ),,,L W A k d

L

L2 W2

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
k r L W

var10( ),,,L W A k S8( ),,,L W A k S12( ),,,L W A k S16( ),,,L W A k

Visual Basic pseudo-code

if (A<W)

if ( WA <2 )

∫∫ ⋅+⋅==
A

A

A
drafdrafVar

2

0
12111var

elseif ( LA <2 )

∫∫∫ ⋅+⋅+⋅==
A

W

W

A

A
drafdrafdrafVar

2

0
2212112var

elseif ( 222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅==
A

L

L

W

W

A

A
drafdrafdrafdrafVar

2

0
322212113var

else

∫∫∫∫
+

⋅+⋅+⋅+⋅==
22

322212114var
0

WL

L

L

W

W

A

A
drafdrafdrafdrafVar

endif

elseif ( LAW << )

if ( LA <2 )

∫∫∫ ⋅+⋅+⋅==
A

A

A

W

W
drafdrafdrafVar

2

0
2221115var
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elseif ( 222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅==
A

L

L

A

A

W

W
drafdrafdrafdrafVar

2

0
322221116var

else

∫∫∫∫
+

⋅+⋅+⋅+⋅==
22

322221117var
0

WL

L

L

A

A

W

W
drafdrafdrafdrafVar

endif

elseif ( 22 WLAL +<< )

if (
222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅==
A

A

A

L

L

W

W
drafdrafdrafdrafVar

2

0
323121118var

else

∫∫∫∫
+

⋅+⋅+⋅+⋅==
22

323121119var
0

WL

A

A

L

L

W

W
drafdrafdrafdrafVar

endif

else

∫∫∫
+

⋅+⋅+⋅==
22

31211110var
0

WL

L

L

W

W
drafdrafdrafVar

endif

A.5. Variance Calculation for the Uniform Distributed Flake Orientation (k = 0)

Inputs to the program are: flake length (L) and width (W), side length of square zones (A), and

range of angles (θ1).

Equations used to implement the Visual Basic program

T1( ),,,L W A θ1 d

0

A

r.f ,,,0
π
2

r A alpha( ),,,,,0 θ1 θ1 r L W

T2( ),,,L W A θ1 d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha( ),,,,,0 θ1 θ1 r L W
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var1( ),,,L W A θ1 T1( ),,,L W A θ1 T2( ),,,L W A θ1

T3( ),,,L W A θ1 d

A

W

sin( )θ1
r.f ,,,acos

A

r
asin

A

r
r A alpha( ),,,,,0 θ1 θ1 r L W

T4( ),,,L W A θ1 d

W

sin( )θ1

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
θ1 r L W

var2( ),,,L W A θ1 T1( ),,,L W A θ1 T3( ),,,L W A θ1 T4( ),,,L W A θ1

T5( ),,,L W A θ1 d

W

sin( )θ1

L

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
θ1 r L W

T6( ),,,L W A θ1 d

L

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var3( ),,,L W A θ1 T1( ),,,L W A θ1 T3( ),,,L W A θ1 T5( ),,,L W A θ1 T6( ),,,L W A θ1

T7( ),,,L W A θ1 d

L

L2 W2

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var4( ),,,L W A θ1 T1( ),,,L W A θ1 T3( ),,,L W A θ1 T5( ),,,L W A θ1 T7( ),,,L W A θ1

T8( ),,,L W A θ1 d

0

W

sin( )θ1
r.f ,,,0

π
2

r A alpha( ),,,,,0 θ1 θ1 r L W

T9( ),,,L W A θ1 d

W

sin( )θ1

A

r.f ,,,0
π
2

r A alpha ,,,,,0 asin
W

r
θ1 r L W
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T10( ),,,L W A θ1 d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
θ1 r L W

var5( ),,,L W A θ1 T8( ),,,L W A θ1 T9( ),,,L W A θ1 T10( ),,,L W A θ1

T11( ),,,L W A θ1 d

A

L

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,0 asin

W

r
θ1 r L W

var6( ),,,L W A θ1 T8( ),,,L W A θ1 T9( ),,,L W A θ1 T11( ),,,L W A θ1 T6( ),,,L W A θ1

var7( ),,,L W A θ1 T8( ),,,L W A θ1 T9( ),,,L W A θ1 T11( ),,,L W A θ1 T7( ),,,L W A θ1

T12( ),,,L W A θ1 d

W

sin( )θ1

L

r.f ,,,0
π
2

r A alpha ,,,,,0 asin
W

r
θ1 r L W

T13( ),,,L W A θ1 d

L

A

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
θ1 r L W

T14( ),,,L W A θ1 d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var8( ),,,L W A θ1 T8( ),,,L W A θ1 T12( ),,,L W A θ1 T13( ),,,L W A θ1 T14( ),,,L W A θ1

T15( ),,,L W A θ1 d

A

L2 W2

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var9( ),,,L W A θ1 T8( ),,,L W A θ1 T12( ),,,L W A θ1 T13( ),,,L W A θ1 T15( ),,,L W A θ1

