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Abstract:   

Many commercial and third-party flow simulation solvers which are often used for flow 

modelling in engineered systems can be regarded as black box solvers  because  the in-

ternal structures of the solvers  are not transparent to the user.  This work attempts to 

show that  a proper orthogonal decomposition (POD) method with interpolation meth-

ods to form a black-box reduced-order model solver which does not require any a-priori 

knowledge of the actual system. The combination of POD and interpolation methods is 

demonstrated as an efficient and economical tool for computing approximations of 

higher dimensional solutions of black box flow solvers. This capability of the reduced-

order model to successfully approximate the higher dimensional solutions is illustrated 

with a couple of applications on engineered systems. In this paper, this efficient and 

economical reduced-order model solver is shown to be an effective tool in the field of 

inverse design of the hard disk drive and uncertainty optimization of the groundwater 

contaminant transport model. It is also shown that the presence of  non-linearities in the 
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higher dimensional solutions corresponding to these examples is captured by the non-

linear interpolation methods used in the reduced-order approximations.   

Keywords: Proper Orthogonal Decomposition, Optimization, CFD, Hard Disk Drives, 

Groundwater Contaminant Transport. 

1. Introduction 

Although advances in high performance computing technologies have rendered the 

solution of high fidelity simulation models for engineered systems, the use of these 

methods for routine design of such systems requires enormous computational effort, re-

mains prohibitively expensive and results in poor turnover times.  Reduced-order mod-

eling is an attractive alternative approach for developing low order computational mod-

els which not only capture the richness of the solutions from high fidelity models but 

also permit efficient solutions and quick turnover which are attractive for designers. A 

plethora of reduced-order models such as the reduced-basis methods [1 - 3], Krylov sub-

space based methods [4 - 6], and proper orthogonal decomposition techniques [7 - 9] 

have been developed and applied to practical engineered systems to obtain low-order 

approximations of full high fidelity solutions in many fields.  The construction of low-

order approximation models basically assumes that the engineered systems can be de-

scribed by fewer degrees of freedom as compared with the high fidelity models while 

maintaining accuracy of the solutions and resulting in computational economy.  While 

research in computational science and engineering has resulted in the development of a 

number of well established high fidelity engineering simulation software such as Fluent 

[10], Abaqus [11], Modflow [12]  which are routinely used in both industries and re-

search facilities, most of these softwares function as black boxes. The users usually in-

teract with these software via scripts and rarely have access to the source codes which 

implement the algorithms for the simulation models. In such cases, it is difficult to ob-
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tain low-order models using existing model reduction methods, which typically employ 

a Galerkin projection technique that necessitates knowledge of the underlying mathe-

matical model and algorithms.  Ly and Tran [13] proposed a different technique of ob-

taining low-order models by combining the use of proper orthogonal decomposition 

(POD) and interpolation techniques, called the PODI technique.  They have successfully 

demonstrated the capability of this technique on several problems where the mathemati-

cal models are assumed to be unknown. Bui-Than [14] noted that a limitation of this 

method is that coefficients have to be smooth functions of the parameters in order for 

the interpolated results to be reliable.   

Assuming the coefficients are smooth functions of the parameters, it is then necessary 

to estimate the number of POD modes necessary to achieve a desired accuracy.  Ly and 

Tran [13] proposed to use the relative energy of the system, as captured by the ratio be-

tween the eigenvalues of selected POD modes and the total sum of the eigenvalues of all 

the POD modes, in order to choose the number of modes needed to achieve the desired 

accuracy.    The coefficients of each mode for different parameter values can then be 

evaluated using the interpolation method.  The number of modes needed to achieve the 

desired accuracy is usually much smaller that the dimension of the high-dimensional 

problem and thus, when combined with the interpolation method, yields an economical 

low-order approximation to the high-dimensional solution.  Thus the reduced-order 

model enables a rapid computation of solutions which is necessary for facilitating quick 

design optimization practice.  In this paper, a simple inverse design problem and an un-

certainty optimization problem are explored to illustrate the effective application of the 

PODI method in different optimization problems governed by differing physical sys-

tems.  In the inverse design problem considered, the physical system is represented by 

flow characteristics within a hard disk drive (HDD) enclosure which are governed by the 
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Navier-Stokes equations while in the uncertainty optimization problem, the physical 

system is represented by the groundwater contaminant transport equations.  The govern-

ing equations are used only for the purpose of generating the ensemble of snapshots.  

