COT  4210
PROBLEM SET #2 SOLUTIONS
Workman


Fall 2008

1. Prove the cardinality of the following sets as stated:
(a)  If  S = { 3, 1290,  4,  abc }, prove that |S| = 4.
Solution.  Define f: S ( {0,1,2,3} as follows:
f(3) = 0; f(1290) = 1; f(4) = 2; f(abc) = 3.  Clearly f is onto.  It is also obvious that f is 1-1, since if x ( y then f(x) ( f(y).  Thus S is finite and |S| = 4.
(b)  If  P = { x ( N   | x is prime }, then |P| = (0.
Solution.
First we observe that |P| ( | N | = (0 because P is a subset of N and we proved in class that the cardinality of any subset of a set is no larger than the cardinality of the set itself.  To establish equality of |P| with (0, we recall that (0 is the smallest infinite cardinal.  Therefore, 
if |P| < (0 then |P| = n, for some positive integer n.  But then P = {p0, p1, …., pn-1}.  Now consider z = p0p1p2…pn-1+1.  By the Fundamental Theorem of Arithmetic, since z > pj for all j, 0( j <n, it must be divisible by some pk ( P. But since pk divides p0p1p2…pn-1, then it must also divide 1. A contradiction.  So, P cannot be a finite set and must therefore have cardinality (0.
(c)  If  S =  { x ( N  | x mod 5 = 1 }, then |S| = | N |.
Solution.
Again, it is obvious that |S| ( | N |.  We now define a function, f, from N onto S that is 1-1. Define f(x) = 5x+1.  Now y ( S if and only if y = 5k + 1, where k ( N. Clearly, for x ( N, f(x) ( S.  Furthermore, if x ( y, then 5x + 1  (  5y + 1.  Thus f is also 1-1 and we may conclude, |S| = | N |.
(d)  If A and B are finite subsets of N, prove that |A(B| = |A|*|B| (multiplication).
Solution.
Since A and B are finite, then |A| = n ( 0 and |B| = m ( 0.  If either A or B is empty, then  A(B = and  |A(B| = 0. Thus the relationship holds for the trivial case.  We proceed by assuming both A and B are non-empty sets and thus n and m are both > 0.  By definition of finite sets there exist functions f: A ( {0, 1, …, n-1} and g: B ( {0, 1, …, m-1}such that both f and g are 1-1 and onto.  We define h: A(B ( { 0, 1, …, nm-1 }. If we can show that h is 1-1 and onto, then |A(B| = nm = |A|*|B|.  Define h(a,b) = n*g(b)+f(a).  Suppose h(a,b) = h(a’,b’), where either a ( a’ or b ( b’.  Then we have n*g(b)+f(a) = n*g(b’)+f(a’). If b = b’, then g(b) = g(b’) and n*g(b) = n*g(b’).  This implies f(a) = f(a’), a contradiction.  On the other hand if a = a’, then f(a) = f(a’) and n*g(b) = n*g(b’), but since n > 0, we can divide by n to obtain g(b) = g(b’), but since g is 1-1 this is a contradiction.  It follows that h must be 1-1.  Now to show that h is onto let x be any value in the range 0( x ( nm-1. Let k be largest value such kn ( x.  Since (k+1)n > x, we have that x = kn + r, where r < n, that is, 0( r <n, or 
0 ( r (  n-1.  Thus, because f is onto, there is a member a ( A, such that f(a) = r.  The maximum value of k will occur when x = nm-1.  Clearly k must be < m, because nm > x.
Thus it also follows that 0 ( k (  m-1 and there exists b ( B such that g(b) = k. Thus h(a,b) = n*g(b)+f(a) = nk+r = x.  This completes the proof.
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The NFA, M, shown below accepts the set of legal identifiers composed of letters ={a}, digits = {0}, and the separator = {$}.









Solution: (a) - construct the equivalent DFA, M’’


	A
	0
	$
	
	

	(1
	{2}
	(
	(
	(
	{1}

	2
	(
	(
	{3}
	{3,5}
	{2,3,5}

	3
	{4}
	{4}
	(
	(
	{3}

	4
	(
	(
	(
	{2,5}
	{2,3,4,5}

	*5
	(
	(
	(
	(
	{5}


	p
	A
	0
	$

	({1} = 1
	{2,3,5}
	(
	(

	*{2,3,5} =2
	{2,3,4,5}
	{2,3,4,5}
	{3}

	( = 3
	(
	(
	(

	*{2,3,4,5}=4
	{2,3,4,5}
	{2,3,4,5}
	{3}

	{3} = 5
	{2,3,4,5}
	{2,3,4,5}
	(


· construct the equivalent minimal DFA, M’

	(0
	 A                                     B
	List Eq. Classes

	
	1
	3
	5
	2
	4
	
	
	
	
	List States

	a
	B
	A
	B
	B
	B
	
	
	