T16( ),,,L W A θ1 d

L

L2 W2

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
θ1 r L W

var10( ),,,L W A θ1 T8( ),,,L W A θ1 T12( ),,,L W A θ1 T16( ),,,L W A θ1
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var11( ),,,L W A θ1 var1( ),,,L W A θ1

T17( ),,,L W A θ1 d

A

L

r.f ,,,acos
A

r
asin

A

r
r A alpha( ),,,,,0 θ1 θ1 r L W

T18( ),,,L W A θ1 d

L

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var12( ),,,L W A θ1 T1( ),,,L W A θ1 T17( ),,,L W A θ1 T18( ),,,L W A θ1

T19( ),,,L W A θ1 d

L

W

sin( )θ1
r.f ,,,acos

A

r
θ1 r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

T20( ),,,L W A θ1 d

W

sin( )θ1

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var13( ),,,L W A θ1 T1( ),,,L W A θ1 T17( ),,,L W A θ1 T19( ),,,L W A θ1 T20( ),,,L W A θ1

T21( ),,,L W A θ1 d

W

sin( )θ1

L2 W2

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
asin

W

r
θ1 r L W

var14( ),,,L W A θ1 T1( ),,,L W A θ1 T17( ),,,L W A θ1 T19( ),,,L W A θ1 T21( ),,,L W A θ1

T22( ),,,L W A θ1 d

0

L

r.f ,,,0
π
2

r A alpha( ),,,,,0 θ1 θ1 r L W

T23( ),,,L W A θ1 d

L

A

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
θ1 θ1 r L W
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T24( ),,,L W A θ1 d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var15( ),,,L W A θ1 T22( ),,,L W A θ1 T23( ),,,L W A θ1 T24( ),,,L W A θ1

T25( ),,,L W A θ1 d

A

W

sin( )θ1
r.f ,,,acos

A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var16( ),,,L W A θ1 T22( ),,,L W A θ1 T23( ),,,L W A θ1 T25( ),,,L W A θ1 T20( ),,,L W A θ1

var17( ),,,L W A θ1 T22( ),,,L W A θ1 T23( ),,,L W A θ1 T25( ),,,L W A θ1 T21( ),,,L W A θ1

T26( ),,,L W A θ1 d

L

W

sin( )θ1
r.f ,,,0

π
2

r A alpha ,,,,,acos
L

r
θ1 θ1 r L W

T27( ),,,L W A θ1 d

W

sin( )θ1

A

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
θ1 r L W

var18( ),,,L W A θ1 T22( ),,,L W A θ1 T26( ),,,L W A θ1 T27( ),,,L W A θ1 T14( ),,,L W A θ1

var19( ),,,L W A θ1 T22( ),,,L W A θ1 T26( ),,,L W A θ1 T27( ),,,L W A θ1 T15( ),,,L W A θ1

T28( ),,,L W A θ1 d

W

sin( )θ1

L2 W2

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
asin

W

r
θ1 r L W

var20( ),,,L W A θ1 T22( ),,,L W A θ1 T26( ),,,L W A θ1 T28( ),,,L W A θ1

var21( ),,,L W A θ1 var11( ),,,L W A θ1

var22( ),,,L W A θ1 var12( ),,,L W A θ1
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T29( ),,,L W A θ1 d

L

L

cos( )θ1
r.f ,,,acos

A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var23( ),,,L W A θ 1 T1( ),,,L W A θ 1 T17( ),,,L W A θ 1 T29( ),,,L W A θ 1

T30( ),,,L W A θ1 d

L

A

r.f ,,,0
π
2

r A alpha ,,,,,acos
L

r
θ1 θ1 r L W

T31( ),,,L W A θ1 d

A

.2 A

r.f ,,,acos
A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var24( ),,,L W A θ1 T22( ),,,L W A θ1 T30( ),,,L W A θ1 T31( ),,,L W A θ1

T32( ),,,L W A θ1 d

A

L

cos( )θ1
r.f ,,,acos

A

r
asin

A

r
r A alpha ,,,,,acos

L

r
θ1 θ1 r L W

var25( ),,,L W A θ1 T22( ),,,L W A θ1 T30( ),,,L W A θ1 T32( ),,,L W A θ1

T33( ),,,L W A θ1 d

L

L

cos( )θ1
r.f ,,,0

π
2

r A alpha ,,,,,acos
L

r
θ1 θ1 r L W

var26( ),,,L W A θ 1 T22( ),,,L W A θ 1 T33( ),,,L W A θ 1

Visual Basic pseudo-code

if ( )sin(1
L
W

a>θ )

if ( 1sinθ
W

A < )

if (
1sin

2
θ

W
A < )
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∫∫ ⋅+⋅=
A

A

A
drafdrafVar

2

0
12111

elseif ( LA <2 )