The PODI technique is then used to generate the reduced-order models to be used by the 

optimization solvers.  The paper is organized as follows.  The basic PODI method is 

first outlined in section 2.  Description of the two physical problems, their correspond-

ing design optimization problems and the results are addressed in section 3, before con-

cluding. 

2. Proper Orthorgonal Decomposition with Interpolation (PODI) 

The method of snapshots [8] is used in this paper to construct the POD modes.  In this 

method, the POD modes are expressed as a linear combination of the “snapshots” of 

state variables of the high-fidelity or experimental system.  We consider a high-fidelity 

computational model with state variables contained in the vector ( )µ,xU
r , which has di-

mension n.  The ensemble of snapshots in the parameter space, b

i ℜ∈µ , can be expressed 

as ( ){ }MixU
n

i ,,1,; K
r

=ℜ∈µ , where M is the number of snapshots. Each POD mode can be 

expressed as linear combination of the snapshots, i.e. 

∑
=

=
M

i

i

i

jj U
1

βφ               (1) 

where jφ  is the jth POD mode and ( )ii xUU µ,
r

=  denotes the ith snapshot.  It can be 

shown [12] that the set of coefficients, 
jβ =[ 1

jβ , 2

jβ ,…, M

jβ ], satisfies the eigenproblem 

jjjR βλβ =               (2) 

where ),)(/1(, jiji UUMR =  and ),( ⋅⋅  denotes an inner product.  The jth eigenvalue of R, jλ , 

determines the importance of the jth POD mode. The relative “energy” (in the 2-norm 

sense) of POD mode i is given by ∑
=

M

j

ji

1

/ λλ , and is often used as a criterion for selecting 
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N, the number of basis functions to retain in the low-order model.  Then the Nth-order 

POD approximation of the state ( )kxU µ;
r  can be expressed as 

( )∑
=

=
N

i

ikikN xxU
1

)();(
vr

φµαµ            (3) 

for some N < M, where the coefficient )( ki µα  gives the contribution of the ith POD 

mode. 

Each POD modal coefficient, 
iα , for all N coefficients, corresponding to the ensem-

ble of snapshots are easily computed as  

( ) ( )( )kiki xU µφµα ;,= , k = 1,…,M         (4) 

Then in the POD with interpolation (PODI) method, each POD modal coefficient, 
iα , at 

a given 
newµ , )( newi µα , can be obtained by an interpolation method on the values of 

{ Mkki ,,1),( K=µα } and thus ( )newxU µ;
r  can be approximated by ( )∑

=

=
N

i

inewiNU
1

ˆˆ φµα  where 

)(ˆ
newi µα  is the interpolated value of )( newi µα .  For this investigation, three different in-

terpolation methods are used, namely linear, cubic Hermite interpolation, and cubic 

spline interpolation [15 – 16].  The relative energy, given by ∑
=

M

j

ji

1

/ λλ , is used to deter-

mine the relevance of POD modes used.  Only POD modes with energy higher than a 

given tolerance, and their coefficients, are used in evaluating the approximation of the 

new );( µxU
r

. 

3. Description and results of the optimal design problem for the physical systems 

Optimal design in engineering problems often involves numerous evaluations of the 

physical systems in the form of the high-dimensional mathematical models.  Even with 

the advance of computers and computing power, the computational costs and time for 

evaluation these high-dimensional models are prohibitive in optimal design.  The use of 
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reduced-order models is therefore a welcome substitution in optimal design problems.  

In this paper, two examples of optimal design problem in engineering in the form of 

flow characteristics in hard disk drives and groundwater contamination transport are 

used to demonstrate the effectiveness of using the PODI model in substitution of the 

high-dimensional models.  In the following subsections, the mathematical model of the 

physical systems and their corresponding optimization problems will be described 

briefly but for the purposes of the current study, these mathematical models are assumed 

to be unknown.  The results of the PODI model and the optimization problems are also 

discussed. 

