Problem set # 2
(No need to submit)

1. (a) If I is the (3x3) identity matrix and & is an unspecified real number, what is the
determinant of the matrix £I?

(b) If the following matrix A satisfies A® = &I, find k.

2. Find the rank of the following matrix.

(1 3 0 5
-1 1 1 0
2 -1 2 5
-1 2 -1 -1]

Show that the fourth column, for example, is a linear combination of the first three

columns and that the fourth row is a linear combination of the first three rows.

3. If u and v are two linearly independent vectors, determine whether (u + v) and (2u - v) are

linearly independent.

4. Consider the linear system
X+ty+z=2
2x +3y+3z=5
2x+3y+ (p-1)z=p+3

Find all values of p for which the resulting linear system has
(a) no solutions
(b) a unique solution

(c) infinite solutions.
5. The matrix equation A x = b can only be solved for x when b belongs to a certain plane.

1 -1 0 X1 bl
1 0 -1 Xy | = b2
0 1 -1 X3 b3

Find an equation for this plane.

6. Consider the three-component isomerization reaction occurring in a CSTR:



kAB kCA

B «— - A —— C
ka kac

where the residence time is T = 1 min, the inlet concentrations are
[Cho Cpo Ccol' =[2 1 0]

and the rate constants are:
kag = 10 min’! kga = 10 min’!
kCA = 3 1’1’1i1’1-1 kAC = 1 1’1’1i1’1-1

Find the concentrations C,, Cg and Cc.

. Solve the following system of equations:
&+ 11x0+3x3-2x4=0
31 +2x0+2x3 -x4 =0
X1+ 7x0-3x3+x4=0
-11x; +4x2- 12x3 +5x4 =0
How many linearly independent solutions are there in the above set of equations? Find the

general solution.

. For what values of p does the system

Xx—-y+z=0
2x—-y+5z=0
x—y+tpz=0

have (a) no solution, (b) one solution, and (¢) infinitely many solutions?

Give reasons.

. Find the general solution of the following
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10. In the study of chemical reaction, Aris developed a technique of writing simultaneous

chemical reactions in the form of linear algebraic equations. For example, the following

two simultaneous chemical equations



CHy «— CHi+H,
2C,Hs «+—  CoH, + 2CH,4
can be rearranged in the form
CHs+ H, - CoHg = 0
C,H4+ 2CHy4 - 2CoHg = 0
If we identify A; with C,H4, A, with Hp, Az with CHs and A4 with C,Hg, the set of
equations becomes
Al+A-A3=0
Al+2A3-2A4=0
This can be generalized to a system of R reactions between S chemical species by the set

of equations represented by

where a; are the stoichiometric coefficients of each species A; in each reaction 1.

Aris demonstrated that the number of independent chemical reactions in a set of R
reactions is equal to the rank of the matrix of stoichiometric coefficient 0. Determine
the number of independent chemical reactions in the following reaction systems:

4 NH;+ 50O, «— 4 NO + 6 H,O

4NH;+30; «—— 2N,+6H,0

4 NH; + 6 NO «— 5N, +6 H,O

2NO+ O, —— 2NO;,

2NO — N> +0O

—
N, +20, «— 2NO,

Problem Set #2

2. Find the rank of the following matrix. Show that the forth column is a linear combination
of the first three columns and that the forth row is a linear combination of the first three rows.

1 3 0 5
-11 1 0
2 -1 2 5
-1 2 -1 -1
s;=-1
dets;=-1+#0



2 5
2710 4

I 3 0 5 3 0 5

-1 1 1 0 0 3 1 5
S, = =

2 -1 2 5 0 -7 2 5

-1 2 -1 -1 0 5 -1 4

=4 (8-5) — 1 (-28425) + 5 (7-10)
=4(3)-1(:3)+5(3)

=0
ss=0
O Rank=3 «
Columns
1 3 0 5
o7 ‘B 1 Ly L _
2 -1 2 5
2 -1 -1
o+ 3B=5 (1)
—a+B+y=0 (2)
20 - B+ 2y=5 3)
—a + 2B - y=-l (4)
1 3 0 5
oo el e L=
2 -1 2 5
1 2 -1 -1

O Forth column is linear combination of the first three columns.



Rows

aft 3 0 S]+p[-1 1 1 0]+y[2 -1 2 5]=[-1 2 -1 -]

o- B 2y =-1 (1)
3a B -y =2 (2)
B+ 2y=-1 3)
5a +5y = -1 4)
B +2y=-1

3 i
B +2( E)' 1
—q4+8 21
B= 1+5 5

U The forth row is a linear combination of the first three rows.

3.
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a+33=0 (1)
20+43 =0 (2)
By solving the equations:
a=0,=0
U u and v are linearly independent.
a+33=4 (1)
20+43 =6 (2)
By solving equations:
a=1,6=1
40
X+ytz=2
2x+3y+3z=5
2x + 3y + (p*+1)z = p+3
11 1 X 2
2 3 3 y|=| 5
2 2 p-lf|z p+3



(a)

(b)

(c)

I 1
2 3 3
23

R,#R,-m, R,

5
p’=1p+3

1

-0
0 0 p’—4p-2

1
1

p=(-2), no solution.

11 12
01 1)1
0 0 0-4

I 1 1
01 1

p=2,
11 12
0 1 11

0 0 00

For particular solution,

1
1 0
0

g

-1 0,
-1 b2 mzst N
1 —1b,

p # %2, unit solution.

