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Abstract: A simple way to measure g with a pendulum utilizes the approximation sin ( ( ( for small angles. Using this method, the period of a pendulum that is given a small enough initial (0 gives a reasonable approximation of g with the relationship g = 4(2L / T2, where T is the period and L is the length of the pendulum, which is not dependent on (0 so long as it is small. Casual observation reveals that the angular velocity increases when (0, seeming to exactly compensate for a longer distance it must travel. Even Galileo believed this to be true, as long as g and L are constant. However, the approximation of sin ( ( ( represents only the first term of the Taylor expansion for the sine function and is not accurate for larger angles. This experiment will consider additional terms of the expansion and show how a measurable difference can be shown for larger values of (0.

Background:

A simple pendulum consists of a mass m suspended by a much lighter string of length L. The pendulum is given an initial displacement (0 and the period is measured with a stopwatch.


Similar to a spring, a pendulum closely mimics “simple harmonic motion” because the restoring force is proportional to distance to the equilibrium point. This means that the acceleration at any time is proportional to the negative distance from its rest position:

( = -L(mg sin ()

I( = -L(mg sin ()

Where I is just mL2 and ( is the angular acceleration (= d2(/dt2)

d2(/dt2 = -g sin ( / L

It this point, approximating sin ( with ( gives the equation for simple harmonic motion:

d2(/dt2 = -(g/L) (
(Where g/L is the constant in the classic equation: d2x/dt2 = -kx)

However, if a more accurate model is required, we return to:

d2(/dt2 = -(g/L) sin (
d2(/dt2 + (g/L) sin ( = 0

Which implies that:

[.5(d(/dt)2 – (g/L) cos (]( = 0

In other words, .5(d(/dt)2 +  -[(g/L) cos (] is a constant, (showing that energy is conserved, since the first term represents kinetic energy, and the second represents gravitational potential energy).

Since at t = 0 the mass is released from rest at angle (0 (which determines the total energy the system will have), this constant must equal –(g/L) cos (0. This implies that:

(d(/dt)2 = 2(g/L)(cos ( - cos (0)

or:

(d(/dt) = [2(g/L)(cos ( - cos (0)]1/2
Since it takes one quarter of the period to go from (0 to 0,

d( / (cos ( - cos (0)1/2 = (T/4)([2(g/L)]
Since cos A = 1 – 2 sin2 (A/2), we can say:

d( / [sin2 ((0/2) - sin2 ((/2)]1/2 = .25T(g/L)

Substituting sin x = sin ((/2) / sin ((0/2):

  

dx / [1 – sin2 ((0/2) sin2 x]1/2
The Taylor expansion for (1-y)-1/2 is:

((0 = (2n)!yn / (2nn!)2
1 + 1/2y + 3/8y2 + 5/16y3 + …

In this case, y = sin2 ((0/2) sin2 x


[1 + (1/2)(sin2 ((0/2) sin2 x) + (3/8)[sin2 ((0/2) sin2 x]2 + …]dx

Integrating term by term:

x + .5(sin2 ((0/2)) (.5x – .25 sin (2x)) + 

(3/8)(sin4 ((0/2))[-.25 sin3 (x) cos (x) + (3/8)x – (3/16) sin (2x)] + …

.25T(g/L)1/2 = ((/2) + .5(sin2 ((0/2))( + (9/32)(sin4 ((0/2))( + …

The original approximation is easily recognized as the first term of this expansion:

.25T(g/L)1/2 = ((/2)

g = L(2(/T)2

T = 2((L/g)1/2

g = 4(2L / T2

While the second term is necessary to improve the approximation, O(sin4((0/2)), is very small for all reasonable angles and can safely be neglected. (At 15(, larger than any angle used in this experiment, its value is <.00026)

However, the second term can make a measurable difference. With it, the approximation is now:

T = 2((L/g)1/2[1 + .25 sin2 ((0/2)]

OR:

g = 4(2L(1 + .25 sin2 ((0/2))2 / T2
It is important to notice that in this approximation, T is dependent on (0.
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While the second term is small enough to miss, it can be captured with careful observation.

	Displacement (cm)
	10
	20
	30
	40
	50

	Angle
	2.7(
	5.4(
	8.1(
	10.8(
	13.6(

	Average Period (s)
	2.944
	2.939
	2.927
	2.933
	2.943

	Standard Deviation
	.0273
	.0575
	.0219
	.0361
	.0205


Procedure: A pendulum of length 213 + 1 cm is released from rest at a displacement of 10cm. The period is measured with a stopwatch and the pendulum is repositioned at 10cm and again released from rest. This is repeated a total of ten times and then with initial displacements of 20cm, 30cm, 40cm, and 50cm.

Since g = 4(2L(1 + .25 sin2 ((0/2))2 / T2:

(g / 4(2L)1/2 = (1 + .25 sin2 ((0/2)) / T

Therefore, if we graph 1 + .25 sin2 ((0/2) against T, the slope should be the constant (g / 4(2L)1/2
The data is very erratic, so using the theoretical limit as (0 approaches 0 as a reference point and plotting selected data:
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Giving a slope of about .25, when we would have expected about .34. However, we do see that T increases as (0 increases, but so slowly that it is difficult to notice. Certainly, casual observation will not detect it at all.
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