3.1 Flow Characteristics in the Hard Disk Drive (HDD) 

The airflow within Hard Disk Drive (HDD) enclosures as shown in Figure 1 is de-

scribed by incompressible Navier-Stokes equations: 
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where ν  is the kinematic viscosity.  The incompressible Navier-Stokes equations are an 

adequate representation of the flow within the enclosure as the Knudsen number is less 

than 0.01 and the Mach number less than 0.1 as discussed in Ali. et. al. [17].  The prob-

lem is treated as an isothermal problem.  The Navier-Stokes equations are then solved 

using the commercial code, Fluent [10].  Since the exact codes and algorithms used to 

solve for the airflow within the HDD enclosures are unavailable to the user, it can be as-

sumed that the mathematical models and algorithms are unknown. 

The airflow in the HDD enclosures is driven by the rotation of the media disk used to 

store data.  As such, the single parameter, 1ℜ∈µ , for this problem is the rotational 

speed of the media disk.  The field variables of interest in this study are the pressure and 
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the flow velocities.  For the HDD enclosure problem, one of the concerns of the industry 

is the airflow induced vibration of the actuator arm carrying the read-write head  which 

traverses in the radial direction across the disk surface.  Since one of the factors causing 

the vibrations of the arm is the pressure acting on the arm,  a simplified  inverse design 

problem is considered by specifying a target pressure distribution on the arm and requir-

ing the determination of the rotational speed of the media disk that will yield this target 

pressure.  This inverse design problem can then be formulated as a least squares mini-

mization where the objective function, ( ) ( )
2

2

ˆ µµ PPJ desired −= , subject to [ ]0.7000,0.0∈µ  rpm 

where ( )µP̂  is evaluated using the PODI approximation method.   

 3.1.1 PODI approximation to the high dimensional model 

For the high dimensional model, 212,460 nodes are used in the mesh to model the 

HDD enclosure.  The boundary conditions are prescribed such that the no slip boundary 

condition applies at all the surfaces of the enclosure.  The media disk is then set to spin 

at a prescribed rotational speed until steady state has been reached. An ensemble of 15 

snapshots ranging between 0.0 rpm and 7000.0 rpm in steps of 500 rpm for the rota-

tional speed is constructed by numerically solving the Navier-Stokes equations using 

Fluent [10] with a convergence criteria of O(10
-3

) for the residual errors. 

Figure 2 shows the contour plots of the pressure and velocity distributions in the HDD 

enclosure for two of the 15 snapshots in the ensemble corresponding to 4000 and 6500 

rpm.  Using the 15 snapshots, the POD modes are obtained.  Based on the relative ener-

gies of the POD modes, ∑
=

M

j

ji

1

/ λλ , the first two modes are able to capture 99.9997% of 

the relative energy.  For the present study in this section, the first three modes are then 

used to obtain the low-order solution as they represent the most significant component 

of the snapshot data.  The assumption of smoothness of the coefficients, necessary for 
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the PODI model, holds in this example as shown in Figure 3 where the variations of the 

first three coefficients in response to the change in rotational speeds are plotted.  From 

Figure 3, the first three coefficients of the pressure and velocity are observed to be 

smooth functions of the rotational speed, i.e. [ ]maxmin

2
, µµα Ci ∈ .  As such, the PODI 

method can be used to predict the field variables at various rotational speeds in the range 

of [ ]0.7000,0.0 .   

Table 1 shows the percentage relative errors of the low-order results vis-à-vis the 

high-dimensional results obtained from Fluent for the rotational speeds of 100, 1200, 

3600, 5400, and 6750 rpm.  Three different interpolation methods, namely linear, cubic 

spline, and cubic Hermite interpolations are used to predict the low-order approxima-

tions and their errors are tabulated in Table 1 for the above rotational speeds.  It is ob-

served that the spline and Hermite polynomials yield more accurate results than those 

predicted by linear interpolation in the case of the pressure than in the case of flow ve-

locity.  Part of the explanation for this error pattern could be deduced from Figure 3 

where it can be seen that the coefficients of the first pressure mode, 1α , is slightly non-

linear with respect to the rotational speed in Figure 3(a) unlike the linear slope of the 

coefficients of the first y-velocity mode in Figure 3(b).  The linear interpolation is likely 

to work better with the linear coefficients of the flow velocity mode than the non-linear 

coefficients of the pressure mode.   

