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Estimation Under Unknown Correlation: Covariance
Intersection Revisited

Lingji Chen, Pablo O. Arambel, and Raman K. Mehra

Abstract—This note addresses the problem of obtaining a consistent esti-
mate (or upper bound) of the covariance matrix when combining two quan-
tities with unknown correlation. The combination is defined linearly with
two gains. When the gains are chosena priori, a family of consistent esti-
mates is presented in the note. The member in this family having minimal
trace is said to be “family-optimal.” When the gains are to be optimized in
order to achieve minimal trace of the family-optimal estimate of the covari-
ance matrix, it is proved that the global optimal solution is actually given
by the Covariance Intersection algorithm, which conducts the search only
along a one-dimensional curve in the n-squared-dimensional space of com-
bination gains.

Index Terms—Consistent estimation, Covariance Intersection, data fu-
sion, filtering, Kalman filter, unknown correlation.

I. INTRODUCTION

The Kalman filter has become one of the cornerstones of modern
technology. At each recursive step, it provides a convenient way to
combine a projected estimate of some state with information provided
by a measurement on this state in order to obtain a new estimate to-
gether with its accuracy (covariance). In deriving the covariance matrix
of the new estimation error and the optimal Kalman gain that minimizes
its trace (so that the estimation is optimal in the least-square sense), it is
assumed that the prior estimation error and the new measurement error
are uncorrelated. Although this assumption is often only an approxima-
tion to the reality, in many situations it suffices for the problems being
considered, and Kalman filter has been successfully applied in a wide
spectrum of fields.

However, there are situations in which the assumption of indepen-
dence may lead to serious problems for estimation. For example, in a
distributed network, when a nodeA receives a piece of information
from a nodeB, the topology of the network may be such thatB is
passing along the information it originally received fromA, not “new”
information. Thus, ifA were to “combine” this information with the
old one using Kalman filter update-type equations under the indepen-
dence assumption, then the covariance matrix (as an indicator of the
uncertainty about this information) would be reduced, when in fact it
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should remain at the same level. Clearly there is a need to combine two
quantities in the presence of unknown correlation, and to provide an
appropriate estimate of the resulting covariance matrix.

In the seminal papers [1] and [2], the Covariance Intersection (CI)
algorithm was proposed to deal with this problem. The objective is to
obtain aconsistentestimate of the covariance matrix when two random
variables are linearly combined. By “consistent,” we mean that the es-
timated covariance is always an “upper-bound” (in the positive–defi-
nite sense; see Section II) of the true covariance, even when the cor-
relation is unknown. Thus, in the example above, after nodeA com-
bines the information, the covariance matrix will remain approximately
the same, rather than incorrectly reduced. Judiciously combined with
Kalman filter and prior knowledge about the systems, the CI algorithm
has found wide applications, particularly in the area of distributed es-
timation [3]–[10].

Yet, there are questions that are not answered by the CI algorithm.
When the variables being combined aren-dimensional vectors, a com-
bination gain is a matrix withn2 elements, thus, it can be chosen from
ann2-dimensional space. However, the variable! in the CI algorithm
parameterizes only a one dimensional curve in this space. In order to
get a complete picture, we pose two separate problems in this note. The
first problem is to obtain a consistent estimate of the covariance matrix
whenfixedcombination gains are used. We solve this problem by pre-
senting a family of such estimates. The member in this family having
the minimal trace can be determined analytically, and is referred to as
the “family-optimal” estimate. The second problem is to find thebest
pair of gains that minimizes the trace of the above family-optimal esti-
mate. In general this is an optimization problem in ann

2 dimensional
space of combination gains. However, we prove that the global optimal
solution is actually given by the CI algorithm, even though it conducts
the search only along a one dimensional curve.

The note is organized as follows. First, a statement of the problem is
given in Section II. Following this, the CI algorithm is reviewed in Sec-
tion III. The main results of this note are presented in Sections IV–V.
Finally, some conclusions are drawn in Section VI.

