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Application of lattice Boltzmann method to simulate microchannel flows
C. Y. Lim, C. Shu,a) X. D. Niu, and Y. T. Chew
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Microflow has become a popular field of interest due to the advent of microelectromechanical
systems. In this work, the lattice Boltzmann method, a particle-based approach, is applied to
simulate the two-dimensional isothermal pressure driven microchannel flow. Two boundary
treatment schemes are incorporated to investigate their impacts to the entire flow field. We pay
particular attention to the pressure and the slip velocity distributions along the channel in our
simulation. We also look at the mass flow rate which is constant throughout the channel and the
overall average velocity for the pressure-driven flow. In addition, we include a simulation of
shear-driven flow in our results for verification. Our numerical results compare well with those
obtained analytically and experimentally. From this study, we may conclude that the lattice
Boltzmann method is an efficient approach for simulation of microflows. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1483841#
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I. INTRODUCTION

The existence of micromachining technology such
surface and bulk machining enables us to fabricate mech
cal systems in micron size, which are generally referred
the microelectromechanical systems~MEMS!. These sys-
tems, comprising mostly sensing and actuating compone
are the integration of miniature mechanical devices and e
tronic circuits that have fast response time and are capab
achieving high spatial resolution due to their minute size
two attractive features from engineering application point
view. In addition, the fact that these devices are batch ma
factured with techniques similar to silicon wafer fabricati
makes MEMS very competitive from an economic point
view as well. The advent of these microsystems comp
ments the development and understanding of new regime
microflow by making experimental work possible, which
turn help calibrating MEMS and understanding their char
teristics like a feedback loop. The main incentive to look
fluidic behavior at micron scale is that microdevices tend
behave much differently from the objects we are used
handling in daily life, requiring us to bring more factors in
consideration. Under such circumstances, the inertial fo
tend to be quite small, and the surface effects such as
tion, electrostatic forces, and viscous effects tend to do
nate their overall behavior as the surface to volume ra
becomes larger.

Minute dimensions have also extended these flow p
nomena to higher degrees of rarefaction, which is often c
acterized by Knudsen number Kn, where Kn is the ratio
the mean free pathl to the characteristic lengthL. It is
generally agreed that continuum fluid flow holds until K
50.01, beyond which the continuum assumption bre
down in rarefaction due to sharp gradients of the flow
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rameters. The major concern in applying Navier–Stok
~NS! equations beyond this regime is that there may be s
ply too few molecules within a finite volume for continuum
assumption to be valid. As Kn increases, the flow enters
‘‘slip-flow’’ (0.01 ,Kn,0.1) and ‘‘transition’’ (0.1,Kn
,3) regimes. In the slip-flow regime, the Navier–Stok
solver can still be used with introduction of a slip velocity
the solid boundary. In the transition regime, the rarefact
effect is critical, and the conventional flow solver, which
based on the computation of Navier–Stokes equations, i
longer applicable. In this case, a direct alternative would
particle-based methods. One of those efficient particle-ba
methods for simulation of microflows is the direct simulatio
of Monte Carlo~DSMC! method.1 DSMC simulates molecu-
lar interactions of particles, which represents groups of m
ecules having the same properties such as velocity and
perature. Since a simulated particle representing a grou
molecules having the same properties is taken as one i
pendent variable, there is no need to consider each mole
individually among this specific group of molecules. Th
number of real molecules per simulated particle is called
scaling factor, which often ranges from 1010 to 1012 for a
two-dimensional~2-D! problem. In actual DSMC computa
tion, the gas is represented by many simulated particles
tributed in cells in which all the macroscopic properties
the flow field are obtained by statistical analysis. The int
particle collision is carried out according to probability
collision, i.e., pairs of molecules are selected randomly
elastic collision within a cell or subcell. Since in the DSM
method, the number of particles distributed in the field
directly related to the number of molecules, the compu
tional effort is usually very large.

Recently, another particle-based approach, the lat
Boltzmann method~LBM !, has received considerable atte
tion for simulation of viscous flows.2–5 Unlike the DSMC
method, the number of particles distributed in the field is n
il:
9 © 2002 American Institute of Physics
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related to the number of molecules in the LBM. Instea
it is only dependent upon the number of mesh points
the lattice model. Therefore, it is much more computationa
efficient than the DSMC method. For a typical case
Kn50.05 and pressure ratio52.5, LBM requires 92 s com
putational time and 1.86 Mbytes on a COMPA
ALPHASERVER DS10, while DSMC requires 1.053105 s
and 5.08 Mbytes on the same machine. LBM only requi
updating the density distribution functions, while DSMC r
quires tracing of 1.23105 particles with position, velocities
as well as other auxiliary parameters.

