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Let A and B be distinct points on the real line. The “Friendship Topology” on the real line is defined as the collection of all sets that contain both A and B OR that contain neither A nor B. 
This can also be written as:
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This is a valid topology because it satisfies the three prerequisites for topological spaces:

I ) {X, (}( (
X ( (, since X (the real line) contains both A and B.

(( (, since ( contains neither A nor B.

II ) The arbitrary union of open sets is open
Two Cases:


Case i: Suppose at least one of the sets in the union contains both A and B. The union will then contain both A and B and therefore will be open.


Case ii: Suppose no set in the union contains both A and B. Since each of these sets are open, no set can contain A or B. Therefore, the union will not contain A or B and therefore will be open.

III ) The finite intersection of open sets is open
Two Cases:


Case i: Suppose all of the sets in the intersection contain both A and B. The intersection will then contain both A and B and therefore be open.


Case ii: Suppose that at least one set in the intersection does not contain both A and B. Since all of these sets must be open, none of these sets can contain either A or B. Therefore, the intersection will not contain either A or B and will be open.
Part II

A surprising property of the friendship topology is that all sets in X are defined to be either both open and closed OR both not open and not closed. That is, all open sets are also closed (i.e. their complements are open) and that all closed sets are also open (i.e. their complements are closed). Also, the inverse is true, that all sets that are not open are also not closed, while all sets that are not closed are also not open. These four conditions can be condensed into two statements that together are equivalent to the original proposition:
I. A set is open in the Friendship Topology if and only if it is also closed
II. A set is not open in the Friendship Topology if and only if it is also not closed
Proof 
(S (  X)
I. Necessity: Suppose the set S is open. Then A ( S and B ( S OR A ( S and B ( S. If A ( S and B ( S, then A ( X\S and B ( X\S. This means that X\S is open and therefore S is closed. If A ( S and B ( S, then A ( X\S and B ( X\S. This means that X\S is open and therefore S is closed.

Sufficiency: Suppose that the set S is closed. This means that A ( X\S and B ( X\S OR A ( X\S and B ( X\S. If A ( X\S and B ( X\S, then A ( S and B ( S and S is open. If A ( X\S and B ( X\S then A ( S and B ( S and S is open.
II. Necessity: Suppose that S is not open. Then S contains exactly one of A and B. If A ( S and B ( S, then A ( X/S and B ( X\S so X\S is not open and S is therefore not closed. If A ( S and B ( S, then A ( X\S and B ( X\S so X\S is not open and S is therefore not closed.
Sufficiency: Suppose that the set S is not closed. Then X/S is not open so it contains exactly one of A and B. If A ( X\S and B ( X\S, then A ( S and B ( S so S is not open. If A ( X\S and B ( X\S, then A ( S and B ( S so S is not open. QED
More intuitively, this property can be explained by recognizing that the complement of every open set in the Friendship Topology is also open and that the complement of every non-open set is also not open. 