II. PROBLEM STATEMENT

To highlight the essence of the results, no dynamics are considered in
this note, and the problem is simply stated as combining two estimates
of the mean value of a random variable when the correlation between
the estimation errors is unknown. The basic notations in [1] are fol-
lowed here, but for simplicity no distinction is made between a random
variable and its observation. More specifically, letc

� be the mean value
of some random variable to be estimated. Two sources of information
are available: estimatea and estimateb. Define their estimation errors
as

~a = a� c
� ~b = b� c

�

and assume that

Ef~ag =0 Ef~a~aT g = ~Paa

Ef~bg =0 Ef~b~bT g = ~Pbb:

The true values of~Paa and ~Pbb may not be known, but some consistent
estimates are known

Paa � ~Paa Pbb � ~Pbb: (1)

Here, inequality is in the sense of matrix positive semidefiniteness, i.e.,
A � B if and only ifA � B is positive semidefinite. The correlation
between the two estimation errorsEf~a~bT g = ~Pab is also unknown.
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Our objective is to construct alinear unbiasedestimatorc that com-
binesa andb

c = K1a+K2b (2)

wherea; b 2 IRn andK1; K2 2 IRn�n.
Define~c = c� c�. It follows thatEf~cg = 0 if and only if

K1 +K2 = I: (3)

The covarianceEf~c~cT g = ~Pcc may not be known, but we want to find
a consistent estimatePcc

Pcc � ~Pcc: (4)

Note that

~Pcc = K1
~PaaK

T
1 +K2

~PbbK
T
2 +K1

~PabK
T
2 +K2

~P T
abK

T
1 : (5)

We formulate the following two problems.

Problem 1: Determine a consistent estimate (upper bound)Pcc
for ~Pcc in (5) for anygivenpair ofK1 andK2.
Problem 2: Find the pair ofK1 andK2 such that the upper bound
Pcc is optimal in some sense, e.g., minimal trace or determinant.

If ~Pab = 0, then Problem 1 is easily solved by noting that the estimate

Pcc = K1PaaK
T
1 +K2PbbK

T
2

is consistent as a direct consequence of (1). For Problem 2, the trace of
the aforementionedPcc is minimized by

Pcc = P
�1
aa + P

�1
bb

�1

K1 PccP
�1
aa =Pbb(Paa + Pbb)

�1

K2 PccP
�1
bb =Paa(Paa + Pbb)

�1
:

This corresponds to the derivation of the Kalman gain in the Kalman
filter.

III. T HE COVARIANCE INTERSECTIONALGORITHM

If ~Pab 6= 0 but isknown, thenPcc can be given by

Pcc = [K1; K2]
Paa ~Pab
~P T
ab Pbb

KT
1

KT
2

:

The best choice ofK1 andK2 that minimizes the trace ofPcc can be
obtained by solving the following constrained optimization problem:

min
K

trfKPK
T g subject toK

I

I
= I

where

K [K1; K2] P
Paa ~Pab
~P T
ab Pbb

: (6)

The optimal solution ofK1 andK2 yields aPcc in the following form:

P
�1
cc = [I I]P�1 I

I

=P�1
aa + P

�1
aa

~Pab � I

� Pbb � ~P T
abP

�1
aa

~Pab
�1

~P T
abP

�1
aa � I : (7)

Covariance ellipses, as defined in the following, provide a conve-
nient way of visualizing the relative size of covariance matrices. For a
positive–definite matrixQ, we define

BQ(l) fx: xTQ�1
x < lg: (8)

A covariance ellipse at levell is the boundary ofBQ(l). (We will omit
l in the following discussions). Thus, ifQ1 < Q2, thenBQ � BQ .
Now, we show the following.

1) For agiven ~Pab and, hence, the optimalPcc in (7), we have

BP � BP \ BP :

Proof: SinceP in (6) is positive definite, the second term in (7)
is positive definite. Thus,xTP�1

cc x < l impliesxTP�1
aa x < l, i.e.,

BP � BP . Similarly,BP � BP .
2) For any pointx 2 BP \ BP , there exists a correlation matrix

~Pab such that: i)P as given in (6) is positive definite, and ii)x 2 BP
wherePcc is given by (7).

Proof: First, we assume that

l > x
T
P
�1
aa x > x

T
P
�1
bb x > 0:

Define

�
2 xTP�1

bb x

xTP�1
aa x

:

It follows that� < 1. Since the vector�P�(1=2)
aa x andP�(1=2)

bb x have
the same length, one can be rotated to another by a unitary matrixU ,
i.e.,

�P
�(1=2)
aa x = UP

�(1=2)
bb x UU

T = U
T
U = I:

The matrix

~Pab �P
1=2
aa UP

1=2
bb

satisfies our requirements as follows.

i) P as given in (6) is positive definite

Paa > 0; Pbb � P
T
abP

�1
aa Pab = (1� �

2)Pbb > 0:

ii) For Pcc as given in (7), we have

x
T
P
�1
cc x =xTP�1

aa x

+ x
T

P
�1
aa

~Pab � I Pbb � ~P T
abP

�1
aa

~Pab
�1

� ~P T
abP

�1
aa � I x

=xTP�1
aa x < l

and, therefore,x 2 BP .Other cases can be similarly proved
by symmetry or by continuity argument [since we use strict in-
equality in (8)].