Currently, the LBM is mainly applied to the continuum
flow regime due to the availability of comparisons by co
ventional CFD solvers. As will be shown later, there is
continuum assumption involved in the LBM; therefore
prospective in simulating microflows is quite evident in pri
ciple. In this work, we will show that with proper implemen
tation of boundary conditions, LBM is capable of simulatin
microflows. Our cases of study include 2-D pressure-driv
and shear-driven microchannel flow at 0.010,Kn,0.155.
The following shows that the LBM results are in good agre
ment with analytical solutions of Arkilicet al.6 as well as
experimental data.7

II. LATTICE BOLTZMANN METHOD

The origin of LBM can be traced back to the lattice-g
cellular automata8 ~LGCA!, in which similar kinetic equation
is shared

f i~x1ciDt,t1Dt !5 f i~x,t !1V i~ f i~x,t !!, i 50,1,...,k,
~1!

where f i is the Boolean algebra indicating the occupati
state of particles in thei direction andk is the total number of
lattice links;ci is the particle velocity, the last termV i in the
equation represents the collision operator in accordance
arbitrary collision rules.

Recent lattice Boltzmann models are further simplifi
by replacing the Boolean algebra with a continuous distri
tion function5 and also by linearizing the collision operat
by Bhatnagar–Gross–Krook~BGK! approximation,9,10 in
which the nonlinear termV i is expressed as the single tim
relaxation off i to local equilibrium,11 yielding

f i~x1ciDt,t1Dt !5 f i~x,t !2
1

t
@ f i~x,t !2 f i

eq~x,t !#,

i 50,1,...,k, ~2!

where f i
eq is the local equilibrium distribution function,t is

the collision time. Note that the BGK approximation11 is
originally created for the Boltzmann equation, and for t
continuum flow,t is related to the viscosity. Alternatively
Eq. ~2! can be derived from the discrete Boltzmann equat
by using the upwind difference discretization. The Bol
mann equation with BGK approximation can be written a

] f ~v,x,t !

]t
1v"“ f ~v,x,t !52

1

v
@ f ~v,x,t !2 f eq~v,x,t !#,

~3!
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wherev is called the relaxation time in the BGK collisio
model. It has been shown that the velocity spacev can be
discretized into a finite set of velocities$ci% without affecting
the conservation laws.4 In the discrete velocity space, th
Boltzmann equation becomes12

] f i~x,t !

]t
1ci "“ f i~x,t !52

1

v
@ f i~x,t !2 f i

eq~x,t !#. ~4!

Equation~4! is applied along thei velocity direction. The
stream velocity can be taken asci5Dx/Dt. With this, appli-
cation of upwind differencing to Eq.~4! gives12

f i~x1ciDt,t1Dt !2 f i~x,t !52
Dt

v
@ f i~x,t !2 f i

eq~x,t !#.

~5!

Equation~5! is exactly the same as Eq.~2! if we set t
5v/Dt. To apply Eq.~2! or Eq. ~5!, one has to determine
the parametert or v. For the continuum flow, we can per
form Chapman–Enskog multiscale expansion to Eq.~2!, and
t is determined in such a way that the Navier–Stokes eq
tions are recovered. As a consequence, the parametert is
given by

n5cs
2Dt~t20.5!, ~6!

where n is the kinematic viscosity andcs is the speed of
sound. However, for the microflow, the continuum assum
tion is not valid, and Eq.~6! is not applicable. For this case
t should be related to the Knudsen number. Based on
BGK approximation, we assume that the collision happe
and relaxes toward equilibrium within a distance ofl ~mean
free path of molecules! in durationv when a particle travels
a distance ofDx within a time interval ofDt. In other words,
particles are assumed to travel a distance ofl while relaxing
to their equilibrium state in a collision intervalv, which is
also the relaxation time. The above-mentioned assump
can be mathematically put as

c̄5
l

v
'OS Dx

Dt D , ~7!

where c̄ is the mean speed of particle. In our simplifie
analysis, we choosel/v5Dx/Dt ~Dx5Dy due to square
lattice!. Finally, we obtain the following relationship:

l5tDx, ~8!

wheret is the dimensionless relaxation time seen in Eq.~2!
or Eq. ~5!. Equation~8! will be used in the present work to
simulate the microchannel flow. It is noted that in a rece
work,13 Nie et al. proposed another way to linkt with the
local density. They also generated some accurate result
microflows.