The results in Table 1 also demonstrate that using only the first three modes, which 

capture more than 99.997% of the relative energy is not enough to decrease the errors.  

The relative errors, given as 

∞

∞
−

=
U

UU
E

N

true

ˆ

, are still very large for some of the rota-

tional speeds such as 100 and 5400 rpm.  The question then remains as to the number of 
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modes needed to reduce the relative errors to an acceptable level.  Using cubic Hermite 

interpolation and different numbers of POD modes, the plot of percentage relative errors 

for the low-order solution of pressure against N, the number of POD modes, for 100, 

1200, and 3600 rpm are presented in Figure 4.   One observes in Figure 4(a) that the in-

crease in the number of POD modes used results in a decrease in relative error until the 

sixth mode.  After the sixth mode, the insignificant decrease in relative error indicates 

that the contribution of the higher modes than the sixth mode to the accuracy of the re-

duced-order model is negligible for the approximation of the pressure within the HDD 

in Figure 4(a).  However, in Figure 4(b), there are still significant reductions in relative 

errors of the velocity approximations of the PODI method as the number of POD modes 

used are increased to the ninth mode.  Therefore, based on the relative errors plotted in 

Figure 4, it can be seen that the inverse design problem uses 10 modes to obtain the low-

order solutions of the pressure to ensure better accuracy overall. 

 3.1.2 Inverse design problem 

The desired pressures corresponding to rotational speeds of 250, 1750, 4250, and 

6250 rpm are chosen for 
desiredP  and the least squares minimization problem, 

( ) ( )
2

2

ˆ µµ PPJ desired −= , with the linear constraints, [ ]0.7000,0.0∈µ , for these desired pres-

sures are solved.  The least squares minimization problem is a convex optimization 

problem and can be readily solved using Levenberg-Marquardt method [18] which uses 

a search direction that is a cross between the Gauss-Newton direction and the steepest 

descent.  

The results of these optimization problems are tabulated in Table 2.  Most of the op-

timal results obtained are very close to the desired rotational speeds with less than 1% 

percentage errors.  This relatively good accuracy is achieved even with the errors in the 
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PODI approximations.  Such accuracies signify that the PODI technique for this exam-

ple problem is adequate for approximating the solutions of the high-dimensional model.  

Using Levenberg-Marquardt method to solve for the least squares minimization prob-

lems, the number of evaluations of ( )µP̂  for the four desired pressures ranges from 10 to 

24, depending on how close the starting point is to the optimal point.  Based on the av-

erage time given in Table 2, the PODI method takes on average 10 seconds for each 

evaluation of ( )µP̂ . As each evaluation of ( )µP̂  using Fluent [10] will take about 4 

hours, it can be seen that the reduced-order PODI model is able to achieve a consider-

able reduction in  computational costs while yielding good optimal results. 

3.2 Groundwater Contaminant Transport 

The groundwater contaminant transport model based on an example in Chiang [19], is 

constructed within the confines of a valley where a river flows through the valley, sur-

rounded in the north and south by impermeable granite hills as shown in the map in Fig-

ure 5.  The dimensions of the valley are specified in Table 3.  Three pumping wells, 

each operating to deliver  400 m
3
 of water per day, shown in Figure 5 are used to supply 

water to the inhabitants of the valley while two observation wells, located near the riv-

erbanks, are used to monitor the quality of the groundwater.  The river, which flows 

from the west (upstream) to the east (downstream), is part of the first permeable uncon-

fined aquifer layer.  Below the first layer is a confined aquifer and separating the two is 

a thin silty layer.  All three layers are defined by their respective horizontal hydraulic 

conductivities, vertical hydraulic conductivities, and effective porosities given in Table 

3.  Table 3 also shows other salient properties and dimensions of all thre three layers.  

The properties of the river are given in Table 4.  The flow processes in each of the three 

layered groundwater flow model can be described by  
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where 
ih  is the hydraulic head, 

i

xk is the horizontal hydraulic conductivity, 
i

zk  is the 

vertical hydraulic conductivity, and i
G  is the source/sink term at layer i, such as the 

three pumping wells and the river. Constant hydraulic heads are found both upstream 

(west) and downstream (east) and are denoted in Figure 5 as the blue bands.   

