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Realism: A Philosophy of Mathematics

The main point of this philosophy is the manner in which it stands in opposition to the widely accepted, or current, view of mathematics.  I want to represent and contrast the two philosophical viewpoints, the current, and my own viewpoint, which I call “realism.”  
The nature of the matter, as should become clearer shortly, is such that it would not be essential for me to go into much detail about realism, or to point out specifically, in detail or at length, just how I disagree with the validity of a proof or any part of it, which is founded on the opposing, current philosophy.  I disagree on the basis of the current view upon which all else depends.  Thus, according to realism, all so-called mathematical proofs and areas or branches of mathematics which are based upon and which depend upon this current viewpoint, are meaningless, unenlightening and invalid.  The main, essential point here, then, will be to try to fairly and briefly represent what are the two viewpoints, and to express my interest in what others think about the issue or question.   I would want to get an idea, that is, as to the consensus of opinion, coming from those, though, and only those, who seriously consider the question objectively in their own minds, who affirm that they understand what it’s about, and who have their own opinion based on their own understanding, not influenced by some authority whose opinion they feel is probably right and that they should follow.  It is generally understood and agreed that mathematics, in practice, depends upon assumptions which are agreed upon by all concerned, all those who have an interest in it and an understanding of it.  There is usually universal agreement in mathematics.  But we are interested in this aspect of it, apart from the truth, the right viewpoint, or the better viewpoint, the aspect of human opinion and agreement.  I am interested in the opinions of others, the general consensus, what the society will regard as truth in mathematics.  This is a part of the interest in mathematics, the human interest side.  It’s a human situation.  You or I can believe what we believe individually, of course.  It’s a free country.  You can’t help but believe what you believe according to your own understanding, even if others tried to coerce you.  But again, I am also interested in the society, the accepted views, and my own beliefs in relation to those of others.  Thus, here I am attempting to point out that there is an alternative philosophy, very different from, and opposed to, that extant, and to awaken an interest in considering both sides and expressing one’s viewpoint on that basis, rather than just to have the one viewpoint, and to have one’s mind led to that one viewpoint as though it alone represents understanding, and any disagreement must represent a failure to understand and ignorance.  Again, then, my main point here will be to represent the issue, the two sides, and to invite and to allow others to express their own views, for whatever reasons of their own they might have.  Detailed arguments I might present regarding specific mathematical proofs, then, will be of secondary interest, if I do, in fact decide to present any such.  They might be added as optional reading.  All that is really needed, though, all that is really essential, is for me to represent what are the two opposing viewpoints.  You then decide.  You can respond however you do, however.  You wouldn’t necessarily need to adopt any one viewpoint or the other in its entirety.  Whatever you think, of course, is what you think.  You might believe that I do not truly represent the opposition.  That’s a valid viewpoint.  The main interest is simply to get those who can understand it to consider it and to express their thoughts about the matter outwardly, to become aware of a broader consensus of opinion than I believe we have at present.  I separate in my mind, the truth in or about mathematics and the general consensus of opinion.  I believe that’s reasonable.  At the moment, I want to be more interested in opinions than the truth.  Everyone might always be wrong about everything, in a sense.  Who can tell how ideas might develop over time?  But in mathematics proper, there is generally overwhelming agreement.  No-one seriously and persistently disagrees with the Pythagorean Theorem.  Those who understand it cannot help but believe that it makes sense, that it works, that every step of the proof of it is convincing, that you would have to go way out of your way to find fault with it, to say that it is meaningless or unenlightening, even though one might find another way of thought that also makes sense in its own way.  That said, though, perhaps I should get to the point, the specific issue in question.  Where in mathematics might there be serious disagreement among those who claim to understand mathematics, and in fact do understand quite a bit of mathematics, inside of mathematics proper?  I will attempt to present the two sides.  

Current accepted viewpoint:  A given branch of mathematics, number theory, for example, or Euclidean geometry, for another, is founded on a set of axioms, from which the other statements in that branch can be derived logically.  Possibly, or at least theoretically, this can be accomplished formally, in what is called a “formal system.”  It is now believed, though, based on Godel’s findings and proof, that a given formal system doesn’t cover all the possibilities within that branch of mathematics, which might always be expanded further by a new set of axioms.  But this development doesn’t change the fact that according to this viewpoint, mathematics at any given stage in its development, is based on sets of axioms.  One derives all the statements and theorems logically from the axioms.  Hilbert and Godel are in agreement about that.  They differ only in their belief as to how much you can do within any one given system, or in what cannot be done within any one given system.  Based on this viewpoint, certain developments occur in mathematics as it is taught in the universities and as it is understood and accepted; for example, an area or branch of mathematics called “proof theory,” an acceptance of proofs about mathematical statements in general, such as godel’s proofs, as valid and proven mathematical theorems, an acceptance of proofs regarding whether or not it might be possible to prove a given statement within the present system, as valid and proven mathematical theorems, such as in the case of the continuum hypothesis.  

My own viewpoint, which I call “realism”:  My belief is that proof theory is invalid and meaningless, as is any of the thinking which is a part of it.  Godel’s proofs are invalid and meaningless.  No-one has ever proven mathematically whether a given statement might or might not be proven within a given system.  Any such so-called proof is invalid and meaningless.  No-one has ever proven anything mathematically one way or another regarding the continuum hypothesis.  The basis of my belief is that I don’t agree with the opposition as to the fundamental nature of mathematics or mathematical proof.  I maintain that there is no such thing as a formal system or any system at all like it which has anything to do with mathematics.  Strictly speaking, you don’t derive any statements from axioms, either logically or otherwise.  There is no such thing as pure thinking.  Logic out of a specific real context has no meaning.  Mathematics is essentially an empirical science based on facts about mathematical objects of study, chiefly numbers and geometrical figures, and also groups and topological spaces, whatever one might reasonably care to define as being within the sphere of mathematics.  But it’s a study like any other study, in that it involves learning about some outer reality of which we have no control and no a priori knowledge.  Logic is a trivial study, not telling you anything about reality outside of itself, besides the fact that you can’t always depend on it without stating just how or to what it is being applied.  Thus, at bottom there is reality.  That’s my first assumption.  I try to learn about that reality by confronting it, experiencing it, and applying my mind to it, in other words by thinking about it.  Numbers do not in any way represent thought or logic.  Rather, numbers are something to explore, find out about from experience and observation, think about and learn about.  That’s what mathematics is.  That’s the nature of it, like chemistry or history or any branch of learning.  When I first begin to think about numbers, I might make some simple statements about them based on my observations, which I might decide to call my axioms.  The reality of numbers is forced upon me.  I have no choice about the actual truth, the reality as it is.  I do have a choice as far as my axioms, the specific manner in which I might view that same given reality.  But the choice is very restricted in that I must make reasonable sense of that reality.  I can’t make up whatever axioms I please and make any sense.  All of sense and meaning are based upon learning about the outer reality which is forced upon me.  I receive satisfaction, a sense of accomplishment, because I discovered something about the given existing reality.  I then apply myself to learning more about numbers, beyond those simple axioms.  I can see much more than just the axioms.  But it is all one picture, one reality.  The more advanced observations which I make are related to the earlier, simpler statements, the axioms.  I verify the later statements by showing that they fit with my previous assumptions, the axioms, according to reason, which you might call “logic.”  But all my statements, theorems as well as axioms, stem from reality, my thinking about reality.  The axioms do not walk off by themselves and produce a reality by themselves.  The axioms by themselves do not lead anywhere.  They don’t do anything by themselves.  They don’t even mean anything by themselves.  They don’t exist by themselves. Similarly, there are no fixed rules of reason or logic which have any meaning or existence of themselves.  

