Problem Set # 6
(No need to submit)

. One wants to solve the equation x + Inx = 0, whoseroot isa » 0.5, by successive

iteration by choosng among the following iteration formulas
(i) Xpe1 =- In Xy
(i) Xp4p =€

Xp +e XN
(iii) Xpeg =—5—

(& Which of the formulas can be used?
(b) Which formula should be used?

(o) Givean even better formula with reason(s).

. Thefriction factor f for the turbulent flow in a pipe is by Colebrook correlation

1 l‘J
L =114- 20Iog

Jf e\/_ g
where Re is the Reynolds number, e is the roughness of the pipe surface, and D is the
pipe diameter.

Evaluate friction factor, f, for D = 0.1 m, e= 0.0001 and Re = 5 x 10°.
Solve using Successive Substitution method and NewtonRaphson method.
. Apply Newton’s method to find the complex roots for the function
fX)=x-x*-1=0

. Condder the function

X = g(x):liga - ) x+%3 .1 1 0andisafixed rea number.

The above function has solution at x = 2.8, which is independent of | . However, if
fixed point iterative method is used as X.+1 = g(X»), it converges linearly when | = 3/2,

whereas it converges quadratically when | =2, but it divergeswhen | = %2 even when



the iterative process is started with an initial guess close to the root. Explain why the

convergence rates are different for the above three values of | ?

. The equation ¢ -2x -3 = 0 may be reformulated for the successive substitution method

asfollows
(@ X = X22'3 (b) x=2x+3

— 2x+3 — . 2_ oy
(o x= /x (d) x=x- 0.2(x°- 2x- 3

The solutions of the equation are x = 3 and x = -1. Determine which of the formulas
converge when we intend to determine the root x = -1. Repeat the same analysis for x
= 3. If none of the above equations work for finding a particular root, can you find a

suitable formula, which will work?
. Archimedes law states that when a solid of density r sis placed in a liquid of density

r, it will sink to adepth h that displaces an amount of liquid whose weight equals that
of the solid. For a sphere of radiusr, Archimedes law becomes

1%—(3rh2 - h3)r L=2prirg

N

Find the depth to which a sphere of density 0.6 gm/cnt sinks in water as a fraction of

itsradius, i.e., determine hir.

Use successive substitution method and ensure that the function g(x) in the iterative
scheme of X%+1 = g(X), satisfies the convergence criteria. Use h = [1.2 1] as the initia
eslimate of the desired h.



7. Solve the following system of equations

X=1+ hzéey‘/; +3x23
u

=0.5+h2tan&eX + y2U
Y e Vg
by successive approximation and by Newton-Raphson iteration. Take h = 0.01.

8. Application of NewtonRaphson's method in solving two nonlinear equations gave the

following estimates. Find the order of convergence.

lteration, n Egtimates, x™
0 €.10
e .u
@1y
1 €0.1277161U
§0.3183217
2 €0.1210685U
§0.3708366 5
3 €.12152140
£0.3725111
4 €0.12152050
£0.3725146y
5 €0.12152050
£0.3725146

9. Governing equations for heat transfer by radiation, conduction and convection in a
direct-fired tubular reactor are asfollows:
q=14 10° (5.0 10" - To*
q =658 (To—Ti)
g =173 (T; — 1960)
where q is the rate of heat transfer per unit area, Ty is the temperature on the outside

surface of the tube and T; is the temperature on the inside surface of the tube.

Develop a single nonlinear equation by combining the above equations. Determine T,



and Ti.

10. A system of n equations is described by:

-30x -kx? +32x  -2X3 =0
16 X1 -30 X2 - k X2 +16x3 -2X =0
X2 +16x1 -30X -kx®  +16Xu- X2 =0, i=3,n2
-2%.3 +16X2 -30%1 -kX® +16%, =0
-2X%n2 +32%1  -30% - K X2 =0

(@) Based on the information provided, which numerica method for solving linear

k+D) _ )] with maximum accuracy

systems would you choose to solve for d® [° (x
and CPU efficiency in the course of Newtorn Raphson iteration?

(b) Given your answer in (a), state the total requirement for computing d® at the K"
iteration in terms of flops. Be as specific as possble.

(c) Suppose for some initiad guess x@, divergence occurred while solving the above
gystems. State two distinct reasons why divergence may have occurred.

(d) State what would you do to try for computing a converge solution.

(e) Suppose the approach you describe converges quadratically to a solution. Would it be

sengble to accept that as the solution? Explain.

Problem Set 6
Q.1

f(x)=x+Inx=0

(I) Xn+1 =- In Xn
1
Xns1 :g(xn):-_
X
, 1
g(xn):-_
X
1
'(05)=--—=-2
9'05) =- ¢

Since g'(a) < - 1, oscillating and diverging. This formula connot be used.