In the present study, we employ a square lattice mu
speed model, denoted by D2Q914 for its historical reasons a
in the following:

c05~0,0!,
~9!

ci5S cosS i 21

4 Dp,sinS i 21

4 Dp D c, i 51,...,8,
 license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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2301Phys. Fluids, Vol. 14, No. 7, July 2002 Application of lattice Boltzmann method
wherec is the particle streaming speed. Multispeed mod
were developed to account for unphysical flow effects s
as Galilean invariance15 and explicitly pressure-velocity de
pendence as discussed by Chenet al.16 In the early develop-
ment of LGCA and LBM, lattice tensor isotropy had to b
satisfied up to the fourth order in order to recover Navie
Stokes equations in the macroscopic incompressible li
Generally, a ‘‘reasonable’’ lattice has to be invariant w
respect to any arbitrary orthogonal transformations in
continuous space to avoid unphysical flow effects. This is
main reason to employ the multispeed square lattice in
LBM simulation. Other lattices of different shapes may
used as long as they do not bring along the above-mentio
problems, and their applications are straightforward. Figur
shows the square lattice employed in this work. The latt
vectors consist merely of unity components, which spec
the propagation directions of particles after local collisio
When c is taken as 1, the lattice velocityci5(cix ,ciy) has
unity magnitude for directions ofi 51, 3, 5, and 7, and mag
nitude& for directions ofi 52, 4, 6 and 8, as shown in Fig
1.

When the distribution functions are computed, the m
roscopic parameters can be easily determined from the
lowing formulations:

r5(
i 50

k

f i , rU5(
i 51

k

ci f i , P5
1

3
rc2. ~10!

As such, the equilibrium distribution functions approximat
from a Maxwellian distribution14,17 can be defined as

f 0
eq5

4

9
rF12

3

2

U2

c2 G , ~11!

f i
eq5

1

9
rF113

ci "U

c2 1
9

2

~ci "U!2

c4 2
3

2

U2

c2 G ,
i 51, 3, 5, and 7, ~12!

f i
eq5

1

36
rF113

ci "U

c2 1
9

2

~ci "U!2

c4 2
3

2

U2

c2 G ,
i 52, 4, 6, and 8. ~13!

In the traditional application, while recovering Navier
Stokes equations in macroscopic limit through a multisc
~Chapman–Enskog! expansion technique, the flow parame
such as the kinematic viscosityn can be defined,18 which
will then be used in constructing the Reynolds number.
will be shown in Sec. III, we look into a different flow pa

FIG. 1. A D2Q9 lattice model:~a! lattice directions;~b! lattice velocity
vectors.
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rameter, the Knudsen number, which will be used to de
mine the parametert in the application of LBM for the mi-
croflow.

III. MICROCHANNEL FLOW SIMULATION BY LATTICE
BOLTZMANN METHOD

In this section, we will discuss how to apply the lattic
Boltzmann method to simulate the microchannel flow. S
cial attention will be paid to the determination oft from the
given Knudsen number and the implementation of bound
conditions.

For the pressure-driven problem, the flow is driven
the pressure difference imposed at the inlet and outlet. W
the given pressure ratio (Pinlet /Poutlet), the pressure values a
the inlet and outlet are fixed during the computation. Acco
ingly, the density values at the inlet and outlet are determi
at each time step. To start the computation, the desired
5l/H is first input, whereH is the height of the channel
Since the square lattice is applied in the present work,H can
be written asH5(Ny21)Dx, whereNy is the number of
mesh points in they direction. So, from Eq.~8!, t can be
computed as

t5Kn~Ny21!. ~14!