Those are the two viewpoints under consideration.  You don’t necessarily need to read further.  That’s optional.  Look into it, consider it, form an opinion, if you don’t already have one, but based on your own true, unbiased understanding.  I’m trying to bring about an interest in the consensus of opinion about this question.  Is there anything approaching universal agreement based on real understanding, as is normally the case in mathematics?  Specifically, the tangible result of my own viewpoint of realism is that I am not convinced and I do not accept certain results, such as concepts or so-called proofs which are at this time widely accepted, and even regarded highly and as having great significance.  Normally, apart from those areas mentioned, I experience no such disagreement or non-acceptance.  There is a mathematical proof that pi is transcendental.  I don’t know the proof in any detail.  I haven’t studied it.  But based on the way it’s presented, the meaning of the statement, and the overall idea behind the proof, I am confident that it is a true mathematical proof.  Thus, in the areas where I disagree, one is not called upon to make a prolonged detailed study of any sort in order to have a valid opinion regarding the two viewpoints.  The question is whether the current viewpoint is meaningful and convincing at all, in any of its propositions, theorems or arguments.  If you answer yes, then you might accept that viewpoint.  If you answer no, then you would have to reject that viewpoint, and only then you might consider the alternative of realism, which at this point I base primarily on my rejection of the current viewpoint and its results.  I will, though, to some extent, as I say for optional reading, apply myself to some specifics, actual instances in which I disagree with the accepted results.  I have in mind:  1. truth tables.  2. The Godel Incompleteness Theorem.  3. The Continuum Hypothesis.  

1. Truth Tables
There is something which is put into mathematics texts and which is taught in high-school as well as at the university level, which is called the truth table.  It represents pure logic, having to do with general statements, apart from any context, what the statements are about.  As I say, I’m skeptical and critical of the meaning or significance of any such.  I find it generally presented without explanation or application, and as such I believe it to be meaningless, and in fact in some particulars I believe it to be false.  
If “p” and “q” represent statements, then we conclude that the one statement “p and q” would be a true statement if both p and q are true individually.  Otherwise, the compound statement “p and q” would be false.  I find that to be reasonable enough.  I accept it as true as far as I am aware.  But I question the relevance of it in a math text for no apparent reason.  I think it’s trivial, not much more than just a definition, the way we use words to make statements.  We might make two separate sentences or we might combine them into one sentence.  What’s the big deal?  I think that perhaps it stems from the currently accepted view of mathematics as based on pure logic of this sort, although such logic or tables doesn’t lead to real mathematics.  The table might serve as a practical device with a specific application, such as to electronic circuits, that’s all.  But I don’t believe that it has any great universal meaning or significance, such that it belongs in various math texts with no reason, explanation or application.  
Further, though, when it comes to the implications, I find that I cannot accept them as being meaningful or true as they are supposed to be according to the truth table.  