(ii)

(b)

(©

Xy =€
g(x,)=e*™
g'(x,)=-e"
g'(0.5) = - e % =-0.6065
Since - 1< g'(X) <0, oscillaing and converging. Thisformula can be used.

- X%
Xn+1 = Xﬂ te
2
_x e’
X )=
g(X,) >

] 1 - X, 1 -
g (x)= 2+ (-e)=2f-e*)
2 2
g'(0.5) = %(1 e °%)=0.1967
Since 0< g'(a) <1, converging monotonicaly. This formula can be used.

(Xn B a)2
2

g(x,)=g@)+(x,-a)g'@)+ g"(@)+-

9"@)
2
Error decrease fagter if g’ isamdler fraction. Therefore (iii) is better than (ii).

Better formula
If g'(@)=0,then

en2+...

Or’ en+1 = g'(a )en +

e, = %ef , Or quadratic convergence. Choose,

n+l

f(X)
()
X+1n X
1+1
X(X+In x)
x+1

_X(1- Inx)
T x+1

9(x) = x-




_ (X+D(1L- 1- Inx) - (x- xInx)(D)

"(x
9 (x+1)2
_ (x+Inx)
(x+1)°
Q2.
S U
L =1.14- 2.0Ioggo'0001+ 9.35 0
Jf g 01 510°/fQ
=1.14- 2.0[- 3+(-5.728) - |ogJT]
=1.14+6+11.456 + 2log |/ f
%:18.596+2I0gﬁ
h(f)=i- 18.596- 2log/f =0
Jf
=f¥2. 2log f ¥2- 18596 =0
h'(f)=-05F92- 2%
=- lf':yz_ 2f]/2
2

Set,g(f) = f - nh(f)

=f-m(f¥2- 2log f ¥ - 18.596)
foa =9(f,)=f,- m(f, ¥ - 2log f, ¥* - 18.506)
Tofind m for O<nh'(f) <2

0<n® Lr9 pp 0y
e 2 @

set i L2 o202
2
e 2

Q3

Apply Newton’s method to find the complex roots for the function.
f(x)=x*-x*-1=0

f(2=2°- 2°-1=0



Subdtitute z = X + Vi
f(2) = f(x+yi)=(x+yi)*- (x+yi)*-1=0
X2 +3x%yi - 3xy? - iy® - (x2 + 2xyi +i2y2)- 1=0
(- 3xy? - x> +y?) +i(38x°y- y*- 2xy) =0
f(2) = f(x,y)=u(xy) +iv(x,y) =0

éfu  fuy

3 _Sx qyY_é3x*-3y*-2x - 6xy+2y U

_gﬂv ﬂvlil_g 6 2 2 u

eV Wyg & Xy+2y 3X° - 3y - 2X(
gfx Tyvd

det J = (3x% - 3y® - 2X)(3X? - 3y? - 2x) - (- 6xy+ 2y)(6xy+ 2Y)
= 9x* +18x°y” - 8x° - 12xy”* + 4y”?

Q4
1¢é 7.480
= =—X| - bty
x=90) =gl - Dx+ =
1¢ 7.480
! =—X] -1 4
g'(x) |§ )- 2
| =3/2P g¢g'(x) =-0.333 (iteration will be oscillating and converging)
| =2pP g'(x)=0.0 (iteration will be converging monotonicaly)
| =1/2pb g'(x) =3 (iteration will be oscillating and diverging)

Expand g(x,) using Taylor seriesaround theroot a.

(Xn - a)2
2

g(x,) =g@)+(x,-a)g'@)+ g'@)+--

But, g(%.)=X+1 and g(a) = a aswhen x, convergesto a, g(a) will beequd toa.

Therefore, we have

9" (@) +

Xea @ = (- a)g'(a) + 2L

2

1 en "
en+1:eng (a)+ 2 g (a)+"'

Hence, successive iteration will converge linearly when |g' (x)| <1. However, g'(x) ® 0,

then convergence will be quadratics as en+1 will decrease proportiond to en?.




x?-3
2
x? -3
2

f(x)=

9(x) =

. 1

g'(x) =—-(2x) = x

2
When x =3, it will diverge monotonicdly.
When, x =-1g'(x,)| <1, it will be oscillating and converging.
- 1<|g'(x,)| < 0, it is osdillating and converging.
(b)
X=4/2X+3

f(x)=+2x+3
g(x) =+/2x+3

g9 =2@x+9 (@) ==

2X+3

When x=3b

(©

2X+3

VX
g(x) = 2x+3
JIx
g'(x) = 2x+3
2x/x

When, x=3b g'(x) = 0.2887

f(x)=

When, x=-1b g'(x) =



(d)
X=x- 0.2(x*- 2x- 3)
f(X)=x- 0.2(x* - 2x- 3)
g(x) = x- 0.2(x* - 2x- 3)
g'(x)=1- 04x+0.4
When, x =3P g'(x) = 0.2, it will converge monctonicaly.
When, x=-1P g'(x) =1.8, it will diverge monctonicaly.

