Statement of Objective

In this experiment, MATlab is used to investigate the Fourier Transform and the Sampling Theorem in the 2-dimensional case.  An image ‘lenna’ is provided and various changes are made in both the frequency and the time domain.  The image is processed using high-pass and low-pass filters, decimation, subsampling and upsampling.  Furthermore, different rates of sampling and decimation are used to explore the effect of sampling periods and frequencies on an image.  After image processing, it is recovered using some of the image changing methods listed above.

Results

Part 1

Subsampling on the original ‘lenna’ imaged was performed using the following function:

function l=sampling(len,M,N)

rowperiod=M;

columnperiod=N;

maxrow=size(len,1);

maxcolumn=size(len,2);

for i=1:maxrow;

    for j=1:maxcolumn;

        if (rem(i,rowperiod)==0&rem(j,columnperiod)==0)

            l(i,j)=len(i,j);

        else

            l(i,j)=0;

        end;

    end;

end;

Minimum=l-(min(min(l)));


(normalizing the image and converting to 

Maximum=max(max(Minimum));

    the frequency domain

l=((Minimum/Maximum)*225);

l=fft2(l);

final=(abs(l))/50;

image(final)

sampling(lenna,2,2) gives:

‘lenna’ after sampling




‘lenna’ with normalization (in freq)
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Part 2

w1 = w2 = pi  ( N = M = 2

Subsampling of the original image’s spectrum and the conversion back to the spatial domain were performed using the following commands:

a = fft2(lenna);







b = sampling(a,2,2);





c =  ifft2(b);
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‘lenna’ subsampled spectrum




‘lenna’ in spatial domain

Part 3

The original ‘lenna’ image was decimated using the following function:

function l=decimate(len,M,N)

d=fft2(len);

maxrow=size(len,1);

maxcolumn=size(len,2);

limit1=(maxrow/M);

limit2=(maxcolumn/N);

for i=1:limit1;

    for j=1:limit2;

           l(i,j)=len(i*M,j*N);

        end;

    end;

end;

Minimum=l-(min(min(l)));

Maximum=max(max(Minimum));

l=((Minimum/Maximum)*225);

d=ifft2(l);

ft=(abs(d))/50;

ift=ifft2(l);

final=(abs(l))/50;

image(final)/50
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‘lenna’ in the spatial domain after decimation

Part 4

In this part, ‘lenna’ was manipulated by first putting the image through a low-pass filter and then performing subsampling (with different sampling periods) on the new image (with normalization).

The following commands were used to accomplish this:

a = lowpassn(lenna, pi*0.3, pi*0.3);

sampling(a,2,2);






sampling(a,3,3);
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‘lenna’ with N = 2, M = 2





‘lenna’ with N = 3, M = 1

sampling(a,3,3);






sampling(a,3,4);
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‘lenna’ with N = 3, M = 3





‘lenna’ with N = 3, M = 4
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sampling(a,4,2);






sampling(a,4,4);

‘lenna’ with N = 4, M = 2





‘lenna’ with N = 4, M = 4
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Part 5

In the subsampling case M = 3, N = 3, the image was recovered using a low-pass filter with frequency pi*0.3 for both dimensions.

This was accomplished using the following command:

a = lowpassn(lenna, pi*0.3, pi*0.3);

b = sampling(a,3,3);

A new low-pass filter function was written to recover the original image.  This function is as follows:

function a=lowpass(x,c1,c2)

rows = size(x,1);

cols = size(x,2);

w1 = floor(c1*rows/2/pi);

w2 = floor(c2*cols/2/pi);

m=zeros(480,512);

for row=1:w1;

    for col=1:w2;

        m(row,col)=1;

        m(row,cols-col)=1;

        m(rows-row,col)=1;

        m(rows-row,cols-col)=1;

    end;

end;

a=ifft2(m.*(x));

image(abs(a))/50






lowpass(b,pi*0.3,pi*0.3);
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subsampled ‘lenna’ in the spatial domain



‘lenna’ recovered by the filter


Part 6

In this part, ‘lenna’ was manipulated using a low-pass filter of frequency w1 = w2 = pi*0.5 and decimated with decimation factors M = 2, N = 3 in the frequency domain.

This was accomplished using the following commands:

a = lowpassn(lenna, pi*0.5, pi*0.5);

decimate(a,2,3);

The following spectrum was obtained:
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‘lenna’ decimated in the frequency domain

Part 7

Upsampling was performed on ‘lenna’ using the following function:

function l=upsampling(len,M,N)

rowperiod=M;

columnperiod=N;

maxrow=size(len,1);

maxcolumn=size(len,2);

for i=1:(maxrow*M);

    for j=1:(maxcolumn*N);

        if (rem(i,rowperiod)==0&rem(j,columnperiod)==0)

            l(i,j)=len(i/rowperiod,j/columnperiod);

        else

            l(i,j)=0;

        end;

    end;

end;

Minimum=l-(min(min(l)));


(normalizing and converting to the 

Maximum=max(max(Minimum));

    frequency domain

l=((Minimum/Maximum)*225);

l=fft2(l);

final=(abs(l))/50;

image(final)

After performing upsampling, the following images were obtained:
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‘lenna’ in the spatial domain




‘lenna’ in frequency domain 


‘lenna’ recovered by the low-pass filter

Part 8

	Name
	Size
	Bytes
	Class

	Image ‘lenna’
	480x512
	1966080
	Double array 

	Decimated image
	240x170
	652800
	Double array (complex)

	Spectrum
	240x170
	652800
	Double array (complex)

	Filter image
	480x512
	3932160
	Double array (complex)

	Spectrum
	480x512
	3932160
	Double array (complex)


Discussion
Part 1

In the spectrum, the first white portion can be seen at 1x1.  This white portion is seen again at 256x256 or at half the size of the entire image.  From this, it is seen that the normalized spectrum of the subsampled image, the frequency can be seen to be period with pi.  The original unsampled image is periodic with 2pi.  Since an unsampled image actually represents an image sampled with a sampling period of 1, the image with sampling period of 2 will naturally have a frequency period of pi. 