Pollutants with certain concentration levels are released upstream of the river and 

their spread through the valley can be described by 
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where 
iC  is the concentration of the pollutants dissolved in the groundwater, 

i

xD is the 

horizontal hydrodynamic dispersion coefficient, 
i

zD  is the hydrodynamic dispersion co-

efficient, and 
iF  is the source/sink term at layer i.  The seepage velocities, given by 

xv , 

yv , and 
zv , are evaluated using  

3,2,1,,, =
∂

∂
=

∂
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=
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= i

z

h
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h
kv

x

h
kv ii
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z

ii

x

i

y

ii

x

i

x
 ,       (8) 

where the hydraulic head for each layer i, 
ih , are obtained from Equation (6).   

The groundwater flow model described by Equation (6) is solved using PMWinPro 

solver [19] with 6240 nodes with a convergence criteria of O(10
-3

) for the residual errors 

while the pollutant transport model described in Equation (7) is solved using MT3D 

solver [20] with a similar convergence criteria of O(10
-3

) for the residual errors.  Based 

on Equations (6) – (8), the spread and level of the pollution concentration in the valley 

area are indirectly dependent on the hydraulic conductivities amongst other parameters.  

Therefore the field variable of interest in this example is the concentration of the pollut-

ants dispersed in the valley and the set of parameters, µ , chosen are the initial pollutant 
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concentration released upstream of the river and the vertical hydraulic conductivities, 

i

zk , at level i=1,2,3.   

It is often difficult to know the exact parameters such as the hydraulic conductivities, 

the hydrodynamic dispersion coefficients, and porosities of the soil.  The parameters are 

often estimated based on measurable data such as water levels in the observation wells.  

The uncertainty in the parameter values are further compounded by the noise in the data 

obtained.  For exact values of the parameters, the pollutant concentrations in the vicinity 

of the pumping wells can easily be evaluated using either the high-fidelity solver or the 

PODI method.  However with the uncertainty in the parameters, the pollutant concentra-

tions in the vicinity of the pumping wells have to be approximated by a maximization 

problem that accounts for this uncertainty. 

Thus in this study, a simple uncertainty optimization problem is constructed.  Assum-

ing that all other parameters are know and are constants for the different soil layers and 

types and only the vertical hydraulic conductivities are unknown, pollutant concentra-

tions data from the observation wells are measured for different pollutant concentrations 

released into the river, upstream.  Using the statistical mean and standard deviations, the 

data is able to yield the possible range of vertical hydraulic conductivities for the soil 

layers implicitly.  For a given new pollutant concentration released into the river, the av-

erage pollutant concentration for this unknown vertical hydraulic conductivity is ap-

proximated by the maximum average pollutant concentration in the vicinity of the three 

pumping wells for this possible range of vertical hydraulic conductivities.  The uncer-

tainty optimization problem can therefore be written as 
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where j
C0

, and new
C0

 are the pollutant concentrations released into the river, upstream, 

−C  and +C  are obtained from the confidence intervals based on the mean value of the 

measured pollutant concentrations, C  and their standard deviation, σ , using the for-

mula σ02.0−C  and σ02.0+C  respectively.  The average pollutant concentration at 

the three pumping wells is denoted by 1C  while the average pollutant concentration at 

the observation wells are denoted by 2C . The variable γ  is used instead of the actual 

objective function, 1C , in order to convert the problem into a minimization problem 

with only a single variable to be optimized as opposed to optimizing 1C  over all possi-

ble values of 
i

zk .   

3.2.1 PODI approximation to the high dimensional model 

The high dimensional model solved using PMWinPro solver [19] and MT3D [20] 

uses 6240 hexahedral cell elements within the 3D domain of the soil layers in valley.   

