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Abstract

In the present work, we extend the LBM (Lattice Boltzmann Method) to simulate
the steady state, pressure driven micro-channel flows. LBM is a particle-based method,
which is different from the conventional Navier-Stokes solvers where the continuum
assumption is applied, and a dip boundary condition is implemented for the micro flow.
Its mesoscopic representation of particle’ s kinetics is also much different to that used in
direct numerical smulations such as DSMC (Direct Smulation of Monte Carlo). It is
believed that LBM has a potential in simulating the micro flow. In this model, we pay
particular attention in obtaining the pressure distribution of flow across the channel
within the dip flow regime (0.001 < Kn < 0.1) with the consideration of rarefaction and
minute dimension effects (Kn=1/H). We obtain favourable results that demonst ratethe
non-linearity and compressibility effect occurred in the pressure distribution of a micro-
channel flow. We also manage to capture the desired dip phenomenon at the solid wall,

which remains the major interest in micro-scaled flow simulation.
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l. I ntroduction

The existence of Micro-machining technology such as surface and bulk
machining enables us to fabricate mechanica systemsin micron size, which are generally
referred as the micro-electro- mechanica systems, or MEMS. The advent of these micro-
systems complements the development and understanding of new regimes in micro flow
by making experimental work possible, which in turn hep calibrating MEMS and
understanding their characteristics like a feedback loop. The main incentive to look at
fluidic behaviour a micron scale is that micro devices tend to behave much differently
than the objects we are used to handling in daily life, requiring us to bring in more factors
into consideration. The initia forces, e.g., tend to be quite small and the surface effects
such as friction, electrostatic forces and viscous effects tend to dominate their overall

behaviour as the surface to volume ratio becomes larger.

Minute dimensions have aso extended these flow phenomena to higher degrees
of rarefaction, which is often characterised by Knudsen number Kn, where Kn is the ratio
of the mean free path | to the characteristic length L. It is generally agreed that
continuum fluid flow holds until Kn = 0.1, beyond which the continuum assumption
breaks down in rarefaction due to sharp gradients of the flow parameters. The mgor

concern in applying Navier-Stokes equations beyond this regime is that there may be
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smply too few molecules within a finite volume for continuum assumption to be valid.
For this reason, the direct smulation of Monte Carlo (DSMC) [1] has become a popular
method in smulating rarefied flows, especially in high attitude atmosphere Although this
physical approach has some advantages over the traditional NS solvers, this molecular
model is generaly much more demanding of computing resources. Here we propose an
extension of Lattice Boltzmann Method (LBM) based on a discrete Boltzmann equation
approach [2-5] which is much computationaly efficient than DSMC for smulating of
micro flow. LBM has gained much attention in simulating fluid flow since 1980s for its
efficient parallel computational agorithm. Somewhat different from DSMC in its
mesoscopic representation of molecular kinetics, this method strictly involves 2 updating
processes: local collision and streaming propagation. Paying particular attention to flow
ranging 0.050 < Kn < 0.155, we perform smulations for 2D pressure driven micro-
channel flow and compare our results with analytical solutions based on N-S equations as
well as experimenta results in present work. Detailed numerica methodology will be
given in the next section, which are subsequently followed by result discussions and

concluding remarks.

II. Methodology

a. Discrete Boltzmann Equation

The origin of LBM can be traced back to the LatticeGas Cellular Automata

(LGCA) [6], in which smilar kinetic equation was shared:
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f (X +eDx,t+Dt)=f (%t)+W/(f (X1t)) i=1,...k (1)

where f; was the Boolean a gebra indicating occupation state of particlesin i direction and
k was the tota number of lattice links; the last term Win the equation represented the
collison operator in accordance to arbitrary collison rules. Recent Lattice Boltzmann
Models are further smplified by replacing the Boolean agebra with a continuous
distribution function [5] and linearising the collision operator by BGK collison term [7-
8], in which the nontlinear term Wis expressed as the single time relaxation of f; to local

equilibrium [9], yielding:
f(x+eDx,t+Dt)=f (%1)- tl[fi(x,t)- ff’q(x,t)] i=0,1,...k )

where . is the local equilibrium distribution function. Conventional approach is to
apply ChapmanEnskog multi-scale expansion in recovering the N-S equations; here we
take a different route by looking at Boltzmann equation, which is more applicable in
smulating rarefied flow. We are only concerned about the degree of rarefaction in
general, regardless of its density and dimension. Boltzmann equation involves velocity

distribution function in velocity space:

+CRf (V)= Q ©)
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where C is the stream molecular velocity and Q is the collision integral, which will be
linearized by BGK collision term onwards. As we intend to solve the flow in x-y plane,

we consider f asafunctionof v, x, y andt:

Tt (v, x, y,t)

i +cNf (V,x, y,t) =- tl[f (V,x,y,t)- f(v,x, y,t)] 4

This continuous function f can be further latticed by afinite set of velocities, as suggested
by its name Lattice Boltzmann Modd. As illustrated in Figure 1, we redtrict these
velocities into a few lattice vectors of unity components, namely g where i = 0, 1,..., Kk

where i denotes the lattice direction:

W +¢,Nf, (x, y,t) = - %[fi (6 yit)- £ (x 1)) ©)

Non-dimensionalising Equation (5) by the characteristic length L, reference speed U,

reference density n;, and collision timetc, wehave F, = f, /n,,{ =t>U /L,t" =t /t, and

N=LN, giving the discrete Boltzmann form [10]:

TR IE) . cc(o or e Llc(oor) fafor
e +qNE(x,y,t)— o Fi(x, ,t) fieq(x,y,t)] (6)

where the parameter emay be interpreted as the Knudsen number Kn, where the mean

free path being Ut and the characteristic length being L. The stream velocity ¢; can be
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consdered as the root mean square speed or the mean speed in a specific direction i, and
in our lattice context, they are the lattice vectors of unity velocity components. We

employ a square lattice multi-speed model, denoted by [11] D2Q9 for its historical

reasons as below:
¢, =(0,0)
Lo1a T |:1, ,8
o :aecosgEk 19,3,sin8e 19pg>c 0
ed g edgg

Multi-speed models were developed to account for unphysical flow effects such as
Gdilean invariance [12] and explicitly pressure-velocity dependence problem as
discussed by Chen et a [13]. In the early development of LGCA and LBM, lattice tensor
isotropy had to be satisfied up to the 4™ order in order to recover Navier-Stokes equations
in macroscopic limit. Generdly, a ‘reasonabl€e’ lattice has to be invariant with respect to
any arbitrary orthogonal transformations in the continuous space to avoid unphysical
flow effects, and a sufficient condition for lattice models to recover any of the
macroscopic equations is high symmetry and the isotropy of lattice tensors. This is the
main reason employing the multi-speed square lattice in our LBM simulation. Other
lattices of different shapes may be used as long as they do not bring aong the problems
mentioned above, and their applications are straightforward. Figure 1 shows the square
lattice employed in this work; the lattice vectors consst merely of unity components,
which specify the propagation directions of particles after local collisions. Discretising

the discrete Boltzmann equation in 2D yields
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~

Di i DX

F(x§+Dy,i+Di)- F(x§i+Di+DX) 1 . g
P L - a[Fi(&,g/,t)- F(%,9,)
Substituting Dx/ Dt = Dy/Dt =|c,| = ¢, equation (8) has the final form of:
F(x.f +Di)- F (%), F(k+cDif+Df)- Fxi+Di)
D D (9)
- et red]
F (X+C.Dt,ttDt)- ) i[F (y(t) Fieq(;z,f)] (10)

We hence obtain the discretized discrete Boltzmann equation in lattice Boltzmann

context; by further restricting the spatia and tempora dimension to be of molecular

order, i.e. iﬁ » og?_g, we obtain the lattice velocity in terms of the mean free path |

7]

and therdlaxationtime t:
Dx |
X-l-¢ 11
Dt (11

This lattice velocity ¢, = (c,,. ¢, ), to be of unity magnitudes for direction i = 1, 3, 5, and

7, and of magnitude +/2 for directions i = 2, 4, 6 and 8 otherwise, has its velocity

componentsin x and y directions shown in Figure 1.
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To start the smulation, the desired Kn (I /H) was first chosen. In defining Kn in
lattice context, we wrotel and Hintermsof t,Dx, Dt and number of mesh in 'Y direction

in their physical dimensions:

Dx
o H=DN, (12)

t

t(%t): t

DN, N,

Kn or t =KnN, (13)

where t in equation (13) represents the dimensionless relaxation without the caret.
Having defined Kn, appropriate Ny and t could then be selected, which would then be
used in the determination of mesh size and the collisionpropagation updating procedure
respectively. Note that the degree of rarefaction is affected by 2 factors, namely the mean
free path (density) and the characteristic length. Although there is no proof in equating
same degree of rarefaction by low dengity (large | ) and by minute geometries (small L),
we treat this dimensionless number Kn here as generd, irrespective of its origin. With
this approach, there is literdly no restriction on the flow regime from the point of
governing equations, as encountered by its N-S solvers counterpart, in which rarefaction

breaks down the continuum of flow and cause N-S approach to be invalid at high Kn.

It is worth noting that the lattice velocity definition which requires Dxand Dt to

be of the same order of | and t respectively automatically satisfies our intrinsic criterion
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for micro flow that the particles interactions are restricted to collisiona time and space
in microscopic level. Particles are assumed to travel adistance of | while relaxing to their
equilibrium state in duration t. Hence, the overall collison time t; is very smilar, and in
our assumption equal to the relaxation time t. Note a so that parameter ein Equation (10)
marks the rarefaction effect in the governing equation when used in rarefaction context.

Therole of € which isanalogousto Kn as discussed earlier is practically the same as that
of Re in Navier-Stokes equations. Choosing Dt =t_. and dropping the carets leads to the

conventiona Lattice Boltzmann BGK equation:

F(x+c,Dtt+Dt)- F(%t)=- tl[Fi (%,1)- Fe(x,t) (14)

Up to this point, we are ill on the same basis that conventional LBM stands,

therefore the definitions of the density distribution, momentum and pressure still apply:

k k
r=aF, rU=§cF, P:%rcz (15)
i=0 i=1

As such, the equilibrium distribution functions approximated from a Maxwellian

distribution [11,14] can be defined as.
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3
- (16)
2 ¢ Y

Fieqzlrg“glz 26 30 i=1,357 (17
9 2} C 2 C 2¢c a
7 2 21

oL §,500 9leU)f 3u%l i=2468 (18
i N2 2 2 4 2 2 Y
2} C C C 3]

In the traditioral approach, while recovering Navier-Stokes eguations in
macroscopic limit through a multi-scale (ChapmartEnskog) expansion technique, the
flow parameter such as the kinematic viscosity u can be defined [15], which will then be
used in congtructing the Reynolds number. As will be shown in the next section, we
discuss a different flow parameter necessary to be looked into as stated in discrete
Boltzmann equation (6), where the Knudsen number instead of the Reynolds number is
present and becomes the main flow parameter in addition to the density distribution

functions.

b. Flow smulation by L attice Boltzmann M ethod

The channel was assumed to have linear pressure distribution and the fluid in the
channel at rest initidly. As the flow was pressure driven, the flow boundary (i = 1, ad i
= imax) pressures were fixed at constant ratio at every time step, from which the
undetermined density distribution functions could be approximated by their equilibrium
distribution functions, whose u and v velocities were extrapolated from the flow domain

accordingly. Figure 2 shows lattice nodes with their 3 unknown functions (dashed lines)
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in the flow boundaries. As mentioned earlier, the pre-fixed vaues of pressure (and hence

dendity) together with the extrapolated u and v velocities defined the 3 unknown

functions at flow boundaries, as follows:

F.(xy,t)=F2(r,u,v,x y,t)u
F(xy,t) = F2(r,u,v, x y,t);', atinlet
Fo(x 1) = B (r,u,v,x, y,t)'p

FS(X’ y1 t) FSeq (r 1 U,V, X! y’ t)u
F4(X1 y,t) = Ff"'(r U,V X, y,t)'y at outlet

Fo(x y,t) = F2(r ,u,v,x, y,t)b

(19)

(20)

On the solid boundaries { = 1, and j = jmax), we incorporated specular bounce

back to have 3 unknown distribution functions (Figure 3) defined, as follows:

Fo(xy.t) = Fy(x yit)
F,(x y.t)= F(x,y,t) y at lower wall

F, (X’ y,t) FG(X, Yat) IC)

R (x yit) = F(x y.t) o
F,(x y,t) = Fy(x, y,t) i/ at upper wall

Fe (X’ y’t) = F4(X1 Ys t) b

(21)

(22)

This is analogous to a reflection of a particle hitting a wall specularly, taking the

distribution function as a representation of a group of particles having the same velocity

approaching the wall. Earlier bounce back scheme [16] was used heuristically to ensure

no dlip condition while this specular scheme enables us to capture the dip at wall.
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In addition to specular bounce back, we introduce an extrapolation scheme which
approximates the flow variables a solid boundaries by a 2" order polynomial
extrapolation scheme. The unknown functions at wall are then approximated to their

equilibrium functions, which are sufficiently made up of the extrapolated flow variables:

i (xyt)=3 (xyx1t)- 3 (x y£1t)+j (xy£1t) (23

R (X' y,t)= Fieq(i ' X y,t) (24)

where F" is the unknown digtribution function at wall boundary in Figure 2and j

represents flow variables r, and u. This approximation may be justified by the fact that

al distribution functions eventualy converge to their equilibrium states. The main
objective here is to investigate the direct effects of boundary treatments used in the lattice
boundaries on the entire flow properties, and more importantly, their contributions to dip

velocities.

Since Equation (14) mainly describes the particle activities in the smulated flow,

i.e. local collison and propagation, it can be split into 2 numerical steps accordingly:

F (%)= F(%1)- 2[R (%.t)- F2(x.t)] (25)

F(x+c,Dtt+Dt) = F (%t (26)
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Upon caculaing al F*'s which are only functions of the macroscopic parameters
(namely r, u, and v) in the flow domain, local collisions will be performed (Equation
(25)), which is followed by global propagations (Equation (26)). Those distribution
functions a boundaries that cannot be determined by propagation procedure are
exceptiona to this agorithm and will be attained according to our boundary treatments

mentioned earlier.

1. Resaultsand Discussions

Beskok et a [17] proposed that there were 4 magjor effects occur in micro flow,
namely rarefaction, compressibility, thermal creeping and viscous heating. The first 2
effects will be more relevant in our present isothermal analyses, which can be shown by
our pressure and velocity analyses. We are particularly interested in the Slip Flow regime
(0.01 < Kn < 0.2) where the flow is sill deemed valid when solved using Navier-Stokes
equations with dip boundary condition. 4 cases were smulated, i.e. 2 dimensiona micro-
channel flow with Kn = 0.05 and 0.1 with 2 boundary treatments mentioned earlier, i.e.
specular bounce back (Spec) and the extrapolation method (U Ext.). Arkilic et al [18]
obtained analytical Navier-Stokes solution at low Re and Ma with afirst order dip model
for 2D micro-channd flow, in which the general pressure and velocity profiles were
described. In Figures 35, our numerica results yield the same profiles as given by
Arkilic et a, and these profiles remain smilar in genera in our present numerical
smulations. In this section, the negation of nortlinearity in pressure distribution

(compressibility) as Kn increases is discussed, and experimental results from UCLA [19]
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are aso benchmarked to examine our numerical results in Trangtion Flow regime (0.1 <
Kn < 3. In spite of the differences in modelling approaches, both Arkilic and present

results are expected to be comparatively similar since both of them fall within the same

Slip Flow regime, asillustrated in Figures 6-12.

Figure 3 shows the pressure distribution in the channel, where the pressure P* has
been normalized by the outlet pressure, and the x-coordinate to the channel length. * here
denotes the non-dimensiondisation of a flow variable. It can be shown that P* isonly
dependent on X, and that it remains unchanged across the channdl. Figures 4 and 5
illustrate the u and v velocities respectively. In general, Figure 4 exhibits the genera
characteristics of micro-channedl flow, in which the dip and centreline velocities increase
along the channel due to decreasing pressure, and that the parabolic velocity profile
across the channel is symmetrical throughout. Figure 5 confirms the v profile obtained by
Arkilic et d [18], in which the velocity is zero at the centreline and solid boundaries, and
that the maximum points are opposite to each other and skewed towards the walls.
However, its relative importance is not as significant as P* and u, because its magnitude
is of several order smaller. Nonetheless, this characteristic of flow captured by the
present approach confirms the existence of lateral velocity v as shown in the andytica

solution.

