Problem Set #9
(No need to submit)

1. Consder the operator
Lu=u¢+u, 0<x<2p
with boundary conditions established by the linear combinations
Biu=u(0) + u€0),  Bou=u¥2p) - u(2p)

(8) Find the adjoint L"of L and adjoint boundary functional B," and B;' for the boundary
conditions B;u = Byu = 0. Isthe given problem sdf-adjoint?

(b) Does L have a homogeneous solution with the boundary conditions
Biu=0and Bou=0?

() What isthe solvability condition for the problem Lu =f, Bju = Bou= 0?

(d) What is the solvability condition for the problem Lu =f, Biu =g, Bou=?

() FindthesolutiontoLu=2; Biju=0, Bou=0.

2. Consder the operator
3
Lu =u¢=d—§, 0<x<1
dx
with boundary functions given by
B1u = u(0), Bou=ukl) - u(l), Bsu=u"(0)

(@ Find the adjoint L of L and adjoint boundary functional B, B," and Bs' for the
boundary conditions B;u = Byu = Bgu = 0. Isthe given problem sdf-adjoint?

(b) DoesL have ahomogeneous solution with the boundary conditions
Biu=0, Bou=0, Bgu=0?

(©) What isthe solvability condition for the problem Lu =f, Byu = Bou = Bgu = 0?

(d) Find the necessary conditions on f(x) for which the equation Lu = f can have a
olution if

Lu=u"=f,Biu=u(0) =a,Bu=u(0)=b,Bu=u'(0)=g




3. Find the necessary conditions on f for which the equation Lu = f can have a solution
if
Lu= - u"—uu(p)-u-p)=a,u(p)- u(-p) =b.
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1. Lu = ut+ u 0<x<2p

Bu = u(0) + uq0)
Bu = u&2p) - u(2p)
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\ L' = v@+ v
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J(u,v) = v(2p)u€2p) - vE2p)u(2p) - v(0)ug0) = O
= [u(0) + u€0)] v&0) + [u&2p) +u(2p)] v(2p) - [v&2p) +v(2p)] u(2p)
- [v&0) + v(0)]u¢0) = 0

=[BulB:v] + [Bu[B:v] + [BBiv] + [Bu]BY] = 0
Bu = u(0) + u{0) =0 (given)

Bu = u¢Zp) - u(zp) =0 (given)
B;v =0 =v&2p) - V(2p)
B/v = 0 =v(0) +v&0)

Adjoint boundary condition
\ L=L", Bu=B/'v and B,u=B;v
\ Problemissdf adjoint.

(b) Does L have a homogeneous solution for

Blu =0, Bzu:O

Lu =u€¢+ u =0




Solution :

u = cls'n X + C5COS X

u = ¢y COS X - czsin X

ut= -cls'n X - C,CO0S X

Apply BC b

clsinO + c20050 + cqcos 0 - cosn 0=0

P cg+c, =0

cq cos 2p - czs'n 2p - ¢ sn 2p - C, Cos 2p =0
Dcl-czzo

b clzczzo—- contradict ion

It has only trivid solution.

(©Lu=f ,B,u =0, B,u=0haveuniquesolution.
<f,v>=0will bedways stisfied . Sncev = 0isthe only solution for the

adjoint problem.

dLu=f,Bu=g9, ,B,u=g,
Solvaility Condition;

2
Of (v(x)dx = [Bu]B; v} [B,u]B:v|

=00+ g, (0
=0
Snce B,/ v = v(0)=0



B;jv = v =0
\ Always unigue solution.
(e) Lu=2, Bu=0, B,u=0
Generd Solution:
U, (X) = c,u, (X) +c,u,(X) +u,(X)
Where u,(X) =snx, u,(x)=cosx and u (x) issolution of
u+ u= 2,u@=0, u@) =0

u,(x) = c,(X)g9n x + ¢, (x) cos(X)

