Problem Set #10
Boundary Value Problem

1. Consider the following linear BVP
y@-3y¢+2y =%, y0)=1, y¢l)=2
(a) Formulate the above BVP in order to solve numerically by shooting
method.
(b) Using central difference approximation for the differential equation, develop
the finite difference formulation that you intend to use in solving the above
BVP numerically. Take h =0.1.

Solutiont

@ y®-3ye+2y=x, y(0)=1 wI1)=2
Let y'=z y(0)=1
then Z=x+3z-2% y¢l) =z (1) =2

We can solve the above two firg-order equations as initid vaue problem (IVP), if we
knowzax=0ingead of zat x = 1.

In the shooting method, we will guess z & x = 0, and will solve the resulting 1VPs
using Euler or RK4 and will match the vaue of z a x = 1 to see whether it is 2.

z(0 z(1
0.1 -6.6593
0.5 |]|]|:> -1.8453

0818 2

Since the differentid equation is linear, we can determine the exact vaue of z(0) from
the first two runs as follows
Exact z (0) = 0.1 +[(0.5 - 0.1) / (-1.8453 + 6.6593)] [2 +6.6593] = 0.818
Therefore, exact solution of the differentid equation can be obtained by solving the
following eguations
y'=z y(©Q=1
Z=x+3z-2 z(0)=0.818
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using Euler or RK4. The result will satisfy the boundary condition y'(1) = 2.
(b)  Since h=01 n=(b-ah+1=(1-0/01+1=11
xi=a+(i-Dh=(@-1)h

Y1 Vi ¥3 Vi Y10
| ||
L , [
X1 X2 X3 Xi X10 X11
1 3 i 10 11
x=0 0.1 0.2 (i-l)h 0.9 1.0

y#-e+2y=x,  y0) =1 ye1)=2
Therefore, y(0) =y1 = 1and y§1) = ya1¢= 2
We have 10 Unknowns. Yy, Vs, Ya, Ys, Ve Y7 Y8, Yor Y10, Y11
Note that y; is known but 41 is unknown.

Discretization of the differentid equation a generd internd node (grid) i is given by

€yi-1-2Yi +¥i+19_ €¥is1- vi-1U

g h2 H 8 N H+2yi =X, i=23,....,10
Multiplying both sides by 2h? and rearranging we have
[2+3h] yia+ 4 - 1]y +[2 - 3] yier = 2 ' x;, i=2,3....,10
or, 23yi1-396Y + 1.7y = 0002 (-1), T i=23....,10

S—
i=2 23y;1-39%y, +1.7y=0002
or, -396y2+17y3=0002-23y1
o, -39y, +1.7y=-2298
=3  23y,-396y; +1.7y,=0004

i=4  23y3-396y, + 1.7 y=0006

=0 23ys- 396 Yo + 1.7 yio= 0.016

=10 23ye- 396 yp + 1.7yn=0018

Yu
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At node 11, we have to gpply the boundary condition. Thet is, y11¢= 2

If we use backward different gpproximation for y11¢ we have

_éy11- yiou_
vy =L v0U_,

L
Therefore, the matrix looks like
639 17 0 0
£23 -39 17 O
e 0 23 -39 17
e
a 0 0 2.3 -3.96
2 0 0 0 2.3
g 0 0 0 0
g 0 0 0 0
& 0 0 0 0
é
z 0 0 0 0
g 0 0 0 0

O

Note that Matrix is
Tri-diagonal
Diagonally dominant

Independent of yi's

- Yo tynn =2h=02

0
0
1.7
- 3.96
2.3

O O O o

0 0 0

0 0 0

0 0 0

0 0 0

1.7 0 0
-396 17 0

23 -39 17

0 23 -396

0 0 2.3

0 0 0

Gy, 0 & 2.2080

é u
€y, U €0.006 U

é u
§y5 u e 0.008 u
Cye Y €0.010 Y
~Y6 & i
ay7 g (:g 0.012 @
é, u é u
Ayg 1 6 0.014 a

Solving the above tri-diagond matrix we can determine the vaues of y» to yi1.

Note that since the differentid equation is linear, we obtained linear dgebraic equations.
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2.

Condgder the non-linear BVP

3_,.3

2
-M+u =x~, 0<x<1

dx?
u@=0u@=1

(@ Formulate the above BVP in order to solve numericaly by shooting method.

(b) Usng centrd difference approximation for the differentiad equetion, develop the
finite difference formulation that you intend to use in solving the above BVP
numericaly.

(i) Statetheequation intheformf; (u;) = O for the generd i (interior) node.

(i) Statetheequationintheformfy (uj) = 0 for the 1 boundary (at x = 0) node.

(iii) State the equation in theform fa (Ui) = O for the n™ boundary (at x = 1) node.

(iv) What isthe bandwidth of the associated Jocobian for n = 100?

(v) Approximately, how accurate is u; if n =200 is used as compared to n = 100?

(vi) Divergence occurs in an atempted Newton-Rgphson iteretion solution to the
above BVPfor n = 100 and aparticular initid guess. What can be concluded?

Solution

@

U+ B = u(0)=0, u(l) =1
Note that the differentid equation is nonlinear. It is non-linear because of the term §
and not because of the terms u" or x°.
Let u=v u(0) = Guessavdue
then v=u- v(0)=0,v(1) =1

To apply the shooting method, we have to guess u(0) and solve usng Euler, RK4 or
other methods, and check whether v a x =1 is 1. Since the differentid equation is
nortlinear, we will not be abdle to use linear interpolaion to guess the correct vaue for
u(0). We have to determine u(0) by repested trid-and-error to match v(1) = 1.