In Figure 6, we compare the non linearity of pressure (P¢= P - P,fnear) obtained

by various methods mentioned earlier a Pr = 2.0 within Slip Flow regime, at Kn = 0.05

and Kn = 0.10 respectively. Similar to that predicted by the analytica solutions, both
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boundary trestment schemes are able to show the negation of nonlinearity in pressure
(P¢= P, - P,fnear) as rarefaction increases. This non-linearity in pressure distribution is a
consegquence of the compressibility effect in micro flow according to Beskok et a.

Figures 7 and 8 on the other hand illustrate P¢ for a spectrum of pressure ratios ranging
2.0 < Pr < 3.0 obtained using different boundary treatment schemes. The compressibility
effect is enhanced by larger pressure ratios in both cases, and there is adso a consistent
deficit in magnitude between our numerica results and Arkilic's, which are more
obvioudly illustrated in Figures 9 and 10. This may be the case since the rarefaction effect
is only accounted for in Arkilic's solution by incorporating a first order dip while we
look at the issue in a more rarefied sense where the molecular dimensions are concerned.
In concluding this remark, we compare both present results and Arkilic’sresultsto UCLA
experimental results [19], as shown in Figures 9 and 10: Arkilic's results over-predict
Pdin both cases, and the over-prediction becomes more obvious at larger Kn. Our results
show that the nontlinearity in pressure which is reverse indicator of rarefaction does not
vay much for both boundary schemes. This suggests that the boundary treatment

mechanism has little influence on the pressure distribution. Another interesting point is
that the peak of nontlinearity is skewed towards the outlet; this phenomenon is clearly

exhibited by both Arkilic’'s and present results. However, we report a more severe
skewness, in which the peak occurs at 0.6 < X < 0.7, compared to amost consistently at
roughly 0.6 in Arkilic's results. It is aso shown that larger pressure ratio will further

delay the peak towards outlet and that Kn has little effect on its location. The effect of Kn

is not fully realised, neither in Arkilic’s nor in present results.
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Figures 11 and 12 show the dip velocities dong the channel that are normalised
to the outlet centreline velocity predicted by Specular and Extrapolation schemes
respectively. Both present results predict smaler dip on wall towards the outlet, with
Specular model (Figures 11la and 11b) comparatively well fitted in the capsule of
analytica predictions. Both models exhibit better resemblance at higher Kn, as depicted
in Figures 11b and 12b. There are 2 features that are commonly shared: the decreasing

trend for upstream dip at pressure rise and the convergence of a unique vaue of dip a

outlet for various Pr’s. According to Arkilic et a [18], thedip at wall u; a outlet isonly

dependent on Kn, given by Equation (27):

1

1 _ (27)
1+4sKn,

* —
us,o -

where s is a parameter (accommodation factor) in Arkilic’'s solution and is set to 1, and
Kny is the outlet Knudsen number. Since local Knudsen number is a function of density
that varies along the channel, the outlet Knudsen number which is usually at atmospheric
conditions and constant is used in representing the flow for general cases. In present

work, we keep up this consistency and characterise every simulation case by their outlet

Knudsen numbers. In general, dip at wall can be expressed in terms of outlet dlip ug,

that is function of Kn, Pr and 1% , shown below:

X

i =2u, =y, (28)
Pr ~ ’
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where Q denotes the ratio of local to outlet pressure gradient and the subscript x and o

denote location along the channel and the outlet position respectively, in which case

T,
" _ 1+125Kn- (Pr2+125KnPr) 0
X[, 2/(6sKn)? +(1+12sKn)x+ (P? +12sKnPr)1- x)

Parameter Y isinversely proportional to Pr; this explains Figures 11 and 12 about the
reducing normalised inlet dip velocities. In generd, dip velocity grows with Pr, but since
the normalising parameter Umax grows more effectively than us, we observe a decline in
dip as Pr increases. Both of our boundary schemes predict the outlet dip (Pr invariant) to
be generally lower than that by N-S first order dip mode. The reasoning of this may be
that mere first order dip incorporation in N-S equations does not sufficiently and

accurately account for the dip phenomenon. Also N-S equations, which is macroscopic in
nature, does not account for rarefaction effect intrinsically, and this in turn over-predict
the compressibility (nor+linearity) as well as dip as external first order approximation has

to be used to make the flow ‘rarefied’.