“P” and “q” are given as statements which are true or false in any of the four possible combinations.  In each case, the truth table tells us whether the implication “p implies q” is true or false.  If p is true and q is false, then the implication is false.  I cannot argue with that.  Reality dictates.  But in the remaining three cases, I don’t agree.  According to the truth table, if both statements are true, then the implication is true.  I don’t know what their point of view is here or what might be the meaning or application of it, but normally, we don’t take any two statements which have nothing to do with each other, however true they both may be individually, and say that one implies the other, meaning that the second is suggested or that it follows from the first.  That’s not the way the word “implies” is normally used.  The meaning of it is relative to our understanding.  It means that we can see, based on our understanding, that one follows from another.  We don’t say that “the grass is green” implies that “the sky is blue.”  We don’t see how one follows from the other, any causal connection between the two.  Thus, the truth table might have in mind certain kinds of mathematical statements, but it would need to be stated just how it applies and to what kind of statements it is referring.  We don’t say that “2+2=4” implies that there are an infinite number of primes.  We don’t regard that as a proof that there are an infinite number of primes.  I might begin with a true statement and derive statements which I know to be true based on my knowledge of the connection in reality between the statements.  Statements are then found to be true because of the known implications, because we know that one implies another.  It doesn’t work in reverse, as the truth table would seem to have it, that we have an implication just because statements are true in themselves.  What meaning or sense is there in this, to say that two statements are true and that although they have no particular connection to each other, that one implies another?  In other words, “truth” and “implication” are given the same meaning.  What’s the point to it?  It amounts to drastically changing the meaning of words for no reason.  What, though, of the cases in which p is false?  I will consider any kind of statement although it may be that the truth table supposes certain kinds of statements only, perhaps only certain specific kinds of mathematical statements.  This isn’t clear to me.  But for the moment, be open to any kind of statements.  “I am in San Francisco” implies “I am in California.”  Always true which agrees with the truth table.  Note that we don’t have to worry about true false because I cannot be in San Francisco without being in California.  Again though, as before, if the statements had no connection to each other, the implication would have to be false.  What of “p implies ‘not p’” where p is false?  Clearly p does not imply “not p.”  Yet according to the truth table, if p is false, then it is a true implication.  We want, though, to try to give the table the benefit of the doubt, try to see how it might work.  Thus, suppose that we have mathematical statements such that we apply true logical rules and derive statements which are then said to be implied by the preceding statements.  In that way, it may be said that p does imply “not p.”  We can arrive at “not p” using p as a starting point and applying true principles given that p is false.  In other words, in mathematics, the fact that p is false can lead to error compounded upon error so that we might end up anywhere, true or false, and we say that the result is implied, the implication is true since we applied true principles, we followed the accepted rules.  What, then, is my objection?  I can give two objections, one specific, the other general.  Specifically, to say that you apply the accepted rules and that the results are then implied is only one possible interpretation, not the only one.  I don’t necessarily regard the results as truly implied in any normal sense.  I might instead look at it that the mathematically false statement that we began with offset the whole reality of numbers so that the same rules no longer apply.  If I begin with 2+2=5, I can already say at that point that I don’t know what that reality would be like, that I don’t know what it means or what might follow from it.  In general, though, my objection to the truth table is that it does not in any way have any universality about it.  There is no reason why anyone should accept it as representing truth as such in any way, without regard to a specific interpretation, application or purpose.  
At this point, though, having given the matter this much consideration, I feel that I now have a better idea as to what is meant by the truth table, where it came from, what it represents.  I will try to reconsider it on that basis.  
I believe that it arises from the method of proof by contradiction.  I assume the contrary.  I get a contradiction.  Therefore the contrary is false.  The initial statement is proved to be true.  I applied true principles to the contrary statement in order to arrive at results which I then say are implied by the contrary statement.  This idea is then extended and generalized in the truth table to cover mathematical statements in general.  The idea then, is that I start with any statement, either true or false, and logically deduce succeeding statements which are then said to be implied by the initial statement.  But in generalizing this idea, we suppose that theoretically we could arrive at any true statement through this process and also that from any false statement we could theoretically arrive at any statement whether true or false.  Thus, we have the implications as given in the truth table.  We’re talking about a kind of theoretical truth out in space, not one relative to our understanding or actual capability of deriving any statements.  In that sense then, trying to meet it on its own terms, accepting it for whatever it is, it may be that I cannot find any fault or error in the truth table.  It may be all right as far as it goes.  Which may be as much as anyone should reasonably expect, except that the way it is presented, as though it somehow belongs in any math book of a general nature, and by calling it the “truth table,” as though it represents the one and ultimate truth in mathematics, I don’t see it as meaning so much, as having so much universal significance.  I see it as a very specific idea and device which might be useful in some ways, no more.  If you want to think about truth and about statements in general, all kinds of statements, even allowing that we mean statements about numbers, it goes well beyond the truth table.  The truth table wouldn’t represent the only reasonable viewpoint regarding truth in mathematics.  
It occurs to me, though, that one might reasonably question whether one can arrive at any false statement whatsoever from any given false statement, particularly in cases in which the statements have nothing to do with each other.  How can one be sure that one can do this with any given false statements whatsoever, having no idea as to what the statements might be like?  I can accept it, though, as having validity and meaning, since it appears to hold and to make sense from some experience although I don’t know whether one can really prove anything about all possible statements.  Thus, I find that I am unable to give any serious objection to truth tables as such.  More to the point, then, I find that there is a definite, unambiguous and substantial collision between the two respective views under discussion when it comes to statements or theorems which are claimed to have been proven mathematically and are generally regarded as such, but of which I am in total disagreement.  Case in point: The Godel Incompleteness Theorem.                                        

The Godel Incompleteness Theorem: Is it a True Theorem?

No.  The theorem is not a true theorem.  It’s nonsense.  

When I talk about this theorem, I’m not particularly concerned with whether I have the theorem , whether I’m representing it, exactly correctly from a technical point of  view.  In mathematics, I can see that that would be important, to be careful about the details, that that could make the whole difference in your conclusions.  But this is not mathematics.  That’s my whole point.  This is nonsense.  It doesn’t have a clear meaning.  The arguments are not true or at best there’s no reason why everyone should be expected to accept them in the way of mathematics.  There is disagreement about the philosophical  assumptions, as there is in all philosophy.  For one, Aristotle’s idea that a statement has to be either true or false, one or the other but not both.  This is clearly not true and there is serious opposition to it from others besides myself.  Thus, the point for now is, don’t try to catch me with regard to specifically, exactly, what the theorem states, or with the exact wording of the arguments.  I don’t want to study the theorem because I’m not interested in making a serious study of nonsense.  I only maintain that I can recognize the difference between a mathematical proof and nonsense.  I don’t try to make sense out of nonsense.  If you want to study the proof, then do so.  If you want to learn what I have to say about it, then you would have to meet me on my own terms, which is simply to have enough of an idea about it to see that it’s nonsense, and to be able to say something about thought and mathematics in a way that does make sense, in order to point out the difference between sense and nonsense.  

According to this so-called theorem, there is a system of thought, sometimes referred to as a formal system, based on axioms, from which the true statements of the system can be derived.  According to the theorem, though, this system cannot be both consistent and complete, which implies that if it were a valid, consistent system in the first place, it would then be limited in what you could do with it, as far as proving all true statements within the system.  This whole idea came, it happens, in opposition to Hilbert’s notion that you could have such a formal system, which would be both consistent and complete, so that one could decide by means of the system whether any statement within the system is true or false.  The system, for example, might be arithmetic or number theory, and cover all questions within the range of that branch of mathematics.  

The statement of the theorem does not have a clear meaning.  What, exactly, is this system?  What is the meaning of “consistent and complete?”  What constitutes a statement or a statement within the system?  Do all mathematicians agree about all these philosophical concepts?  What, in fact, is the meaning of “true and false?”  How do we decide whether a statement is true or false, any statement, not knowing what is the nature of the statement in question?  How can we talk about all possible statements in a system, not knowing what the system is, besides not knowing what the statements are?  I maintain that all such talk or so-called arguments are nonsense.  

Hilbert was talking nonsense, and so was Godel, in his attempt to meet Hilbert on his own terms.  You can’t actually disprove nonsense because it doesn’t mean anything in the first place.  