	
	

	0
	A
	A
	B
	B
	B
	
	
	
	
	

	,
	A
	A
	A
	A
	A
	
	
	
	
	


	(1
	   A          C         D            *B
	List Eq. Classes

	
	1
	3
	5
	2
	4
	
	
	
	
	List States

	a
	B
	C
	B
	B
	B
	
	
	
	
	

	0
	C
	C
	B
	B
	B
	
	
	
	
	

	,
	C
	C
	C
	D
	D
	
	
	
	
	


Solution: (b)  
Step 1:  Define nonterminals for each state.   N = { S, X, Y, Z, W}, where 
S ( {1}  the start state,  X ( {2},  Y( {3},  Z ( {4},  W ( {5}

P = { 1: S (aX, 


 
   2: X ($Y, 
3: X (Y, 
4: X (W,

   5: Y (0Z, 
6: Y (aZ,
 
   7: Z ( X, 
8: Z ( W, 

 
   9: W ((
// The accept state }

Solution (c):  Construct the equivalent LLG, G’.
N’ = {S’} ( {S,X,Y,Z,W} // S’ is the new start symbol!
P’ = { 1: X ( Sa, 


 
     2: Y ( X$, 
3: Y ( X, 
4: W ( X,

     5: Z ( Y0, 
6: Z ( Ya,
 
     7: X ( Z, 

8: W ( Z, 

 
     9: S’ ( W

10:  S ((   //old start symbol}

Solution (d):  L is the set of all strings that begin with “a” followed by zero or more occurrences of {a,0,$}, provided “$” is always followed by “a” or “0”.

------------------------
3. Consider the Left-linear grammar given below.  G = (N, , P, S), where  = { a, b, c }, 
N = {S, X } and 
P = {
1:  S ( aa
 
2:  S ( Xcc
 
3:  X ( Xa
 
4:  X ( Sbb
 
5:  X ( cca    }

Construct a DFA that accepts L(G).
Answer:  there are three steps to this construction.
Step 1:  Construct an equivalent RLG, G’ = (N’, , P’, S’), where N’ = N ( {S’} and 
P’ =
{1:  S’ ( aaS
;   S’ is the new start state
2:  X ( ccS
3:  X ( aX
4:  S ( bbX
5:  S’ ( ccaX,  
6:  S (    ; old start symbol   }




Step 2: Construct an NFA, M’, equivalent to G’.



Step 3: Construct a minimal DFA, Mp’, equivalent to the NFA in Step 2.

For any minimal DFAs, check your answer by running the program provided on the course website.
--------------------------
4.Convert the following Right-linear grammar to an equivalent DFA.
G = (N, , P, S), where  = {a,b,c}, N = {S, X, Y, Z} and P = { 
1: S ( X, 
2: S ( Y, 
3: X ( aZ, 
4: X ( cY, 
5: X ( cZ, 
6: Y ( aX, 
7: Y ( bY, 
8: Z ( bX, 
9: Z ( cX,
10: Z ( cY 
11: Z (  }

Let NFA, M = ( N ( {(}, (, (, S, {(}), where is given by the transition table below.
	(
	a
	b
	c
	(
	(*

	(S
	(
	(
	(
	{X,Y}
	{S,X,Y}

	X
	{Z}
	(
	{Y,Z}
	(
	{X}

	Y
	{X}
	{Y}
	(
	(
	{Y}

	Z
	(
	{X}
	{X,Y}
	{(}
	{Z, (}

	*(
	(
	(
	(
	(
	{(}


	(p
	a
	b
	c

	({S,X,Y}
	{X,Z,(}
	{Y}
	{Y,Z, (}

	*{X,Z,(}
	{Z, (}
	{X}
	{X,Y,Z, (}

	{Y}
	{X}
	{Y}
	(

	*{Y,Z, (}
	{X}
	{X,Y}
	{X,Y}

	*{Z, (}
	(
	{X}
	{X,Y}

	{X}
	{Z, (}
	(
	{ Y,Z, (}

	*{X,Y,Z, (}
	{X,Z, (}
	{X,Y}
	{X,Y,Z, (}

	(
	(
	(
	(

	*{ Y,Z, (}
	{X}
	{X,Y}
	{X,Y}

	{X,Y}
	{X,Z, (}
	{Y}
	{Y,Z, (}


5. see Problem Set#1 solutions.
6.For each of the following languages, give an Inductive Definition.  In each solution the Completion Rule is assumed but not stated.
(a) L = { x |  x ( {a,b}*  and  |x|a mod 3 = 2 }
Solution:   = {a,b}
Basis:  aa ( L
Inductive Rules:
[1]  if x ( L then xaaa ( L
[2]  if uv ( L, for any strings u,v ( *, then ubv ( L


(b) L ={ x |  x ( {a,b}* and each occurrence of b in x must be the first symbol of x or
                    the last symbol of x. }
Solution:   = {a,b}
Basis:  ( L
Inductive Rules:
[1]  if x ( L and |x|b = 0 then {ax, xa, bx, xb, bxb } ( L.