15 snapshots were obtained by solving the high dimensional model using the initial pol-

lutant concentration released upstream of 10,000 to 30,000 3/ mgµ in steps of 10,000 

3/ mgµ  and the vertical hydraulic conductivities ranging from 0.1 to 1.0 in steps of 0.2 for 

the first aquifer layer, 0.01 to 0.1 in steps of 0.02 for the silt layer and 0.2 to 2.0 in steps 

of 0.4 for the second aquifer layer.  Figure 6 shows pollutant concentrations within the 

valley for two of the 15 snapshots where the pollutants are mostly confined within the 

river and riverbanks.  The contour plots of the concentrations in the first layer for the 



 14 

two different sets of parameters are shown in Figure 6(a) and (b).  Similarly, the contour 

plots of the concentrations in the second layer are shown in Figure 6(c) and (d) while the 

contour plots of the concentrations in the third layer are shown in Figure 6(e) and (f).  

From the contour plots in Figure 6, the pollutants do not penetrate much into the third 

layer due to the silt layer, confining the spread of the pollutants mainly to the first aqui-

fer layer. 

The POD modes are constructed based on the 15 snapshots.  The relative energies of 

the POD modes are plotted in Figure 7.  The first six POD modes have energies which 

are above 0.01 µ  and therefore are likely to contribute the most to the snapshot data.  

The seventh and larger POD modes have energies that are less than 10
-13

 which means 

that the eigenvalues of these modes are essentially zero.   Using the POD modes in tan-

dem with cubic spline interpolation, the relative errors for the PODI results, 

∞

∞
−

=
C

CC
E

N

true

ˆ

, for several different sets of parameters are plotted in Figure 8.  The 

first set of the parameters marked by a solid line and ‘+’ in Figure 8 is included in the 

ensemble of snapshots data while the second parameter set in Figure 8, which is marked 

by a dotted line and ‘x’, is not included in the ensemble but is within the bounds of the 

range of parameters of the ensemble data set.  The third parameter set in Figure 8, which 

is marked by a solid line and ‘x’, is not within the range of parameters of the ensemble 

data set.  The relative errors plotted in Figure 8 reflect the choice of the parameter set as 

the relative error of the first parameter set decreases most rapidly with increasing num-

ber of POD modes while the relative error of the third parameter set is least responsive 

to the increasing number of POD modes.  As the POD modes mainly contain informa-

tion acquired from the ensemble snapshot, it is clear that the PODI approximations for 

parameter sets within the ensemble would yield the most accurate solutions. 
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Based on Figure 8, the relative errors show very minute changes after the sixth POD 

modes.  This observation tallies with the relative energies plotted in Figure 7.  There-

fore, the first 6 POD modes are used in tandem with cubic spline interpolation for the 

uncertainty optimization problem. 

 

3.2.2 Uncertainty Optimization Problem  

The uncertainty problem defined by Equation (9) is a semi-infinite programming 

problem [21, 22] as the uncertainty in the actual values of the vertical hydraulic conduc-

tivities perforce the evaluation of the constraints stated in Equation (9) over all possible 

values (infinite) of 
i

zk , i = 1,2,3.  In this example, the actual values of the vertical hy-

draulic conductivities are 0.5, 0.05, and 1.0 for the respective layers but they are as-

sumed to be unknown.  Based on the known pollution concentrations at the two obser-

vation wells for three different pollutant concentrations released into the river, 5,000, 

10,000, and 30,000 3/ mgµ , the values of −C  and +C  for these three different pollutant 

concentrations are evaluated.  The semi-infinite programming problem in Equation (9) 

is then solved using MATLAB Optimization Toolbox [23] function, fseminf, for several 

different values of pollutant concentrations released into the river upstream to obtain the 

maximum average amount of pollutant concentration in the vicinity of the three pump-

ing wells for each of the released pollutant concentration.  The evaluations of the con-

straint functions, 1C  and 2C , in Equation (9), are obtained from the PODI model with 6 

POD modes and cubic spline interpolation.    