Thought, about math or anything else, is not based on logic or a system of any kind.  It’s a matter of experiencing the reality outside one’s mind, and forming ideas about that reality, depending on that outer reality.  The mind needs to become aware of the specific reality, and to deal with that reality.  Mathematics is not thinking, as some suppose and maintain, no more so than any area of study.  Rather, it’s something to think about, in the same way that you think about history, science, law, medicine, or what you’re going to have for dinner for that matter.  It’s the same mind.  In mathematics, one is thinking, though, about numbers, geometrical figures, groups, spaces, or whatever might be considered as belonging to mathematics.  You don’t talk about deriving all possible historical statements.  It’s the same with mathematics, because in all reality, you can’t predict what you might meet up with.  All this involves is a basic awareness of reality, that you don’t live inside your own mind.  It’s not based on a complicated mathematical proof.  That has nothing to do with it.  

People talk about the implications of the Godel Theorem.  That may be why they like the idea, and it may be what motivated Godel.  In that sense, I agree with the implications and the motivation behind the theorem.  In that sense, I think that Godel made sense in opposing Hilbert.  But this doesn’t mean that I agree with the theorem.  “All men are good” implies that “John is good,” but this does not prove that since John is good, it follows that all men are good.  I’ve always been aware that the computer is a machine, for example, as have many people, and that it wouldn’t have human intelligence, based upon real awareness and consciousness.  I don’t need a mathematical theorem to make me aware of that, particularly a theorem which is not clear in itself and not believable to a critical mind.  The theorem itself indicates that the so-called system of thought is limited, that it can’t arrive at all truth.  Yet Godel appears to be using such a system, proving a mathematical theorem, as a way of arriving at a truth about all such systems and all possible statements.  The theorem itself makes it seem unlikely that such a limited system could arrive at so profound a result.  The simple truth of the matter is that Hilbert’s idea about a formal system was a crazy idea to begin with, as much so and in the same way as the idea that a computer can have human intelligence.  It doesn’t require mathematics to counter Hilbert, only common sense.  Mathematics doesn’t make ordinary common sense simpler, clearer, or more believable than it is.  It doesn’t apply.  It applies to mathematical objects of study, not to strictly philosophical questions.   

I’m not, as one might suppose, attempting to win people over to my viewpoint by argument.  Rather, I’m calling into question what really are the viewpoints of people as it is, concerning these matters, and what are the reasons for those viewpoints.  In the case of real mathematical theorems, there is generally complete agreement among those who understand the theorem and the proof.  You don’t find people seriously arguing against a theorem such as the Pythagorean Theorem, and who have a following of supporters who take a different viewpoint.  That’s because with mathematics, people really agree.  They have a similar experience, the same essential viewpoint, the same assumptions and conclusions.  In the case of the Godel Theorem, I want to question whether this is the case.  

Do you really understand the theorem and proof the way you do mathematics?  My belief and my feeling is that this would not be the case.  Perhaps your mind is led to go along with it and to accept it, because it kind of looks like it might make sense, and then you become convinced that it’s really a proof because you are told it is.  People say that it is one of the outstanding mathematical achievements of the twentieth century.  What is the basis of such claims?  Perhaps you might feel that you are not up to studying the theorem at this point, but that what you are told about it would have to be the truth, because it comes from the proper authorities with the right credentials, whoever they might be.  I ask you not to take my word for it, but only to consider my viewpoint along with opposing views, with an open mind.  If you wish to take the word of some authority, there’s nothing I can do with that.  But I want to see, among those who would seriously consider the theorem for themselves, whether they really see it, understand it, and believe it, anything at all as they do mathematics.  I maintain that it doesn’t require so much knowledge of mathematics to see it for what it is.  It’s simply an attempt to present philosophical ideas, about which there is always disagreement, as though they are proven mathematically as definite, clearly defined statements, about which there can no longer be disagreement.  Let’s say, for example, if one proved the existence of God mathematically, if you’re religious, you might like the idea.  If you’re an atheist, you would oppose it.  As I say, in the case of Godel, I tend to agree with the implications and the intentions.  I only disagree on an intellectual level.  I maintain that nothing is really proven or explained in that way.  I would say the same about the existence of God, whether or not I believed in God, that you would not be saying anything about it by trying to present it as a mathematical proof.      

If you want an authority, or someone with credentials, to give you the truth about mathematics, then why not follow Hilbert rather than Godel?  The professors still think very highly of Hilbert as a mathematician.  Why should we believe Godel as opposed to Hilbert, with regard to formal systems?  The reason is, as I say, that we have to think for ourselves, particularly with regard to mathematics, in order to know whom or what to believe.  With regard to the Godel Theorem, then, what is the true consensus of opinion?  I think that perhaps there are many who might feel initially that it doesn’t really make sense, but who might then shrug it off, not take any further interest in it.  They would just continue with their studies of real mathematics.  Nothing wrong with that.  But I, it happens, happen to have more of an interest in these philosophical questions, including the question of what people think, how they think, and why.  I feel that it has some significance if quite a few people say that there is a mathematical theorem which is one of the outstanding achievements in mathematics, and yet I don’t know that people really agree to it.  I don’t see anyone expressing my own view.  I am interested in what people really think about the matter, and I believe that there should be voice given to the opposing side, as it is with other philosophical questions.  

I, it happens, incidentally, don’t really care about the theorem for itself.  To me, it’s just nonsense.  But it’s the ballgame which interests me, the discussion between people.  I want to participate in the excitement of it.  People say it’s a great idea.  It seems to have weight, prestige, behind it.  That makes it significant in the society, as long as people believe in it, in the way that the belief that the world was flat or the belief in witches were at one time significant.  I have no personal or moral interest in it for itself, though.  What I am interested in is winning the ballgame or the chess game, whichever side I happen to be on.  But I think that I see the game in a reasonable perspective.  If I lose, it wouldn’t be the end for me.  I would try my hand at something else.  This whole business has enough interest for me to write this short piece.  But it’s not all that important to me.  It’s also the excitement of the game, a way to pass some of my time.  I don’t care about enlightening posterity.  I don’t even care very much about enlightening myself, no more so than I would have an interest in reading the telephone book, or in counting the leaves on trees.  I simply want to get through my life somehow.  How I pass the time, that’s what interests me.  I would have actually liked to be a ballplayer rather than a philosopher.  I lacked the talent.  So here I am, playing another kind of ballgame, one with words and ideas about which there is disagreement.  It’s up to the umpire, the people, to call the balls and strikes.  Whichever side is right, whether it was really a ball or a strike, the umpire decides the winner.  Perhaps there is no other right, no other reality, besides the decision of the umpire.  I might still have my own belief in my own mind, but that wouldn’t help me to win the game.  I simply present my case and await the umpire’s decision to determine the outcome.  I can accept it either way.  It would be all right either way.  It’s only a game.  