Based on the aforementioned observation, when~Pab is not known, a
consistent estimate ofPcc should be such thatBP � BP \BP , or
loosely speaking,Pcc should include the intersection ofPaa andPbb.
This motivated the CI algorithm [1], [2]

P
�1
cc =!P�1

aa + (1� !)P�1
bb (9)

K1 =!PccP
�1
aa ; K2 = (1� !)PccP

�1
bb (10)

where! 2 [0; 1] is a parameter.
The CI algorithm requires! to be optimized at every step, for ex-

ample by minimizing the trace or the determinant ofPcc. Since the
CI algorithm computes the gainsK1 andK2, it does not provide a
complete solution to Problem 1, where the gains are fixeda priori. For
Problem 2, we show in Section V that the CI algorithm does provide the
global optimal solution, even though it searches only along a one-di-
mensional curve as shown by (10), while the gains in the general case
can be chosen fromIRn�n.

An illustration of the previous discussion on intersection is shown in
Figs. 1 and 2. In the former figure, three different known matrices~Pab
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Fig. 1. Solid: Three examples ofP with ~P known. Dashed:P andP .

Fig. 2. Solid: Three examples ofP containing the intersection. Dashed:P

andP .

are chosen, and the corresponding optimal covariance matricesPcc are
obtained, whose covariance ellipses at level 1 are shown in solid lines,
while those forPaa andPbb are shown in dashed lines. In the latter
figure, three different values of! are chosen, and the corresponding
covariance matrices are shown in the same fashion.

IV. A SOLUTION TO PROBLEM 1

In order to obtain an upper bound for

~Pcc = K1
~PaaK

T
1 +K2

~PbbK
T
2 +K1

~PabK
T
2 +K2

~P T
abK

T
1

when the correlation~Pab is unknown, the following inequality is uti-
lized:

E
p

K1~a� 1p



K2

~b
p

K1~a� 1p



K2

~b
T

� 0 (11)

where
 > 0 is a scalar parameter. It follows that


K1
~PaaK

T
1 +

1



K2

~PbbK
T
2 � K1

~PabK
T
2 +K2

~P T
abK

T
1 : (12)

Therefore, from (1) and (12), a consistent estimatePcc of ~Pcc is char-
acterized by the family

Pcc = (1+
)K1PaaK
T
1 + 1 +

1



K2PbbK

T
2 ; 
 > 0: (13)

It should be noted that this family of upper bounds is tight only for
certain pairs ofPaa andPbb, and is not tight in general. As an example,
when

K1 = K2 =
1

2
I Paa =

1 0

0 1
Pbb =

1 0

0 2

there is no
 for which the bound is tight.
Values of
 can be chosen to optimize various performance criteria,

and we will refer to this type of optimality as “family-optimal.” To
minimize the trace ofPcc, note that

trfPccg =t1 + t2 + 
t1 +
1



t2

�t1 + t2 + 2
p
t1t2

=
p
t1 +

p
t2

2

(14)

where

t1 tr K1PaaK
T
1 t2 tr K2PbbK

T
2

and the equality holds when


 =
t2

t1
=

tr fK2PbbK
T
2
g

trfK1PaaK
T
1
g : (15)

Therefore, we have the following.
Theorem 1—Fixed Gains:For any givenK1 andK2, a family of

consistent estimates of the covariance matrix is given by (13). When


is chosen by (15), the trace of the corresponding estimate is minimized
and its value is given by (14).

Minimizing the trace of the covariance matrix is convenient when
the CI algorithm is used in combination with the Kalman filter in a dis-
tributed estimation scheme. If each node in the network updates its own
estimates using estimates from other nodes as well as measurements
from its own set of sensors, a possible estimation scheme is as follows.
The CI algorithm is used to update the current estimate when an esti-
mate from a different node arrives, since the two may be correlated and
the correlation is often unknown. Kalman filter update equations are
used to update the current estimate when measurements from its own
sensors become available, if the measurements are known to be uncor-
related. Within this framework, and in view of the fact that the Kalman
filter minimizes the trace of the covariance matrix, it is important to
have the CI algorithm minimize the trace as well.