2

1

10 0 p’—4p-2

1

infinite solutions.

Ax=Db

x=A"b

Cao
Cro
Cco



Iy :kABCB _kCACA +kACCC _kBACA
I = _kABCB +kBACA
. =k, C, Kk, Co

Mass balance

A: QC,, +vk,;C; +vk,.C. —vk.,C, —vkg,C,

B:  QC,, —vk,,C, +vk,,C, —QC, =0
C:  QCq, + vk, C, —vk,.C. —QC. =0

Dividing by Q and substituting:
kag =10 viQ=1=1
kBA =10
kCA =3
kAC =1

A: C,,+l0C, +C.-3C, -10C, —C, =0

~14C, +10C, +C_ =2
14C, -10C, —=C, =2

B:  1-10C, +10C, -C, =0
-10C, +11C, =1

C:  0+3C, -C,-C. =0
3C, —2C. =0

14 -10 -1[c,] [2

=|-10 11 0] cC,|=|1

3 0 -2/lc.| |o

14 -10 -1
Let A=-10 11 O
3 0 -2

det A = 14(-22)+10(20)-1(0-33)=-75

_QCA

0



=22 =20 11]
adjA=|-20 -25 10
=33 30 54|
C, . 2]
C, |= adjA)| 1
B detA( jA)
Ce 0]
=22 20 11}|2
:L =20 25 10||1
=75
=33 30 541||0
-64
1
=——| -65
=75
—-96
C, 0.8533
Cy; |=10.8667 | «
Ce 1.2800

8x, +11x, +3x, =2x, =0

3x, +2x, +2x; =x, =0

-x, +7x, =3x; +x, =0

—-11x, +4x, —-12x, +5x, =0
no. of linearly independent solutions?
Rank = no. of linearly independent solution

A X B
11 3 -2|x 0
22 -1x,]_ |0
-1 7 3 1| x| |0
-1 4 -12 5 ||x, 0
s1=35
S, = D } ,dets, =3
S, = ! 4} dets, =31
2 _1 5 ’ 2
2 2 -1
s;=|7 3 1
14 -12 5

det 83 = 2(-15+12)+2(-1)(35-4)+(-1)(-84+12) = 4



g8 11 3 =2
302 2 -1
-1 7 3 1
-11 4 -12 5
det sq = 8[(2)(-15+12)=2(35-4)(-1)+(-1)(-84+12)]
+ (-1D[3(-15+12)+(-1)(2)(-5+11)+(-1)(12-33)]
+ 3[3(35-4)+(-1)(2)(-5+1 1) +H((-1)(-4+77)]
+ 2[3(-84+12)+(-1)(2)(12+33)+(2)(-4+77)]

S, —

=0
(] no of rank = 3
There are three linearly independent solutions in the above set of equations.
8.
Xx—-y+z=0
2x—-y+52=0
x—y+tpz=0
1 -1 1}|x| |0 1 -1 1{0 1 -1 110
2 -1 5||y|=]0|=]2 -1 5/0|=|0 1 310
I -1 pilz| |0 I -1 pl0 0 0 p-10
(a) For this problem, no solution is not possible for any p.
(b) When p # 1, one solution
1 -1 10
0 1 310
10 0 p-10
(c) when p = 1, many solutions
1 -1 1o
0 1 3|0
100 00
0.

Find the general solution of the following.
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1 3 3
2 69
-1 3 3
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we have three equations, four unknown
more unknown, less equation (under defined problem)



I 3 3 2|1
2 6 9 5|5
-1 3 3 05

@ | >

S, =[3], dets, =3

6 9
S, = ,dets, =18 =27 =-9
13 3
1 3 3
;=2 6 9
-1 3 3
det s3= 1(-1)""'(18-27)+3(-1)"2(6+9)+3(-1)' (6+6)
=-9-45+36
=-18
[ rank of A =3
3 31
S,=|6 9 5
335
det sg = 3(-1)""1(45-15)+3(-1)"4(30-15)+1(-1) (18-27)
= 90-45-9
=36
Orank of B =3

rank of A =rank of B#n
[ The problem has infinite many solutions.
For a particular solution, let y =0

1 3 3|1 1 3 3|lu 1
2 6 95|=|2 6 9| v|=|5
-1 3 3|5 -1 3 3||w 5
Axp,=b
XPZA‘lb
=1 [adj A] b
det A
1_—9 0 9|1
Xx =——|-15 6 3|5
P18
12 -6 0[5
[ —9+0+45 36
=L 15430 +15| =—
-18 -18
| 12-30+0 -18
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For homogeneous solution, Axy =0
u
1 3 3
2 6 9
-1 3 3
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Let y=1, we have

1 3 3|lu -2
2 6 9| v =3
-1 3 3||w 0
Ax=Db
x=A"D
| 1 )
= adjA)b
detA( ! )
det A=-18
-9 0 9|2
x=L -15 6 3| -5
-18
12 -6 01| 0
18+0+0 18 -1
:L 30-30+0 :L 0l= 0

18
-24+30+0 6 yA

- 11 -



10
Xp — /%
1
U= xfoa x, satisfies Ax=b.
-2
0 -1
Ox : a= | 4
1
0

We have many solutions as ; could have many values.
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