You might wonder how it is that I don’t care for posterity or enlightenment.  You might think that a philosopher should be motivated by those higher considerations, beyond his own self.  That’s another questionable point about which there might be disagreement.  I agree that there is much of importance outside of myself.  But not to me.  There’s no point in my being concerned about what I have no control over.  I just need to play the ballgame and get through my time as best I can for myself.  In that way I will have my effects on others and on posterity, apart from my own planning or motivations.  Here I am, though, trying too hard to talk like a philosopher, which I am, of course.  But I believe, in any case, that it’s right to be a ballplayer and to be interested in the game, in the call ball or strike, as long as one sees it in a reasonable perspective, as a way to pass time more than anything else.  But that’s all one’s life really amounts to, just the passage of a little time.  I consider myself just a finite creature who comes to an end.  That’s all I see.  I would defend that position philosophically.  Now let’s get back to the game itself, which also involves a kind of philosophy, a more objective, impersonal philosophy, though, the philosophy of thought and mathematics.  

As I say, my main point is simply to voice other opinions than the one which appears to be the only one expressed, based upon unbiased consideration of both sides, rather than blind following authority.  To that end, consider the Godel sentence, which is fundamental to the proof of the theorem, or other similar sentences or statements.  Tied up with this, also consider Aristotle’s laws of logic, whether a statement has to be either true or false, one or the other but not both.  What is a statement, and what do you mean, true or false?  I contend that all the logical assumptions in Godel’s theorem are questionable, and that I, for one, don’t accept or agree with any one of them.  

The Godel sentence is “This sentence is not provable.”  Another similar self-referential statement, for example, is “I am a liar.”  Consider the latter sentence.  The question is, how can any such sentence be the basis for a proof regarding all possible statements about numbers.  

The sentence “I am a liar” is, first of all, a group of words, which are symbols meant to represent some reality, which in general may or may not be the symbols themselves.  In this case, as is normally the case, these words and this sentence do not represent themselves but some other reality, some aspects of the real world we experience.  Thus, we don’t want to just look at the words on paper as they are.  Rather, we want to know what they mean in reality.  They refer to someone, an “I,” who makes the statement.  That someone states that what he says is not true, that it is false, a lie.  It turns out, then, as one can plainly see, that if the statement is true, then it is false, and if the statement is false, then it must be true.  What of it?  What do you make of it?  What is the significance of it?  

The starting point, the words on paper, or in speech it may be, present no problem.  They are within the real world of the senses, just words, whether or not they have meaning.  I can easily, too, imagine someone uttering these words.  There can be no contradiction, if one accepts the world of the senses, in someone uttering a group of words.  Now I consider the words and what they might mean, and whether the statement might be true or false.  It turns out, though, that this is a funny kind of statement, such that “true” and “false” are equivalent to each other, which is not what we normally expect.  Well, actually, “true” and “false” are categories we humans put statements in, according to our own ideas and judgment.  In some way, we decide whether to put a statement in the “true” slot or in the “false” slot, whether to label it as “true” or as “false.”  Initially, we may not have expected that a statement would meet the criteria for both “true” and “false,” because we didn’t have funny statements like this in mind.  A sum, for example, in our experience, would be either true or false, not both.  But I don’t think that it’s particularly surprising, once you experience such statements, that there should be such funny statements.  Now that we have encountered them, we can decide to call them “true” or “false,” both or neither, statements or not.  We humans decide how we want to categorize or label.  In other words, there’s no problem about such statements.  We simply need to add them to our range of experience.  They are a new experience.  We don’t expect them to be in every respect like statements previously encountered.  Why, though, might anyone have a problem with them?  Why are they called paradoxes?  

I think that the problem is that people are stuck on the idea that a statement cannot be both true and false.  The contradiction is between reality and ideas, those of Aristotle and Plato.  Some people have a problem modifying their ideas to fit the reality.  The funny statements are a reality, real groups of words, sentences which might be called statements.  If you wish to apply your normal way of thinking to such statements, you would have to be prepared to modify your thinking to fit the reality.  The assumption I’m going by is that the reality is a group of words and someone uttering those words.  That’s my starting point.  I would have to adjust my thinking to that reality, those specific words as distinct from any previously encountered.  

The opposition, I suppose, would have it that a statement is “really,” “actually,” true or false, that it doesn’t depend on our own definitions or judgments.  The statement says something about reality which is either true in reality or not, independent of what we think, they would maintain.  That was what Plato believed.  But I don’t agree.  A statement is only words which we give our own meaning to.  I don’t think that it has any one set meaning.  It only means as much as we give to it at a particular time, subject also to variations in individual interpretations.  Then, even supposing that we were clear and definite as to the meaning of a statement, we would still need some way of determining truth or falsity.  Is there a truth apart from our way of determining it?  It would be impossible for us to distinguish between the two.    

I would say that we humans decide upon the meaning of statements and how we determine whether they are true statements.  We, in fact, are the ones who make the statements.  We manufacture them.  It’s entirely our own doing.  Why, then, should we assume that a group of words formed and put together by us has any innate, absolute, eternal correspondence to the real world outside itself?  I would say that it simply represents our own efforts to understand and adapt and survive in our environment.  In any case, at the least, the matter is a philosophical question about which there is disagreement, not one about which one would expect that all mathematicians would agree. 

We decide, then, whether a sentence such as the Godel sentence, is true or false, both or neither, a statement or not a statement.  The reality is that it’s only a group of words.  We can decide to categorize it however we please, according to our judgment and purposes.  There is no real problem in a group of words.  So much for much of Godel’s arguments.  They are all based upon unfounded assumptions as to how we must think about all possible statements and any given kind of statement, regardless of the kind of statement.  