From section 1.3, it was determined that the maximum frequency pi/3.  The sampling frequency from this part of the experiment is pi  (w = 2pi/N).  In this case, aliasing would occur if the sampling frequency is less than 2(wm) = 2pi/3.  Since the frequency is larger than this frequency, aliasing is not expected.

Part 2

A sampling frequency of pi (both dimensions) was used in this part.  This corresponds to a sampling period of N = 2, M = 2.  From part 1, it was seen that this sampling period produced a spectrum that had a period of pi.  In the spatial domain, a period of pi should produce four identical images.  

The actual image produced has four images overlapping each other.  This is the result of aliasing.  Aliasing distorts the images and causes them to pile up on one another.  This can be seen in the image that displays portions of the images mixed with other portions of the image.

Part 3

Decimation is known as downsampling.  It is a form of sampling that discards intermediate samples instead of setting them to zero.  This will lead to frequency expansion in the frequency domain. Decimation of the original image by a factor of 2 will expand the image.  The image produced through decimation should be similar to the image from part 2 except magnified.  

As predicted, the actual image produced in the time domain is an expanded version of one of the four images in part 2.  It can be seen that there is also overlapping of different images as in part 2.

Part 4

When the original image is passed through the low-pass filter with cutoff frequencies of w1 = w2 = 0.3pi, the frequencies from 0 to 0.3pi and 0.7pi to 2pi are set to zero.  This sets portions of the frequency spectrum to black and creates distinct block shapes instead of the gradual transition of white to black as seen in part 1.3.  

Sampling is performed on the low-passed image, creating repeated blocks of frequency.  The sampled frequency becomes periodic with 2pi/M and 2pi/N.  

Sampling(lenna,2,2) creates 4 copies of the original image.  

Sampling(lenna,3,1) creates 3 copies of the original image.  

Sampling(lenna,4,4) creates 16 copies of the original image.  

In general, the number of copies created by sampling equals MxN.  

As the sampling period increases, the amplitude of the frequencies in the spectrum begin the decrease because the Fourier Transform is proportional to 1/N and 1/M.  Furthermore, increasing the sampling period causes aliasing and overlapping in the spectrum.  If the spectrum were to be converted back to the time domain, the original image would be distorted.  Decreasing the sampling period will help to recreate an accurate image in the time domain.

Part 5

When the original image is sent through a low-pass filter with cutoff frequency 0.3pi for both dimensions and then subsampled with sampling periods M = 3, N = 3, 9 copies of the original image are expected in the time domain.  To avoid duplicates, an appropriate frequency-selective filter must be chosen.

In the spectrum, frequencies repeat again 4pi/30 (2pi/3 – 0.3pi) later.  To recover the image properly, a low-pass filter with frequency 0.3pi was used.  This produced a very good reconstruction of the image.

Part 6
The image in this part is put through a low-pass filter and decimated with decimation factors of M = 2, N = 3.  The spectrum is therefore magnified by a factor of 2 in the y-axis and 3 in the x-axis.  In the spectrum produced, it can be seen that the white corner of the original spectrum is magnified.  

To recover the original image, the decimated image should be upsampled with the same decimation factors and then passed through a low-pass filter.

Part 7
The upsampled image expands according to the upsampling factors N = 2, M = 2.   If the image is recovered by sampling the image from 1 to (Size of lenna), only ¼ of the original image is shown.  This portion of the image is expanded and is therefore the same size as the original image.  If sampling is taken from 1 to (Size of lenna)x(upsampling factors), the entire image is shown.  The image is 4 times the size of the original image.  

In the frequency domain, the spectrum is compressed because upsampling is spreading the spectrum over a fractional number.

When this new image is passed through a low-pass filter, the function fills in the black lines in the upsampled image.  This corresponds to filling in the zeros in the image matrix.  As a result, the interpolated image is very similar to the original image used.  The process of interpolation allows expansion of the image while gradually changing the frequencies in the image.  This creates a smooth image.

Part 8

From observing the memory usage of the decimated image, it can be seen that decimating by factors M = 2, N = 3 reduces the memory usage from the original image by 6.  Therefore, it would be useful to decimate the image before transmitting it through a channel.  It is important, however, to ensure that aliasing does not occur.  Specifically, the sampling rate at which discrete values are obtained must be greater than the Nyquist Rate.

If (maximum frequency)x(sampling period) does not produce an integer, upsampling must be used to stretch the frequency over a period of 2pi.  This ensures that all the information is spread over the entire frequency band and that no data is lost.

In order to transmit an image efficiently, an image must first be decimated using the maximum decimation factor possible before aliasing occurs.  After transmission, the image can be recovered using a low-pass filter.