V. Concluding Remarks
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Here we present a particle-based LBM scheme in solving discrete Boltzmann
equation, whose validity is more appropriately justified for micro flow. We look at a

smple 2D pressure driven channel flow paying particular attention to the pressure
distribution and the dip velocity aorg the channel. Next, we vaidate our scheme in Sip
Flow and Trandgition Flow regimes, comparing the numerica results with experimenta
data as well as analytical solution based on N-S equations. Finaly, the immediate effects
of Kn and Pr on nonlinearity of pressure and dip are aso discussed briefly. Our
numerical results confirm the rarefaction’s negation on non-linearity of pressure, that the
normalised dip diminishes with Pr, and that the normaised outlet dip is only dependent
on Kn but not Pr. The dip predicted by both boundary schemes here fall in the spectrum
of that predicted by analytical solution, particularly at higher Kn in Sip flow regime. In
the present work, we only look at micro flow in rarefaction context, in doing so, we have
disregarded particles molecular constitution and overlooked the possible rarefaction

disparities due to low density and miniature dimension.
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Fig. 1 A D2Q9 Lattice Modd: (a) lattice Directions; (b) Lattice Velocity Vectors
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Fig. 2 Configuration of Distribution Functions at Boundary Points
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Fig. 3 Normalised Pressure Distributions Predicted by Specular Scheme

a Pr=2.00,Kn=0.05

Fig. 4 u-Veocity Profile Predicted by Specular Schemeat Pr = 2.00, Kn = 0.05
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Fig. 5 v-Veocity Profile Predicted by Specular Scheme at Pr = 2.00, Kn= 0.05
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Fig. 6 Comparison of Nonlinearity of Pressure P° Obtained by Specular (Spec) and

Extrapolation (U Ext.) Schemes with Analytical Solution at Pr=2.0, Kn=0.05, 0.1
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(b) Resultsof Kn=0.1
Fig. 7 Comparison of Nortlinearity of Pressure P Obtained by Specular (Spec) Scheme

with Analytical Solution at Kn=0.05, 0.1 and Different Pressure Ratios
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(b) Results of Kn=0.1

Fig. 8 Comparison of Nortlinearity of Pressure P Obtained by Extrapolation (U ext)

Scheme with Analytical Solution at Kn=0.05, 0.1 and Different Pressure Ratios
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Fig. 9 Comparison of Nortlinearity of Pressure P Between Present Results, Arkilic’'s

Analytical Results and Experimental Data at Pr=1.88, Kn=0.056

Fig. 10 Comparison of Nontlinearity of Pressure P Between Present Results, Arkilic’'s

Analytical Results and Experimental Data at Pr=2.05, Kn=0.155

26/28



Smulating Micro Channd Flows by Lattice Boltzmann Method

LimC.Y.e a

0.15+

a
o
[
T

0.05

Fpoecular Sip, Kn=0.05

— 20
———= 225
-——=- 25
———- 275
——————— 30

—— Arkilic20
Arkilic 3.0

T

—_
——
—_——

(8 Resultsof Kn=0.05

C
S o
B2 R

o
[

o
&l

o

Specular Sip, Kn=0.1

— === 30
Arkilic 2.0
—— Arkilic30

. —
—_——

T—-

O||||||\|\|\\_|g||||||||||||||||||

P T I S T T 1 M T BT B
025 05 0.75 1

(b) Results of Kn=0.1

Fig. 11 Comparison of Slip Velocity at Wall between Present Results Obtained by

Specular (Spec) Scheme and Arkilic’'s Analytical Results at Kn=0.05, 0.1

and Different Pressure Ratios
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(b) Results of Kn=0.1
Fig. 12 Comparison of Sip Velocity at Wall between Present Results Obtained by
Extrapolation (U ext) Scheme and Arkilic's Analytical Results at Kn=0.05, 0.1 and

Different Pressure Ratios

28/28