(c) L =  { x | x does not contain both ab and ba as substrings. }
Solution:   = {a,b}
Basis:  a, b ( L
Inductive Rules:
[1]  if y = ax ( L, then ay ( L and yb ( L.
[2]  if y = bx ( L, then by ( L and ya ( L.



(d) L =  { x | x contains both ab and ba as substrings. }
Solution:   = {a,b}
Basis:  aba, bab ( L
Inductive Rules:
[1]  if y  ( L, then  {ay, by, ya, yb} ( L
[2]  if  xay ( L, for some x,y ((*, then xaay ( L
[3]  if  xby ( L, for some x,y ((*, then xbby ( L

Example: Detailed step of how to construct regular expression from this DFA
[image: image1.png]



From lecture note. Let n = |Q|, the number of states of M.  Then for each state k, 
( ( k ( n, define

Lk = { x ( (*  |  M(q0, x) = k}

Lk is simply the set of input strings that leave M in state k.

From the DFA, we get:

L1 = {} ( L1{b} ( L2{b}.
L2 = L1{a}.

L3 = L2{a}( L3{a} ( L3{b}.

LM = L3 .
Then translate the above set of equations into equivalent regular expression equations 
by replacing Lk be ek, {a} by a, for each a ((, {(} by (, and finally, "(" by "+". The final stage is to solve the set of  regular equations (using substitutions and lemma 4) for eM
Note: 

Lemma 4.  Let A,B,X be any subsets of (* satisfying X = XA ( B.  Then
(a)  if  ((A, then X = BA*
(b)  otherwise, BA* is a subset of any X satisfying this relation.
In terms of regular expressions, Lemma 4 can be rephrased as Lemma 4'.

Lemma 4'.  Let A,B,X be regular expressions over ( satisfying X = XA + B.  Then
(a)  if  (( L[A], then L[X] = L[B]L[A]* = L[B(A)*]
(b)  otherwise, L[B(A)*] is a subset of L[X] for any X satisfying this relation.

Detailed steps to solve the equations:

[1]  translate set of equations to regular equations

 
e1 =  ( + e1b + e2b
e2 = e1a

e3 = e2a + e3(a+b)
[2] substitute e2 in e3 and e1


e1 =  ( + e1b + e1ab


e3 = e1aa + e3(a+b)
[3] use lemma 4

e1 = ( + e1(b+ab)  = (b+ab)*    ;  B = (, A = (b+ab) in lemma 4’

e3 = (b+ab)*aa + e3(a+b) 
     = [(b+ab)*aa](a+b)*    ;  B = (b+ab)*aa, A = (a+b)  in lemma 4’

[4]   eM = e3 = (b+ab)*aa(a+b)*
7. Construct Regular expressions for the following DFAs.
(a)  M1
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(b)  M2
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3. For M1 and M2 given in Problem 5, compute M’ for each of the following:
(a)  L(M’) = L(M1) – L(M2)  (See Cross-product Machine construction below)
(b)  L(M’) = ~L(M1)  Reverse role of accept and non-accept states (DFAs only).

                          [image: image6.png]



(c)  L(M’) = L(M1) ( L(M2).  (See Cross-product Machine construction below)
(d)  L(M’) = L(M1)*   

                               [image: image7.png]





Crossproduct Machine for M1 and M2.

Transition Table for M1 ( M2.


	(
	a
	b
	Reachable

States
	L1 – L2  
	L2 – L1  
	L1 ( L2  
	L1 ( L2  

	((1,1’)
	(2,2)
	(3,1)
	((
	
	
	
	

	(1,2’)
	(2,3)
	(3,1)
	
	
	
	
	

	(1,3’)
	(2,3)
	(3,3)
	
	
	(
	
	(

	(2,1’)
	(2,2)
	(3,1)
	
	(
	
	
	(

	(2,2’)
	(2,3)
	(3,1)
	((
	(
	
	
	(

	(2,3’)
	(2,3)
	(3,3)
	((
	
	
	(
	(

	(3,1’)
	(2,2)
	(4,1)
	((
	
	
	
	

	(3,2’)
	(2,3)
	(4,1)
	
	
	
	
	

	(3,3’)
	(2,3)
	(4,3)
	((
	
	(
	
	(

	(4,1’)
	(2,2)
	(3,1)
	((
	(
	
	
	(

	(4,2’)
	(2,3)
	(3,1)
	
	(
	
	
	(

	(4,3’)
	(2,3)
	(3,3)
	((
	
	
	(
	(
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The cells colored in Yellow indicate the accept states that are reachable for each language identified in the column heading.  This proves that each of these languages is non-empty.
(
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