Q6.

4
p§(Srh2 - h3)r L =3P r’rg
2

0 3@93:4%

erg erg r.

rs=0.6;r, =1(g/cm’)

Assumeinitid guess, x = 1.2
g'(x)=-0.64 (iteration will oscillate and converge)



n X a(x)

O ~NO OTh WDN -

©

1.2 1.154701
1.154701 1.140439
1.140439 1.136058
1.136058 1.134722
1.134722 1.134315
1.134315 1.134192
1.134192 1.134154
1.134154 1.134143
1.134143 1.134139

10 1.134139 1.134138
11 1.134138 1.134138

rh =1.1341

Ans,

Q7.

NewtonRaphson iteration
x=1+ hz(ey‘/; + 2x2)

y =0.5+h? tan(e* + y?)
h=0.01

n x(n) y(n)
1 1
1.000572 0.500065
1.000465 0.499983
1.000465 0.499983

f(xy)=1+ hz(ey‘/; + 2x2)- X

A WNBE

% = hz(% X 2y + 6x)- 1
E = h? (\/;ey‘/;)
iy

g(x,y) =05+h? tan(eX +y2)- y
fig _ x
W—hzﬁcz(e)

19
Ty

JDZ=-h

= h?sec?(2y) - 1

x(n+1)
1.000572
1.000465
1.000465
1.000465

y(n+1)
0.500065
0.499983
0.499983
0.499983



i ‘Hfu
gﬂx 1y Yex- xnu e (%, ya)u

el9 ooy - vl &a0x, v
gfx fye

Q8.

60 x O 0 é.0277161)

C =
T80 - %08 80218327

e =+/(0.0277161)% +(0.2183217)° = 0.220073957

& 0.00664761)
¢ & 0.0515649 H u

le,|| =1.68645" 10°°

_ & 0.00000090)
~é & 0.0000035 § u

le.| = 3.6138622" 10°°

_ €u
&t
e =
Theiteration will be converge quadraticaly.

Qo
q=14"10°(5.0"10°- T,%)
q=658(T,- T))
q =173(T, - 1960)
173(T, - 1960) = 658(T, - T)

_ 658T, +339080
‘ 173+ 658

a658T, + 339080

17
38 173 + 658

- 19602=1.4" 10°(5.0" 10° - T,*)
(4]



658 147 10°°(5.0 10° - T,

—T,-1152=
831 173
ad.4” 10°(5.0" 10° - T,* 0
- 831 0°(5.0" 10" - T, )+1152i
658 173 &
n T(n) T(n+1)
1 273 1850
2 1850  1846.174981
3 1846.175  1847.161985
4 1847.162  1846.907886
5 1846.908  1846.973341
T, =1846.97 Ans.
= 658T, + 339080 =1870.50 Ans.
173+ 658
Q 10.
@
For non-linear system of equations, NewvtonRaphson iteration should be used.
JDZ =-h
off, ff, . ffo
S
e, I, . Thg
e o MU
é... ... ... ..u
of, gf, . Y

glx, T ‘Hxla
fL(X Xy, %) = - 30, - kx +32x, - 2%, =0
£, (X, Xy, X, X,) =16X, - 30X, - kx,” - 16x;,- 2x,=0

FLO6 2% 00X Ko X2) = - %, +16X;; - 30X - K¢ +16X,, - X, =0, =340~ 2
fn-l(xn-3’xn-2’xn-l'xn) = '2Xn-3 +16Xn-2 - 30Xn-1 - ka-12 +16Xn =0

fo(Xe 20 X 10 X3) == 2X,, 32X, , - 30X, - k)%z =0

(b)



ex * * 0 0 0 - Ou
€ * * * . a
é 0O O Ol;I
ex* * * * * O . Ou
?O * * * * * OL,‘I
J=¢ u
e.. ..U
go 0 * * * * *3
éo 0 0o * * * * U
€ u
g0 O 0 0 * * *§

where, * denote non-zero number.

The bandwidth of J is5.

For banded matrix, total FL OPs required when banded Gauss elimination is used is given
by,

n* (bw+ hbw) + n* bw =n(5+4) +n(5) =14n

(©

1. The system have no solution.

2. Poor initid guess.

(d)

For non-linear systems of equations one cannot tell in advance how many iterations
would be required as it depends on the initid guess values. If certain set of initid guess
vaue resultsin divergence, then one must choose another set of initid value to search for
solution. If divergences take place for many sets of initid guess vaue, then there may not
be any solution for system of non-linear equations. If certain set of guessvaue resultsin
convergence, then dso one must choose another guess value to find other solutions as
non-linear system of equations can have many solutions and one may interested to
determined dl the solutions.

(€)

If for certain initid guess value, solution converges satifying convergence criterion, then
it must be a solution. Therein no need to check whether I matrix isill-conditioned.