With this formulation, it is quite impossible to have nu
merical simulation of Kn50. However, this case (Kn50)
can be considered by conventional LBM, for instance, us
Eq. ~6!. The local Knudsen number can be computed by

Kn5
Kno

P* ~X!
, ~15!

whereX is the nondimensionalx and the subscripto denotes
outlet. t will increase according to Eq.~14!. As the reason
for the increment of Kn along the channel is the decreas
pressure~density!, the increase oft which is related to the
mean free path in the lattice context is well justified, looki
at the fact that the mean free path is inversely proportiona
the density. Having defined Kn, appropriateNy andt could
be selected, which would then be used in the determina
of mesh size and the collision-propagation updating pro
dure, respectively. For the case of Kn50.05, the number of
nodes across the channel isNy521 andt is taken as 1 at the
outlet, while the length to height ratio has been kept at
throughout. For helium at Kn50.05, the corresponding
height of the channel is equal to 4.123mm and the length of
the channel is 41.23mm. As mentioned earlier,t varies along
the channel according to Eq.~14!. For the case of Kn50.1,
the channel height is 10 lattice units with the length to hei
ratio kept at 10. Note that the degree of rarefaction is
fected by two factors, namely the mean free path and
characteristic length. Although there is no proof in equat
the same degree of rarefaction by low density~largel! and
by minute geometries~small L!, we treat the dimensionles
number Kn as general, irrespective of its origin. With th
approach, there is literally no restriction on the flow regim
from the point of governing equations, as encountered by
 license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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NS solvers counterpart, in which rarefaction breaks down
continuum of flow and causes the NS approach to be inv
at high Kn.

With t value, Eq.~2! can be applied at all interior point
for all the lattice directions. However, at the boundary poin
the distribution functions along some lattice directions~out-
ward! can be computed from Eq.~2! while some others have
to be given from the boundary condition. The lattice dire
tions of D2Q9 at the inlet, outlet, and the solid walls a
shown in Fig. 2, where the solid lines represent known d
tribution functions streamed from the flow domain wh
dashed lines are unknown functions to be determined by
boundary treatments. Clearly, at the inlet, five distributi
functions f 3 , f 4 , f 5 , f 6 , and f 7 can be computed from Eq
~2!, and three distribution functionsf 1 , f 2 , and f 8 are to be
specified. Similarly, at the outlet,f 1 , f 2 , f 3 , f 7 , and f 8 can
be computed from Eq.~2!; but f 4 , f 5 , and f 6 have to be
given from the boundary condition. In this work, we u
equilibrium distribution functions to update the unknow
functions at the inlet and outlet, respectively. Note that in
equilibrium distribution function, the density and veloci
componentsu and v have to be given. In our work, th
density values at the inlet and outlet are fixed, andu andv
are extrapolated from the flow domain. So, the three
known functions at the inlet and outlet are given by

f 1~0,y,t !5 f 1
eq~r,u,v,0,y,t !

f 2~0,y,t !5 f 2
eq~r,u,v,0,y,t !

f 8~0,y,t !5 f 8
eq~r,u,v,0,y,t !

J at inlet, ~16!

f 5~L,y,t !5 f 5
eq~r,u,v,L,y,t !

f 4~L,y,t !5 f 4
eq~r,u,v,L,y,t !

f 6~L,y,t !5 f 6
eq~r,u,v,L,y,t !

J at outlet, ~17!

whereL is the length of the channel. Figure 2 also shows t
on the solid boundaries~top and bottom boundaries!, five
distribution functions can be computed from Eq.~2! while
another three functions must be determined by the boun
condition. The existence of slip velocity on the solid wa
makes the implementation of boundary condition on
solid wall critical for the microflow simulation. In this work
we adopt two methods to study the effects of boundary c

FIG. 2. Configuration of distribution functions at boundary points: so
lines represent known functions while dashed lines represent unkn
functions.
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ditions on the solid wall. The first one is the specular boun
ary condition. As shown in Fig. 2, this boundary conditio
gives

f 2~x,0,t !5 f 8~x,0,t !
f 3~x,0,t !5 f 7~x,0,t !
f 4~x,0,t !5 f 6~x,0,t !

J at lower wall, ~18!

f 8~x,H,t !5 f 2~x,H,t !
f 7~x,H,t !5 f 3~x,H,t !
f 6~x,H,t !5 f 4~x,H,t !

J at upper wall. ~19!