Apart from this, though, what of the meaning and significance of funny or tricky sentences of this sort?  I would say that they don’t really tell you anything, that they are not very meaningful or important.  A man who is lying, but you don’t know about what.  A sentence which you can’t prove, but you don’t know what it’s about.  You have no idea about it except that you can’t prove it.  You can’t prove it in a system, dreamed up by Hilbert, which also is never clearly explained or defined as to just what it is.  If you can put it into a computer, that already proves that it’s not creative mathematics.  A computer doesn’t prove anything on its own, unless people have already done so and feed it into the computer.  That’s just common sense and based upon what we know the computer to be, a man-made machine.  I would say that it’s unlikely that any silly, meaningless group of words, or sentence, of this sort, would be the basis for a significant proof about all the possibilities in statements about numbers, even though Godel’s theorem only tells us, or implies, that these possibilities exist beyond any system, and so are unlimited.  As I say, I tend to agree with such implications as such, but for philosophical reasons, not mathematical or strictly logical reasons.  I think it unlikely that the reality of number and mathematics, vast worlds in themselves, have at bottom a great deal to do with such silly sentences.

The numbers, the integers, for example, one, two, three, and so forth, are an aspect of the real world of the senses, based upon experience, not logic.  When you have three potatoes, three dollars, three objects of any sort, you experience the number three.  That’s how we know about number, from experience, from the manner in which, in the real world, we can group objects together and count the objects, and compare results with one another.  When mathematicians research into numbers and get new results, they think about numbers in all their properties, whatever might be of interest.  They don’t focus on axioms, such as a+b = b+a.  They rightfully take such axioms for granted, based on experience.  But they don’t get anywhere, develop or prove anything, by thinking only that a+b = b+a.  The idea that mathematics is developed from, or on the basis of, a set of axioms, is simply not true.  It’s a delusion mathematicians may have about mathematics.  But if you examine what mathematics really involves and consists in, the actuality of it, you realize that this is not really the case.  The number three, for example, or it may be, a triangle or circle, are not logical results, but realities, aspects of the real world of the senses.  The same can be said of groups and topological spaces.  There exist actual groups, which one can point to, consisting of two elements, three elements, and so forth.  There are specific infinite groups, cyclic groups, in the same way that there are numbers and triangles.  A group can be seen in the form of symbols representing the elements and operations, just as a number can be seen in the form of potatoes or dollars.  Each number, too, is different from every other.  The ways in which a number can be formed as a sum of smaller numbers changes in some complex fashion as the numbers become larger, so that, in general, the properties of numbers don’t always fit patterns which we can readily understand in order to answer our own questions about them.  Numbers are a complex reality out there, to be explored, not logical productions of our own minds.  For this reason, I believe it unlikely that simple logical contrivances and arguments, such as one finds in the proof of Godel’s theorem, would tell you anything, or throw light upon anything, of any real importance about numbers or mathematics.     

According to Godel’s theorem, there have to be statements which one could make about numbers, true statements which would become a part of number theory if proven, but which cannot be proven in the present “system,” meaning, in other words, that they would not be accepted in the same way that statements have been accepted in number theory thus far.  Something new would have to be introduced, perhaps regarded as a new axiom.  Two points regarding this conclusion:

1. I don’t agree that there is any definite “system” to begin with.  Something new is always being introduced every step of the way throughout mathematics, with each new concept, definition, property, or proof.  A mathematical proof does not have the form: axiom 1, axiom 2, axiom 3, therefore conclusion.  It has to do with something new, new awareness of something not contained in the axioms, of whatever the new theorem is talking about, and whatever is involved in the proof, the manner in which axioms are applied to it.  

2. I don’t agree that Godel has proven that there must necessarily be any such true statements which cannot be proven in the manner of proofs up to now, in other words, in the so-called “system.”  My reason is that the new statements projected represent a reality about number outside the realm of pure logic.  One has no idea what these new statements might be about.  Therefore, there cannot be any basis for having knowledge of the existence of any such statements.  In the same way, we cannot know whether there might be life on Mars without some concrete evidence.  Such knowledge cannot be based on playing logical tricks in our own minds, involving silly or meaningless combinations of words, such as the Godel sentence, which, again, is “This sentence is not provable.”  This sentence tells us nothing about reality.  It appears to express the idea that it is not provable.  But in reality, what is not provable?  It doesn’t have a clear, definite meaning.  I don’t believe that it has any connection to real mathematical statements about numbers which could be of any interest.  Of course, though, if Godel has really proven it, then he has proven it.  But as I say, I don’t see that he has proven anything, or even that the theorem has any definite, clear meaning, in the way of mathematics.  

I realize that I don’t prove anything which I am saying here.  This is not mathematics.  I’m expressing a philosophical view in words.  I’m showing that there might be valid philosophical positions which run contrary to Godel’s assumptions.  Given this, my main point is that I hold it open to question whether mathematicians really agree to this theorem the way they do to true and proven mathematical theorems, such as the Pythagorean Theorem, for instance.  How is it that people say that it is proven and that it is, in fact, one of the outstanding developments in modern mathematics?  Who decides?  I guess all I can say at this point is, if everyone else agrees with the theorem as a result of a true understanding of it, in the way of mathematics, that would be the end of it, although it probably still wouldn’t make sense to me.  I would just busy myself with something else, which I would probably do in any case.  I have in mind other philosophical issues which I might deal with.  

Dear reader, what is your true and sincere opinion about Godel’s Incompleteness Theorem?  Consider both sides with an open mind.    

Godel claims to have proven that the Godel sentence, “This sentence is unprovable,” is a true unprovable statement which is a part of the mathematics one is working on; true in the mathematics, that is, but unprovable within the formal axiomatic system.  But Godel, himself, knows that the sentence is true since he has proven it in order to prove his theorem.  Thus, it is not unprovable to Godel although it is unprovable to a mathematician working on mathematics according to the accepted standards of proof within mathematics.  It appears, then, that my point of disagreement here may be in that I don’t think that mathematicians normally work in any kind of formal system.  Nothing in mathematics was ever accomplished through a formal system; therefore, Godel’s theorem  would represent to me, if meaningful and correct as such, a proof of the limitations of a formal system, not of mathematics.  Hilbert’s notion of a formal system has nothing to do with real mathematics, although both Hilbert and Godel believed it did.  

The different branches of mathematics overlap.  Real analysis, group theory and field theory are used in number theory.  So are probability and combinatorial mathematics, and complex numbers.  So is logic, evidently.  According to my dictionary, logic means sound reasoning and judgment, not necessarily any one set of specific rules that always apply, and I believe that that’s the way it works in practice in mathematics.  There are other meanings given in the dictionary; namely, that it could apply to a science of rules of reasoning.  In any case, though, Godel’s own logic, if correct, would be available and allowable to the mathematician working in any branch of mathematics.  The mathematician would know of any true unprovable statements such as the Godel sentence as well as Godel.  He knows them to be true statements as well as Godel, because he can prove logically that they are true statements the same as Godel.  Thus, if he or Godel or anyone knows logically that any statements are true statements, then they are proven logically, which means that they are recognized as being proven mathematically, which in turn implies that they are not unprovable.  Based on realism, in any case, the reality, the actuality, of people proving a statement to be true, outweighs any pure so-called logical arguments to the contrary.  