Find c, and c, from cfsnx + c§cosx =0 and

cfcosx - cf9In x =2

0 cosx
2 -d9n - 2C0Ss X
cf = — = = 2c0osXx
gn X 0 -1
COSX - 9nX
anx O
cosX 2 ,
c{ = —— = -29nx
-1
\u,(x)
\ u,(X)= =c,9nx + C,COSX +2—2C0S X
Apply Boundary Condition 1:

u) + u0) =0




or ¢9n0+ c,cos0+2-2cos0+ c,cos0-c,9n0+2sn0 =0

oo c,+2-2+¢ =0
oo c,+¢ =0
Apply Boundary Condition 2:

u(2p)- u(2p) =20

c,cos2p -c,SN2p +2sn2p - ¢, 9n2p - c,cos2p -2+2cos2p =0

u,(x)= 2—2cosx = 2(1- cosx) isthesolutionof Lu = uC+ u = 2 ad

B,u = u(0) +u¢0)
B,u = u¢2p)- u(2p)
Q2
Lu=u"
Bu=u(0) =0
Bu=u@-u®=0
B,u=u (0)=0

<v,Lu>=<L"v,u>



1

<v,Lu>= ¢yu dx
0
1
:vu|%,-(‘)/udx
0
1
" S
:[vu -vu]0+0/udx
0

= [vu" -vu +v"u]t - é‘)/'"udx

=J(u,v)+<L'vu>

Where

L =-v'

and

J(u,v) :[vu" -Vu +v"u]t

J(u,v) =0b

vOU' @ - v @Qu @ +v @Qu@ - v(O)u (0)+v (O)u (0) - v (0u(0) =0

or

- u(O)V (0)- [u'@ - U@ @)- VO (0)- UV (@) +v(Du’ (1) +V' @u(l) + V' (O)u'(0) =0
or

- (BUIV'(0)- (BupM(D) - (BuV(O)+ U@ V(W) +v' )]+ u @D +u 0V (0) =0
\'v(@D-v(@®=0

v() = 0,and

v(0)=0

\ L=V

B/v=v(0)=0,B,v=v()=0

Biv=v(@-v(@®=0U

Q3.

Lu=-u -u=f
Bu=u(p)-u(-p)=a

Bu=u(p)-u(-p)=b
The sufficient conditions for the above to have solutions are:



p
Ofvdx=a (B, V) +b(B,V)

p

Wherev is the solution of

L'v=0

B'v=0

B,v=0

<V, Lu>=<L'v,u>
p

<v,Lu>= ¢f-u’ -u)vdx
-p

or

p p
- (‘y"vdx- Cyvax
-p -p

p p
But, () vdx = (vu - v'u)|f’p + (v dx
-p -p

or,

p
<v,Lu>=(vu- vu')|f’p + ¢y (v +Vv)udx
-p

and J(u,v) = (Vu- vu‘)|?p =

v(p) - u(P) - v JU(p) - V(-p)u(p) + V(- p)u(-p) =0

[up) - uC-p)V () +[u' @) - U C-P)J- W) +u- PV (B) - v (-p)]+ U (-p)[- () +v(-p)] =0
or,

(Bu)(B; V) + (B,u)(B; V) + (B,u)(B; V) + (B,u)(B,v) =0

B;v=v(p)

B;v=-Vv(p)

B;v=V(p)- V(-p) =0

B/vV=-V(p) +v(-p) = 0

Now,

L'v=-v -v=0
Genad olutionis



V(X) = A cos X+ Bdn X
Applying the homogeneous boundary conditions;
v =- A dnx+B cos x

Boundary condition 1

- Asnp +Bcosp +Asn (-p)- B cos(-p) =0
o, -B+B=0

Boundary condition 2

-Acosp-Banp+Acos(-p)+B dan(-p)=0
or, A- A=0

Therefore,
u(x) = A cos x+ B gn x isthe solution with A and B being arbitrary.
\ Solvahility condition is

p
(JA cos x+ B dn x)f (x)dx =-aB + bA
-P

Where A and B are arbitrary congtants and are not interdependent.



Note that

v(X) = A cos X+ B dn x
v'(X) =- Adn x+ B cos X

B,v=v(p)=-Asnp +B cosp
= B

B;v=-v(p)=-Acosp +B snp
= A