Equations~18! and~19! are analogous to a reflection of
particle hitting a wall specularly, taking the distribution fun
tion as a representation of a group of particles having
same velocity approaching the wall. Earlier bounce ba
condition19 was used heuristically to ensure no slip conditi
while this specular condition enables us to capture the sli
the wall. As far as the LGCA and LBM are concerned, th
heuristic boundary condition is popular and is a herita
from their successor models. We used specular bounce
for its simplicity and historical reasons. More important, th
is the most direct and simple method to yield slip at wall.
this point, some attention should be drawn to the spec
slip having 0 accommodation factor in Maxwellian sli
which is unphysical. As shown, our specular model in LB
still has some momentum ‘‘deposited’’ on the wall, only th
unknown density distribution functions are defined by th
corresponding specular directions, with other functions be
propagated from interior lattice nodes. In other word
‘‘specular’’ is loosely used in our boundary definition due
its historical as well as particle–wall interaction in lattic
context. There is no other relationship other than the conc
tual idea of ‘‘elastic reflection’’ of particles in defining th
unknown by the known functions. Looking at only limite
speeds and restricted lattice directions, the specular appr
remains the feasible and practical ‘‘averaging’’ means in
solving this issue.

Another kind of boundary treatment on the wall is a
extrapolation scheme, which approximates the density
stream velocityu at solid boundaries~the normal velocityv
is always set to zero! by a second-order polynomial extrapo
lation form. The unknown distribution functions at wall a
then approximated by their equilibrium functions. This a
proximation may be justified by the fact that all distributio
functions eventually converge to their equilibrium states. T
main objective here is to investigate the direct effects
boundary treatments used in the lattice boundaries on
entire flow properties, and more important, their contrib
tions to slip velocities. In this extrapolation scheme, no h
ristic assumption is inherited, but it assumes that the fl
properties are continuous from the interior flow field to t
solid boundary.

Since Eq.~2! mainly describes the kinetics of particles
the simulated flow, i.e., local collision and propagation, it c
be split into two numerical steps accordingly:

f i* ~x,t !5 f i~x,t !2
1

t
@ f i~x,t !2 f i

eq~x,t !#, ~20!

n
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f i~x1ciDt,t1Dt !5 f i* ~x,t !. ~21!

Upon calculating allf i
eq which are only functions of the mac

roscopic parameters~namelyr, u, andv! in the flow domain,
local collisions will be performed@Eq. ~20!#, which are fol-
lowed by global propagations@Eq. ~21!#. Those distribution
functions at boundaries that cannot be determined by pro
gation procedure are exceptional to this algorithm and w
be attained according to our boundary treatments mentio
earlier.

IV. RESULTS AND DISCUSSION

Beskoket al.20 indicated that there are four major effec
occurred in microflow, namely rarefaction, compressibili
1
t
it
N

r-
t

on
a

ing
ed
ul

la

em
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thermal creeping, and viscous heating. The first two effe
will be more relevant in the present isothermal analys
which can be shown by our pressure and velocity profil
We are particularly interested in the slip flow regime (0.
,Kn,0.1) where the flow is still deemed valid when solve
using Navier–Stokes equations with slip boundary conditi
Four cases were simulated, i.e., 2-D microchannel flow w
Kn50.05 and 0.1 and with two boundary treatments m
tioned earlier, i.e., specular reflection~Spec! and the extrapo-
lation method~U Ext!. Arkilic et al.6 obtained analytical
Navier–Stokes solution at low Kn with a first-order sl
model for 2-D microchannel flow, in which the general pre
sure and velocity profiles were described. As predicted
Arkilic et al.,6 the pressure distribution can be given as
P* 526s Kn1A~26s Kn!21~1112s Kn!X1~Pr2112s Kn Pr!~12X!, ~22!
re
d,
d

e
-

o be
e

el,
et
el
iza-

the

ter-
e
res-
wheres is the accommodation factor which is effectively
for most engineering cases, Pr is the pressure ratio of inle
outlet. The gas–wall accommodation coefficient varies w
surfaces and is specified before numerical simulation by
solvers, and it is often obtained via experiments~or numeri-
cal experiments!, which varies with different solid–gas inte
faces. In our numerical simulation, there is no need
specify this accommodation factor, as required in the c
ventional Navier–Stokes solution. The specular approach
lows us to specify the boundary condition through trac
particles’ reflection intrinsically, just like other particle-bas
methods such as DSMC. In Figs. 3–5, our numerical res
yield the same profiles as given by Arkilicet al., and these
profiles remain similar in general in our numerical simu
tions.

FIG. 3. Normalized pressure distributions predicted by the specular sch
at Pr52.00, Kn50.05.
to
h
S

o
-
l-

ts

-

In this section, the negation of nonlinearity in pressu
distribution ~compressibility! as Kn increases is discusse
and experimental results from UCLA7 are also benchmarke
to examine our numerical results in transition flow regim
(0.1,Kn,3). In spite of the differences in modeling ap
proaches, both Arkilic and present results are expected t
comparatively similar since both of them fall within the sam
slip-flow regime, as illustrated in Figs. 6–12.