Suppose for the moment, though, that we consider the possibility, which may, in fact, be the case, that Godel meant his theorem to apply to formal systems only, not to mathematics.  He claims, then, to have proven the limitations of any purely formal, mechanical system, which might be made into a computer program.  In that case, I don’t believe that it has much significance.  The conclusion, to me, is immediate, based on common sense.  A complex proof wouldn’t throw any light on the matter, only create unnecessary confusion.  Secondly, what formal system or computer program is he arguing about?  Only one of his own making, the way he imagines it would be, since Hilbert never developed any actual such system.  In other words, Godel has imagined a mechanical system of some kind and then proven that it would have certain limitations.  But I have the feeling that that was not quite Godel’s intention.  I believe that both Hilbert and Godel believed that the formal system in question represented real mathematics as practiced by mathematicians, that it was essentially logical, based on pure logic, although Godel believed that any one such system would be limited in its potential to arrive at mathematical truth.  The current viewpoint, as I say, seems to be that mathematics is of that nature, essentially logical, which is my main point of disagreement.  

It goes back to Hilbert.  

Hilbert, it would seem, had notions about consistency, completeness, and solvability.  Mathematics should have a firm foundation.  One should be able to solve any solvable problem and determine the truth of any statement.  This could be accomplished through a formal system such that the axioms of the system would be known and determined to be 

consistent and the system would be complete, covering all mathematical truth within a specific branch of mathematics.  All this is vague, particularly with regard to the details of any actual formal system, but more, it is, from a realistic point of view, ridiculous and impossible.  I would say that reasonable people should agree that this whole idea simply doesn’t make sense to begin with.  It’s nonsense.  It would be up to its proponents to produce such a workable formal system and to prove and demonstrate its efficacy.  What though, is mathematics, actually, from the point of view of the notions of consistency, completeness, and solvability?  Do these concepts have any real meaning or significance in real mathematics?  

As to solvability, there is no good reason why anyone should have such ideas as Hilbert had, to the effect that one should solve all problems, unless one could in fact do so.  But there are countless individual problems which no-one has been able to solve thus far; thus, why talk about solving all problems, or even imagining what all problems might be like or about?  Again, though, I think that this idea stems from the assumption that math is logical; in other words, all you have to do is think logically and the answers will be derived; in fact, you don’t even need to think, once you have the right logical system; all truth follows logically from the system.  But the reality is that mathematics is not based on logic.  It’s a vast reality based on hard facts, of which logic is a small part, and we may or may not be able to prove all of it, assuming we had the time, which we don’t.  

Likewise with regard to completeness.  There is no logical system in the first place which represents real mathematics; Thus, there cannot be any such which might be complete or otherwise.  We simply have no idea of all mathematical truth.  We do some mathematics, in accordance with our motivations, pleasure, practical considerations, and our capabilities, the same as we do with other studies.  We don’t know what all the possibilities might be for all time.  It’s not a matter of a mathematical proof such as Godel’s.  It’s simple realistic common sense added to some experience of what mathematics is, the nature of it.  

With regard to consistency, I wouldn’t put it similarly; I wouldn’t say, that is, that one can’t have a consistent set of axioms, or that one cannot determine whether they would always be consistent.  I would say, rather, that in the sense we mean here, in the ultimate sense, with regard to all possible mathematical statements, there is no meaning to the notion of “consistency.”  The real meaning of consistency, the down-to-earth realistic meaning, applies to human error based on known and established truths.  If one makes a mistake, an error in addition or multiplication, for instance, such that all would readily see the error if pointed out, this error would give rise to inconsistencies or contradictions, based on what we already know and agree upon.  This, though, clearly was not Hilbert’s meaning.  He didn’t mean that some day someone might find an error in the axioms in the way of a mistake in a calculation or faulty logic in any ordinary sense.  We assume that errors of that sort would have been discovered long ago.  What Hilbert meant and what we’re talking about is some drastically new development, but which he believed had to do with logical thinking, whereas I believe it is a question of experience.  Thus, to my way of thinking, in any case, in any ultimate sense, there is no such thing as inconsistency of axioms.  It has no meaning.  The axioms are simply statements which seem true in some way and which we agree upon, whether for some or all purposes.  They work in some way for some purposes.  They are neither consistent or inconsistent.  If we ran into something new and unexpected, we may want to change our way of thought in order to adapt to this new development, which may or may not involve changing axioms or adding or removing axioms.  That’s up to the individual.  There’s always some element of choice in the way of thought, given that it must be true to reality.  An axiom may prove to be false in some new unexpected situation, at present outside our experience.  Once again, I don’t believe that it’s a matter of logic, which is why I wouldn’t say that axioms are consistent or inconsistent.  I would say that they might prove to be true or false in a given context, that they might prove to generalize more or less in the face of experience, in the manner of empirical science, which is what, ultimately, mathematics is, an empirical science.  It is different in the degree of our expectations, in that we might reasonably expect axioms to continue to work, based on our experience.  In that sense, we don’t need to be concerned about the possibility that there may eventually prove to be contradictions, or seeming contradictions, the way Hilbert did.  We should simply accept the fact that we can never be sure about what might happen in our experience.  Our logic, which works within the context of specific known experience, might fail.  We should be open to all possibilities in real experience, which outweighs any logic, which is only the workings in our own minds, not necessarily always indicative or representative of what’s out there.  