V. SOLUTION TO PROBLEM 2

A general solution to this problem takes the form

K1; K2 = argmin
K ;K

min



J(Pcc(K1;K2; 
)); K1 +K2 = I

whereJ represents a performance criteria such as trace or determinant.
In the case of trace minimization, we show that the above optimal so-
lution is given by the CI algorithm (with trace minimization).

Theorem 2—Optimal Gains:There exists!� 2 [0; 1] such that

h trfK1PaaK
T
1
g+ trfK2PbbK

T
2
g; K1+K2 = I (16)

is minimized by

Pcc = !
�

P
�1

aa + (1� !
�)P�1

bb

�1

K1 =!�PccP
�1

aa K2 = (1� !
�)PccP

�1

bb :

Proof:: For the case whenh in (16) is minimized by eitherK1 =
0 or K2 = 0, !� can be chosen as 0 or 1. In the following, we will
assume thatK1 6= 0 andK2 6= 0.
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Define the following Lagrange function:

L = tr fK1PaaKT
1
g+ tr fK2PbbKT

2
g

�
i;j

(� � (K1 +K2 � I))
i;j

where
i;j
Mi;j is the summation of all the elements of the matrixM ,

the operator “�” denotes elementwise product of two matrices, and� is
a matrix of Lagrange multipliers. Using the identity

@trfXPXT g

@X
= 2XP; P = P T

the stationary points are given by the following equations:

@L

@K1

=
K1Paa

trfK1PaaKT
1
g
� � = 0 (17)

@L

@K2

=
K2Pbb

trfK2PbbKT
2
g
� � = 0 (18)

@L

@�
=K1 +K2 � I = 0: (19)

Let

� trfK1PaaKT
1
g � trfK2PbbKT

2
g:

From (17), we haveK1 = ��P�1

aa . Similarly,K2 = ��P�1

bb . Substi-
tuting into (19), we have

� = �P�1

aa + �P�1

bb

�1

: (20)

Note that�T = �. Now, the definition of� and� yields

� = tr ��P�1

aa PaaP
�1

aa �� = � tr �P�1

aa �

or

tr �P�1

aa � = 1: (21)

Similarly

tr �P�1

bb � = 1: (22)

Equations (20), (21), and (22) lead to polynomial equations of order
2n in the variables� and�. Our objective here is to parameterize the
solutions using a one-dimensional variable. Recall that the minimum
traceh2 (whereh is defined in the theorem) is achieved by the choice
of (15) in the family given by (13). The parameter
 now becomes


 =
trfK2PbbKT

2
g

tr fK1PaaKT
1
g
=

�2tr �P�1

bb �

�2tr �P�1

aa �
=

�

�
:

Thus, the family-optimal covariance matrix is

Pcc = 1 +
�

�
K1PaaK

T
1 + 1 +

�

�
K2PbbK

T
2

=(�+ �)��P�1

aa �+ (�+ �)��P�1

bb �

=(�+ �)� �P�1

aa + �P�1

bb �

=(�+ �)�

=
�

�+ �
P�1

aa +
�

�+ �
P�1

bb

�1

and the gains are

K1 =
�

�+ �
PccP

�1

aa K2 =
�

�+ �
PccP

�1

bb :

The theorem is proved by setting!� = �=(�+ �).

This theorem reveals the nature of the optimality of the best! in CI
algorithm. According to the theorem, then2 dimensional optimization
problem can be reduced to a one-dimensional one.

VI. CONCLUSION

The CI algorithm is reexamined in this note, in the general frame-
work of obtaining a consistent estimate of the covariance matrix when
combining two quantities with unknown correlation. For the case when
the gains are chosen, a family of consistent estimates is given. For the
case when optimal gains are to be found in order to minimize the trace
of the estimated covariance, it is proved that the solution is given by the
CI algorithm, which conducts the search on a one-dimensional curve
rather than in the whole parameter space and, thus, the optimization
problem can be solved very efficiently. The results reported in this note
can be extended to the case with dynamical equations in a straightfor-
ward fashion. It can also be extended to the case of combining more
than two variables, and to the case of partial observations where only
y = Hx is available,x being the quantity of interest. It is the authors’
belief that with the newly gained understanding, the CI algorithm will
find more applications in the areas of distributed filtering and estima-
tion and data fusion.
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