Figure 3 shows the pressure distribution in the chann
where the pressureP* has been normalized by the outl
pressure, and thex coordinate is normalized by the chann
length. ~* ! Here an asterisk denotes the nondimensional
tion of a flow variable. It can be shown thatP* is only
dependent onX, and that it remains unchanged across
channel. Figures 4 and 5 illustrate theu and v velocities,
respectively. In general, Fig. 4 exhibits the general charac
istics of microchannel flow, in which the slip and centerlin
velocities increase along the channel due to decreasing p

eFIG. 4. u-velocity profile predicted by the specular scheme at Pr52.00,
Kn50.05.
 license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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sure, and that the parabolic velocity profile across the ch
nel is symmetrical throughout. Figure 5 confirms thev pro-
file obtained by Arkilicet al.,6 in which the velocity is zero
at the centerline and solid boundaries, and that the maxim
points are opposite to each other and skewed toward
walls. However, its relative importance is not as significa
as P* and u, because its magnitude is of several ord
smaller. Nonetheless, this characteristic of flow captured
the present approach confirms the existence of lateral ve
ity v as shown in the analytical solution.

In Fig. 6, we compare the nonlinearity of pressure (P8
5Px* 2Plinear* ) obtained by various methods mentioned e
lier at Pr52.0 within slip-flow regime, at Kn50.05 and Kn
50.10, respectively. Similar to that predicted by the analy
cal solutions, both boundary treatment schemes are ab
show the negation of nonlinearity in pressure (P85Px*
2Plinear* ) as rarefaction increases. This nonlinearity in pr
sure distribution is a consequence of the compressibility
fect in microflow according to Beskoket al. Figures 7 and 8
on the other hand illustrateP8 for a spectrum of pressur

FIG. 5. v-velocity profile predicted by the specular scheme at Pr52.00,
Kn50.05.

FIG. 6. Comparison of nonlinearity of pressureP8 obtained by specular
~Spec! and extrapolation~U Ext.! schemes with analytical solution at P
52.0, Kn50.05, and 0.1.
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f-ratios ranging 2.0,Pr,3.0 obtained using different bound
ary treatment schemes. The compressibility effect is
hanced by larger pressure ratios in both cases, and the
also a consistent deficit in magnitude between our numer
results and Arkilic’s, which are more obviously illustrated
Figs. 9 and 10. The deviation may be due to the fact that
rarefaction effect is only accounted for in Arkilic’s solutio
by incorporating a first-order slip while we look at the iss
in a more rarefied sense where the molecular dimensions
concerned. In concluding this remark, we compare our
sults and Arkilic’s results to the experimental results
UCLA,7 as shown in Figs. 9 and 10. Arkilic’s results ove
predict P8 in both cases, and the overprediction becom
more obvious at larger Kn. Our results show that the non
earity in pressure which is the reverse indicator of rarefact
does not vary much for both boundary schemes. This s
gests that the boundary treatment mechanism has little in
ence on the pressure distribution. Another interesting poin
that the peak of nonlinearity is skewed toward the outlet; t
phenomenon is clearly exhibited by both Arkilic’s and th
present results. However, we report a more severe skewn
in which the peak occurs at 0.6,X,0.7, compared to almos
consistently at roughly 0.6 in Arkilic’s results. It is als

FIG. 7. Comparison of nonlinearity of pressureP8 obtained by the specula
~Spec! scheme with analytical solution at different pressure ratios for~a!
Kn50.05, and~b! Kn50.1.
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FIG. 8. Comparison of nonlinearity of pressureP8 obtained by the extrapo-
lation ~U ext! scheme with analytical solution at different pressure ratios
~a! Kn50.05, and~b! Kn50.1.

FIG. 9. Comparison of nonlinearity of pressureP8 between present results
Arkilic’s analytical results, and experimental data at Pr51.88, and Kn
50.056.
Downloaded 13 Jun 2002 to 137.132.3.9. Redistribution subject to AIP
shown that larger pressure ratio will further delay the peak
the outlet and that Kn has little effect on its location.

Figures 11 and 12 show the slip velocities along t
channel that are normalized to the outlet centerline velo

r

FIG. 10. Comparison of nonlinearity of pressureP8 between present results
Arkilic’s analytical results, and experimental data at Pr52.05, and Kn
50.155.