The results of the maximum average pollutant concentration in the vicinity of the 

three pumping wells, γ=1max C , and the actual average concentration based on the ac-

tual vertical hydraulic conductivities are plotted against the initial pollutant concentra-
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tion, 0C , in Figure 9.  The relative error between the actual 1C  and the maximum 1C  

can be expressed as 
( )

1

11

actual

maxactual

C

CC
E

−
=   and is also plotted in Figure 9.  While some 

of the results obtained from solving the semi-infinite programming overestimate the ac-

tual average concentrations, others underestimate the actual concentrations as seen in 

Figure 9.  It would have been preferable that all the optimization results overestimate the 

actual average concentrations to ensure that the results, however, most of the negative 

relative errors are quite small, less than 5%, as shown in Figure 9.  Part of the reason for 

the underestimation of the actual average concentrations is the error propagation from 

the PODI approximations.  The PODI approximations of 1C  and 2C  for a given set 
0C  

and 
i

zk , i = 1,2,3, could actually be less than the actual 1C  and 2C , thus causing the un-

derestimation of the actual average concentrations.  The relative errors shown in Figure 

9 indicate that for those 
0C  values which are within the range of the parameter set of the 

ensemble snapshots, the optimization results, which are dependent on the PODI ap-

proximations, are closer to the actual average concentrations. For 0C  values which are 

not within this range, such as 5,000 3/ mgµ , the relative errors are larger due to the larger 

difference between the PODI approximations and the true values. 

At least 8 function calls to the objective and constraint functions are made in solving 

the semi-infinite programming problem.  Since there are 3 2C  evaluations and 1 evalua-

tion of 1C  for all possible values of 
i

zk  at each constraint function call and the range of 

possible values of 
i

zk  is discretised into more than 400 sections, more than 12,800 

PODI evaluations of 1C  and 2C  are made in solving the semi-infinite programming 

problem.  The computational cost of each PODI approximations is in the order of 

( )2NWNn +Ο  operations where n is the number of high dimensional elements, N is the 
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number of POD modes, and W is the number of finite support for the cubic-spline bases 

used for the interpolation while the computational cost of the high dimensional model is 

about ( )3nΟ  for each solution of Equations (6) and (7).  Since N and W are much 

smaller than n, the computational cost of 12,800 PODI evaluations is effectively much 

smaller than the computational cost of 12,800 solutions of Equations (6) and (7).  Thus, 

in such uncertainty optimization, the usage of reduced-order model such as PODI allows 

for great savings in the computational costs. 

5. Conclusion 

In this paper, the PODI method has been shown to work effectively as a black-box re-

duced-order model in solving two problems with different mathematical models and op-

timization problems.  In the HDD flow model, the PODI method is able to predict the 

airflow characteristics such as pressure and velocity governed by the Navier-Stokes 

Equations while in the groundwater contamination model, the PODI method predicted 

the pollutant concentration levels governed by Darcy’s Law and the transport equation.  

In both problems, the PODI method uses interpolation methods coupled with POD 

modes to find an approximation to the true solutions without any prior knowledge of the 

mathematical models.  Furthermore, the PODI method is shown to have much less com-

putational cost and took less computational time than the high dimensional solvers used 

in the two examples, demonstrating that it is an efficient and economical tool to be used 

in the optimization problems posed.   

The errors of the PODI approximations within the range of parameter set used for the 

ensemble of snapshots are relatively small for a high enough number of POD modes 

used.  The errors of the PODI predictions outside this range of parameter set are higher 

as the POD modes are unable to capture the components of the actual high dimensional 

system as accurately, which might affect the optimization results as shown in the 
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groundwater contaminant transport example.  The relative energies measured by the ei-

genvalues of the POD modes were used to select the number of modes used in the PODI 

method but the question remains as to the optimal number of modes that could reduce 

the actual error to an acceptable level.  More attention should also be given to develop-

ing an error estimate for the PODI method to enhance the performance of the PODI 

technique in optimization problems.     
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Figure 1: Airflow in a one-inch HDD enclosure 

  

(a) 4000 rpm          (b) 6500 rpm 

(i) Pressure 

  

(a) 4000 rpm          (b) 6500 rpm 

(ii) Velocity 

Figure 2:  Two snapshots of the pressure and flow velocity in the HDD enclosure 
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(a) Coefficients of Pressure 

 

(b) Coefficients of 2U  

Figure 3:  Plots of the first three POD coefficients, iα , with respect to µ  in the first example of flow in 

HDD enclosures 
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(a) Relative error for Pressure 

 

(b) Relative error for X-Velocity 

Figure 4:  Plot of relative error of pressure and x-velocity component in percentage against N, the number 

of POD modes 



 26 

 

Figure 5: Map of the valley through which a river is flowing.  The 3 pumping wells used to supply water 

to the inhabitants of the valley are marked in red.  The observation wells, marked by the crosses, are located 

near to the riverbanks. 