∫∫∫ ⋅+⋅+⋅=
A 2

1sin

1sin

0
2212112

θ

θ
W

W

A

A
drafdrafdrafVar

elseif ( 222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅=
A 2L

1sin

1sin

0
322212113

L
W

W

A

A
drafdrafdrafdrafVar

θ

θ

else

∫∫∫∫
+

⋅+⋅+⋅+⋅=
 WLL

1sin

1sin

0

22

322212114
L

W

W

A

A
drafdrafdrafdrafVar

θ

θ

endif

elseif ( LA
W <<

1sin θ
)

if ( LA <2 )

∫∫∫ ⋅+⋅+⋅=
A 2

1sin

1sin

0
2221115

A

A

W

W

drafdrafdrafVar
θ

θ

elseif ( 222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅=
A 2 

1sin

1sin

0
322221116

L

L

A

A

W

W

drafdrafdrafdrafVar
θ

θ

else

∫∫∫∫
+

⋅+⋅+⋅+⋅=
 WL 

1sin

1sin

0

22

322221117
L

L

A

A

W

W

drafdrafdrafdrafVar
θ

θ

endif

elseif ( 22 WLAL +<< )

if (
222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅=
A 2 

1sin

1sin

0
323121118

A

A

L

L

W

W

drafdrafdrafdrafVar
θ

θ

else
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∫∫∫∫
+

⋅+⋅+⋅+⋅=
 WL 

1sin

1sin

0

22

323121119
A

A

L

L

W

W

drafdrafdrafdrafVar
θ

θ

endif

else

∫∫∫
+

⋅+⋅+⋅=
 WL

1sin

1sin

0

22

31211110
L

L

W

W

drafdrafdrafVar
θ

θ

endif

elseif ( )sin(
221

WL

W
a

+
>θ

if ( LA < )

if ( LA <2 )

∫∫ ⋅+⋅=
A

A

A
drafdrafVar

2

0
424111

elseif ( 1sin
2

θ
W

A < )

∫∫∫ ⋅+⋅+⋅=
A 2

0
52424112

L

L

A

A
drafdrafdrafVar

elseif ( 222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅=
A

L

L

A

A
drafdrafdrafdrafVar

2

1sin
W 

 
1sin

W 

0
6252424113

θ

θ

else

∫∫∫∫
+

⋅+⋅+⋅+⋅=
22

1sin

 
1sin

0
6252424114

WL

W

W

L

L

A

A
drafdrafdrafdrafVar

θ

θ

endif

elseif (
1sinθ

W
AL << )

if ( 1sin
2

θ
W

A < )

∫∫∫ ⋅+⋅+⋅=
A 2

0
52514115

A

A

L

L
drafdrafdrafVar

elseif ( 222 WLA +< )
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∫∫∫∫ ⋅+⋅+⋅+⋅=
A 2

 
1sin

 
1sin

0
6252514116

θ

θ
W

W

A

A

L

L
drafdrafdrafdrafVar

else

∫∫∫∫
+

⋅+⋅+⋅+⋅=
 WL

 
1sin

 
1sin

0

22

6252514117
θ

θ
W

W

A

A

L

L
drafdrafdrafdrafVar

endif

elseif ( 22

1sin
WLA

W +<<
θ

)

if (
222 WLA +< )

∫∫∫∫ ⋅+⋅+⋅+⋅=
A 2 

 
1sin

 
1sin

0
6261514118

A

A

W

W

L

L
drafdrafdrafdrafVar

θ

θ

else

∫∫∫∫
+

⋅+⋅+⋅+⋅=
 WL 

 
1sin

 
1sin

0

22

6261514119
A

A

W

W

L

L
drafdrafdrafdrafVar

θ

θ

endif

else

∫∫∫
+

⋅+⋅+⋅=
 WL

1sin

1sin

0

22

61514120
θ

θ
W

W

L

L
drafdrafdrafVar

endif

else

if ( LA < )

if ( LA <2 )

∫∫ ⋅+⋅=
A

A

A
drafdrafVar

2

0
424121

elseif ( 1cos
2

θ
L

A < )

∫∫∫ ⋅+⋅+⋅=
A 2

0
72424122

L

L

A

A
drafdrafdrafVar

else

∫∫∫ ⋅+⋅+⋅=
 

1cos

0
72424123 θ

L

L

L

A

A
drafdrafdrafVar



Appendix A: Pseudo-Code for Variance Calculation Program

159

endif

elseif (
1cosθ

L
AL << )

if ( 1cos
2

θ
L

A < )

∫∫∫ ⋅+⋅+⋅=
A 2

0
72714124

A

A

L

L
drafdrafdrafVar

else

∫∫∫ ⋅+⋅+⋅=
 

1cos

0
72714125 θ

L

A

A

L

L
drafdrafdrafVar

endif

else

∫∫ ⋅+⋅= 1cos

0
714126 θ

L

L

L
drafdrafVar

endif

endif