3. The Continuum Hypothesis (CH)

CH states that there is no level of infinity between that of the cardinal numbers or integers, the countable level, that is, and that of the real numbers.  Cantor formulated CH and accepted it as true.  Today, quite a few mathematicians believe, or feel, that it is “probably” false, whatever that means.  From what I gather, Paul Cohen proved that CH is undecidable.  As I have stated, I don’t accept anything of this sort as really proven.  I won’t bother to rack my brain, though, at this point, trying to decipher the complex abstract symbols used in this sort of proof, or to look into Paul Cohen’s method of “forcing.”  If I can say that Godel’s ideas as well as Hilbert’s are nonsense, I may as well extend and apply the same to Cohen.  You look into it as much as you wish and form your opinion.  As I say, I’m mainly interested in the consensus of enlightened opinion, meaning at least the opinion that it is enlightened, based on a serious attempt to understand and form one’s own opinion, not a blind following of authority.  I tend to believe, though, that the symbols and concepts used in these kinds of proofs, as in set theory, are meaningful as such, but I question their application to these kinds of questions, such as whether or not a statement can be proven or proven within some so-called system, in other words to proof theory, since here I believe that the assumptions are not clear or represent questionable or controversial philosophical assumptions.  I will venture here, though, to give my own proof regarding CH, a proof, though, which only reflects my criticism and skepticism.  I am more interested, actually, in developing friendly relationships, as I have attempted to explain in that philosophy, which is why I am so impatient to get done with the present rather exasperating task of trying to disprove or call nonsense into question, or to point out that I believe that it’s nonsense.  Those who believe in it, understandably, would be more ready to devote more to it than I would to my skepticism.  Some people do devote a great deal to skepticism, but I’m not one of them.  This is just meant to be healthy criticism and free expression of thought and opinion.  I want to just get it out of the way, though, so that I can be free to be more involved with people and the development of friendly relationships as I see it.  That’s what I’m really positive about, what has the most importance and the most meaning to me.  I should also mention, while I’m at it, that if you want to be friendly to me, it would be best not to talk about mathematics, unless it be just to let me know that you agree with me.  Otherwise, it would just mean unnecessary unfriendliness and hostility over ideas that, if you just don’t say anything about them, won’t make any difference.  With that, I will present my brief and simple-minded proof, based on ignorance as it may be.  

Theorem: It is impossible to prove that the continuum hypothesis (CH) is undecidable.  

Proof:  Suppose the contrary.  Then someone might possibly prove that CH is undecidable.  In that case, we would have proven that no-one could ever possibly produce the number or set in question, the in-between level of infinity, an actual such in-between set(IBS), since otherwise, if an IBS were produced and shown to exist, that would decide the case against CH, implying that CH is not undecidable.  From here, my theorem is proved in two ways, no matter which way we go.  

1. I would maintain, based on my own reasonable and at least legitimate philosophical position, that it’s impossible to prove that no-one could ever possibly discover or produce an actual IBS.  An IBS is an experience, a new experience.  There is no logic of the mind which can prove or disprove an experience since logic itself is subsidiary to and based on experience.  Thus, someone might produce an IBS which would decide against CH, so that CH can possibly be decided as far as we can determine, contrary to our assumption that someone might prove that CH is undecidable.  

Suppose we asked whether there might be an integer, a whole number, between the known integers, say between one and two, a whole number greater than one and less than two.  Would that be an essentially different kind of question from that of CH?  I would say no, that the two questions are essentially the same, with perhaps a degree of difference.  But the opposition would not agree.  They don’t ask the question about integers because they are sure logically that we have all the integers.  It doesn’t present a problem for them, in the way of the infinities, the transfinite numbers.  But from my own viewpoint, there is no real problem, no mathematical question.  In both cases, mathematically I simply work with my experience.  I tried for awhile to see if I might be able to think of an IBS.  I could not do so.  Apparently no-one has done so thus far.  One might imagine philosophically that anything might be possible but this doesn’t need to affect mathematics.  Such questions lie outside mathematics.  From my point of view, one might just as well ask whether there might be in-between integers(IBI) and set about trying to prove it one way or another.  The difference between the two questions is only in the degree of familiarity, the confidence or degree of certainty in our minds.  We “know” from everyday experience, from our experience of reality, itself, that there is no IBI.  In the case of IBS, we feel more of a need to question it, think about it.  It’s not simply a matter of definition, that the way the integers are defined, there cannot possibly be other integers(IBI).  That evades the question.  One can, theoretically, make everything into strict definitions, but that would determine nothing about reality.  The case is that if we were confronted with a new kind of integer, whole numbers different from the known integers, we would make new definitions in the face of reality.  Our definitions don’t mean much in the way of real understanding.  We could also define the transfinites based on what we know of thus far, the way we do with the integers.  It’s just a question of trying to conceive of an IBS until you decide that, as far as you know, there is no such.  It’s a matter of one’s degree of confidence or certainty.  Philosophically, I believe that anything is possible, that seeing is believing, figuratively speaking.  But I still follow common sense based on my experience thus far.  Real mathematics is on the common sense level rather than the meditative philosophical level.  When it becomes complicated, it is still an extension of common sense, which is the way science is sometimes viewed or defined, as an extension of common sense.  

When one asks this question regarding CH, one already places oneself on the meditative philosophical plane rather than that of common sense.  We are questioning whether there might possibly exist something outside our present experience, something which has no real basis, no real indication that there is any such possibility.  Suppose, though, that I take the common sense viewpoint in my proof and see where it leads.  

2. We allow that no-one could ever possibly conceive of or produce an IBS, in the sense that this would appear to be the case on the normal common-sense mathematical plane; that is, it would be reasonable to agree to this as an axiom or assumption since it does seem true in our experience; otherwise, since anything is possible, how can we make any definite mathematical statements.  This common-sense assumption decides the case in favor of Cantor’s CH, which may represent Cantor’s philosophical position regarding mathematics, as a realistic attitude based on working with what you have before you, not to be concerned about numbers which you can’t find and which seem to have no basis in reality.  In this case, too, though, CH is decided.  It is not undecidable, which proves my theorem.  

In other words, since people can reasonably decide one way or another, it is not undecidable.  What other meaning is there in “decidable?”  People do the deciding based on their way of thinking and on whether they can agree.  That’s how all mathematics is decided.  Otherwise, nothing would be decidable.  

It would seem, then, that in order for the contrary to overcome this proof, one would need to have it that although no-one could ever conceive of or produce an IBS, yet one might exist, so that the case would remain undecided, and so be undecidable.  But this is at the least philosophically questionable.  What meaning is there in something existing while no-one could ever know or show that it actually exists?  In what way might it exist, in what sense?  It can have absolutely no application, no effect on anyone.  

In my own view, then, we might reasonably agree to accept CH in mathematics, although one can also meditate about other numbers, even integers, which might possibly exist.  When such are discovered and shown to be real, only then would they become a part of mathematics.  