FIG. 11. Comparison of slip velocity at wall between present results
tained by the specular~Spec! scheme and Arkilic’s analytical results at dif
ferent pressure ratios for~a! Kn50.05, and~b! Kn50.1.
 license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



p
rd

ic
Kn
s
v
al

n

-
ha

ich
d in
we

tion
all

ent
el

2306 Phys. Fluids, Vol. 14, No. 7, July 2002 Lim et al.
predicted by the specular and extrapolation schemes, res
tively. Both present results predict smaller slip at wall towa
the outlet, with the specular model@Figs. 11~a! and 11~b!#
comparatively well fitted in the capsule of analytical pred
tions. Both models exhibit better resemblance at higher
as depicted in Figs. 11~b! and 12~b!. There are two feature
that are commonly shared: the decreasing trend for slip
locity at pressure rise and the convergence of a unique v
of slip at outlet for various Pr’s. According to Arkilicet al.,
the slip at wallus* at outlet is only dependent on Kn, give
by

us,o* 512
1

114s Kno
, ~23!

wheres is a parameter~accommodation factor! in Arkilic’s
solution and is set to 1, and Kno is the outlet Knudsen num
ber. Since local Knudsen number is a function of density t
s
li
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o
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sl
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e
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n
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n
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varies along the channel, the outlet Knudsen number wh
is usually at atmospheric conditions and constant is use
representing the flow for general cases. In present work,
keep up this consistency and characterize every simula
case by their outlet Knudsen numbers. In general, slip at w
can be expressed in terms of outlet slipus,o* that is function
of Kn, Pr, and]P* /]Xux , shown in the following:

us* 5
Q

Pr
Us,o* 5Cus,o* , ~24!

whereQ denotes the ratio of local to outlet pressure gradi
and the subscriptsx ando denote location along the chann
and the outlet position, respectively.Q and]P* /]Xux can be
written as

Q5
]P* /]Xux
]P* /]Xuo

, ~25!
]P*

]X U
x

5
1112s Kn2~Pr2112s Kn Pr!

2A~6s Kn!21~1112s Kn!X1~P2112s Kn Pr!~12X!
. ~26!
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ParameterC is inversely proportional to Pr; this explain
Figs. 11 and 12 about the reduction of normalized inlet s
velocities. In general, slip velocity grows with Pr, but sin
the normalizing parameterUmax grows more effectively than
us , we observe a decline in slip as Pr increases. Both of
boundary treatment schemes predict the outlet slip~Pr invari-
ant! to be generally lower than that by NS first-order s
model. The reasoning of this may be that mere first-order
incorporation in NS equations does not sufficiently and
curately account for the slip phenomenon. They require
plicit supplements such as the continuum assumptions
accommodation factors. Shrinking grid size will not be ef-
fective and the only way to account for it is to have a s
fluid–wall interaction, which often requires a Maxwellia
first-order slip with predetermined accommodation factors.
LBM, which solves the discrete Boltzmann equation, do
not require continuum assumption nor does it require exp
supplementary knowledge such ass. Hence, we consider i
more general for microflow simulations. Navier–Stok
equations, being one of the particular solutions of the Bo
mann equation by the Chapman–Enskog method, are ge
ally used for the slip-flow regime only where the microe
fects are not profound, as discussed previously.

Figures 11 and 12 also reveal that, as Kn increases
slip velocity increases. This well reflects the physical ph
nomenon. As we know, in the continuum flow regime~Kn is
very small!, there is no slip velocity~zero value!. When the
flow enters the slip-flow regime, the slip velocity occurs.
other words, the slip velocity should physically increase w
increase of Kn. Our results confirms this phenomenon.
slip velocities are quite different as shown in our numeri
results; this implies that the choice of boundary treatmen
p

ur

ip
-

x-
nd

s
it

-
er-

he
-

e
l
is

sensitive for slip velocity but not the pressure distributio
Due to the nature of these boundary treatments, slip at wa
predicted differently, the specular model allows more slip
wall while the extrapolation scheme is more conservative
Kn50.05. To further investigate the sensitivity of the
boundary schemes, we study the mass flow rate contrib
by both schemes and our numerical predictions reveal
the difference of both boundary schemes is quite insign
cant on average.