 

Figure 6: Contour plots of two of the 15 snapshots used in the construction of the POD modes. 
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Figure 6 (cont’d): Contour plots of two of the 15 snapshots used in the construction of the POD modes for 

the three layers. 
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Figure 7: The plot of relative energies of the POD modes for the groundwater contaminant transport prob-

lem. 

 

Figure 8: Plot of relative errors of the PODI results for different parameters against the number of POD 

modes, N. 
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Figure 9: Plot of the actual average pollutant concentration in the vicinity of the three pumping wells, the 

maximum average pollutant concentration in the vicinity based on the uncertainty optimization problem, 

and the relative error between the actual average and maximum average against the initial pollutant con-

centration released into the river.  
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Table 1:  Percentage error for the PODI solutions of the flow in the HDD enclosure  

(based on 3 POD modes) 

∞

∞
−

=
U

UU
E

N

true

ˆ

 (%) 

µ  (rpm) U  

Linear Spline Hermite 

Pressure 7.72 5.71 5.5 

X-Velocity 12.39 15.19 14.62 

Y-Velocity 14.25 19.76 19.55 

100 

 

Z-Velocity 22.15 18.63 18.69 

Pressure 1.01 0.77 0.8 

X-Velocity 2.6 2.68 2.71 

Y-Velocity 2.58 2.87 2.86 

1200 

Z-Velocity 1.32 1.11 1.10 

Pressure 0.16 0.15 0.15 

X-Velocity 0.6 0.55 0.55 

Y-Velocity 1.05 1.02 1.02 

3600 

Z-Velocity 0.31 0.33 0.33 

Pressure 10.78 10.74 10.74 

X-Velocity 8.88 8.87 8.87 

Y-Velocity 13.51 13.51 13.51 

5400 

Z-Velocity 9.63 9.64 9.63 

Pressure 0.09 0.036 0.037 

X-Velocity 0.37 0.37 0.37 

Y-Velocity 0.6 0.59 0.59 

6750 

Z-Velocity 0.13 0.14 0.14 

 

Table 2:  Optimal Solution of the Inverse Design Problem (starting point = 5000 rpm) 

Desired rota-

tional speed 

(rpm) 

Calculated rota-

tional speed 

(rpm) 

Percentage Error 

(%) 

No. of function 

calls (PODI) 

Average Time 

(min) 

(over 4 runs) 

250 256.6 2.6 24 3.94 

1750 1751.1 0.06 16 2.68 

4250 4249.8 0.005 10 1.74 

6250 6249.7 0.005 14 2.29 
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Table 3:  Properties of the aquifer and silt layers 

Layer 1 5.0 

Layer 2 0.5 

Horizontal hydraulic conduc-

tivity (m/day) 

Layer 3 2.0 

Layer 1 0.20 

Layer 2 0.25 

Effective Porosity 

Layer 3 0.25 

Layer 1 20.0 

Layer 2 8.5 

Elevation of aquifer tops (m) 

Layer 3 8.0 

Layer 1 8.5 

Layer 2 8.0 

Elevation of aquifer bottoms 

(m) 

Layer 3 0.0 

Length 6750 Dimensions of the valley and 

surrounding hills (m) Width 5000 

 

Table 4: Big river properties 

Upstream 

river stage 

(m) 

Downstream 

river stage 

(m) 

River 

width (m) 

Riverbed 

hydraulic 

conductivity 

(m/day) 

Riverbed 

thickness 

(m) 

Upstream 

riverbed 

bottom ele-

vation (m) 

Downstream 

riverbed 

bottom ele-

vation (m) 

19.4 17.0 100 2.0 1.0 17.4 15.0 

:   

 