A more meaningful parameter to look at is the mass fl
rate per unit width, which can be computed byṁ* /w
5( r* u* Dy. Our numerical results show a constant ma
flow rate throughout the channel, which should be the ca
For this reason, the mass flow rate is calculated atX51,
using the above-mentioned formula. Dimensionalizing it
the outlet density, reference speed which is the average o
speed, and the mean free path of helium at atmospheric
dition ~206 nm!, it is then compared to the expression fitte
for Arkilic’s data ~using current channel dimensions! in Figs.
13~a! and 13~b!.

Finally, since the mass flow rate—which can be thoug
of as a product of density, average velocity, and cro
sectional area—is constant along the channel, we can ob
an overall average velocity for a specific Kn and Pr by
further division of the channel height. We then plot the a
eraged velocity(u* Dy/H predicted by Spec and U Ex
schemes against the Knudsen number ranging from 0.04
0.1 atX51 in Fig. 14. Arkilic’s nondimensionalized averag
velocity at the outlet is also shown in Fig. 14. Both o
numerical results and Arkilic’s expression show the decre
ing trend of average velocity when Kn increases. A curve
fitted to define the trend numerically, which gives
 license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



a

in
c
ar
a
n

in
l

ob
t

ary

ary

2307Phys. Fluids, Vol. 14, No. 7, July 2002 Application of lattice Boltzmann method
u* 5
0.5767

Kn
23.6357. ~27!

We also include a shear-driven 2-D microchannel flow
Kn50.01 for verification. In Fig. 15, theu velocity profile is
normalized using the shearing velocity at the upper mov
wall. The boundary treatment at solid boundary is our spe
lar model, and for the open boundary, periodic bound
condition is employed. Also included in Fig. 15 are the an
lytic solution and DSMC results. Since there will be no de
sity change in isothermal cases,1,21 the velocity profile is
solely dependent on the shearing motion of the upper mov
plate, and is a linear distribution across the channe
Navier–Stokes equation is solved (d2u/dy250) with equal
Maxwellian slip

us5
22s

s
Kn

]u

]yU
w

at both walls. The velocity profile can be expressed as

FIG. 12. Comparison of slip velocity at wall between present results
tained by the extrapolation~U ext! scheme and Arkilic’s analytical results a
different pressure ratios for~a! Kn50.05, and~b! Kn50.1.
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FIG. 13. Comparison of mass flow rates predicted by current bound
schemes with analytical expression by Arkilicet al. at different pressure
ratios for ~a! Kn50.05, and~b! Kn50.1.

FIG. 14. Nondimensionalized average velocity at outlet by current bound
schemes with analytical expression by Arkilicet al. at different pressure
ratios for ~a! Kn50.05, and~b! Kn50.1.
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wheres taken as 1 best fits the results. As shown, LBM
prediction shows excellent comparison to the analytic so
tion while the DSMC’s results scatter around the line.

V. CONCLUSIONS

The particle-based lattice Boltzmann method~LBM ! is
successfully applied in this work to simulate a tw
dimensional microchannel flow driven by a pressure diff
ence and a shearing motion. Two approaches are presen
implement the boundary condition on the solid wall. F
pressure-driven cases, particular attention is paid to the n
linear pressure distribution and the slip-velocity distributi
along the channel. Other important parameters such as m
flow rate and average velocity are also studied. The pres
distributions obtained by the present method compares
with the experimental data as well as Arkilic’s analytic
solution. In fact, the present results are closer to the exp
mental data than Arkilic’s results, especially in the transiti
flow regime. Our numerical results confirm the rarefactio
negation on nonlinearity of pressure. The slip predicted
both boundary treatment schemes fall in the spectrum of
predicted by Arlilic’s analytical method, particularly a
higher Kn in the slip-flow regime. Our results confirm th
the normalized slip diminishes with Pr, and the normaliz
outlet slip is only dependent on Kn. Both boundary schem
are also verified by a shear driven case at Kn50.01, in which
both exhibit the same prediction as expressed by ana
solution.

In short, both the specular model and extrapolat
schemes capture slip at wall, by different methodology a

FIG. 15. Comparison of velocity profiles across the channel by differ
schemes for shear-driven flow at Kn50.01.
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principles. Since heuristic boundary conditions~specular
model! is a well-accepted methodology in LGCA and LBM
it is our tendency to support it if asked to choose betwe
these two, looking at the extrapolation scheme’s pure ma
ematical premise. However, the extrapolation scheme g
us an alternative to obtain slip and other properties at s
boundaries other than the heuristic model, which is done
considering the internal flow field in estimating properties
walls.
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