Guess u(0) V(D) Guess u(0) v(1)
0.1 -0.2492 10 15552
0.5 I]::> -01147 0.85 ﬂ::> 0.6529
0.8 04616 091 0.9439
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15 24.36 | 0.92 1.0001

® U =X u(0)=0,ul) =1
Ut U2 U u Un1 th
et
X1 X2 X3 \ X Xna Xn
1 2 3 I n-1 n

Note that snce both boundary conditions are deriveive boundary conditions, we have
n unknowns, U to b, where nisthe number of nodes or grid points.

0) - e =
& hq
or, fizua-[2+Huu+ua+Fx=0 i=23 ..., (")

Note tha sSnce the differentid equatiion is non-linear, the discretized egueion is
systems of non-linear dgebraic equation.

(i) Atgridpoint1,u'=0.
That is, if we use forward difference approximeation, we have a grid 1

euz-u]_l.,J:O P fi=u-ux=0

€ hH

(iii) At grid point n, ' = 1.
That is, if we use backward difference approximation, we have a grid n

(iv) Letusassumen =6 (tota of 6 grid (node) points). Then, we have

U U Uz W Us Us
X1 X2 X3 X4 X5 X6
1 2 3 4 5 6
x= 0 0.2 04 0.6 0.8 10
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We have 6 unknowns, u, L, W, Us, Us, and Us.

The 6 non-linear equations are given by
fi=uw-u=0 = = -—

fozu-[2+h%w] b+ w+h?x=0
fa= LE-[2+h2U32] b+ w+h®xs®=0 e Interior point
fa=-[2+M° W] w+u+h’x’=0

fs = w-[2+ 1 Us] s+ Us+ "X = 0
fe=W-Us-h=0 - = =
6 — “Us- =

The 6 unknowns need to be determined from the a@bove 6 nonlinear equations. We
have to use Newton-Raphson's method to solve the 6 unknowns from the 6 nortlinear
equations. We have to solve

JDu=-f

11 R L T N N N LBV

€y Tup Tuz Tug Tus el g (k+) KU &f
s W W w2 wr woggdh - u’f €hY
@My Tup Tuz Tug Yus ﬂu6uéJk+1) Ug()l] éfZI:I
&s T3 T3 S ffs ﬂfsu%(kﬂ) W0 610
éMup Tuz fuz fug Tus Tug( @ U3 d=-a 3(
&ty Ta fa Sa fa ﬂf4u@J<k+1> u0u g
@Mur  Tup fluz flug flus flug u (k +1) ?k) l:l é L,]
Qs W5 fs s W feg g - uMy &t
g Wz Tuz s Tus Weg g,k*d . 0 Sf 4
Ao We o fe Yo oy & Yo Bl

gMur  Tuz  fuz fug Tus Tug(j

fi=w-wp=0

Wy, W T _ _

Tup 7 Tu2 1 uj 0 fori=3,4,5,6.
f2=U1‘[2+th22]uz+LB+h2x23:0

T2 _ 2,26 T2 _. T2 _ _

Tug ﬂu2 ? +3h up = 5 Tuz =1 Ui 0 fori=4,5,6.

fa=-[2+Puf] L+ u+Pxd=

ﬂf—3: ﬂf—B:- + 2,20 ﬂf?’ ﬂf—3: i=
o L o %% 3hiuss, qi=1 42=0 fori=156

fa=w-[2+Hu] w+w+hExs=0
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g _, ffa _ 2,20 Ta _, T4 _ -
fluz Tug ? +3n U4b, s =1 T 0 fori=1,26.

fs=w-[2+MPud] s+ W+ P xs =

s _, s _ 220 s _, W5 _
%% +3h°Ug 2, =1l g2 =0 fori=123

Tug L Tus
fe=U-Us-h=0
Te 9 M6 _1 M6 _¢ frj=1234

fus Tug 7 Ty

Therefore, we have

) 6 (00
é -1 0 0 0 ue™ g
8 - (2+012ud) 1 0 0 ngDu(z)g
g) 1 - (2+012uj) 1 0 og epul)
o 0 1 - (2+0.12u3) 1 0Ggbull g
5 0 0 1 - (2+0.12u8) 1Yén (U
e @) ug="5
=Y 0 0 O 0 -1 1H.é.Dug()Q
e u

¢ Uy -Uz u

e U

gus - [2+012u2]u2+u3+000032

gUZ [2+012U3]U3+U4+000256u
eus - [2+012u4]u4+u5+000864u
eu4 -[2+0.12 ug] u5+u6+002048u

g U6 U5 -0.2 é

Note that Matrix is
Tridiagonal
Diagonally dominant
Function of ui's since
ODE is non-linear

To solve the above problem,
Guessu®fori=1,2, ...6.
CeculaeJ andfusngu® fori=1,2,..6. <€
Solvefor Du® from JDuW=-f
Check whether 13Du13/4< tl, or Y34 13/< td,

wheretol =1 10 (desired accuracy)
If satified, u® isthe solution.
If not satisfied, then
Calculate next estimatefor y as y**? = y® + by® fori=1,2,...6.
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Goto

Note that

v)

Matrix J isa tri-diagonal matrix independent of n with bandwidth of 3. Hence,
one should ue banded Gauss dimination (or banded LU decompogtion) in
olving J Du® = - f problem in the course of Newton-Raphson iteration scheme
snce number of operations required by tri-diagond marix is 8n insteed of
operations (if we use full matrix GE or LU decompaosition), where n is the sze of
theJ matrix (which isequd to the number of unknowns, or nodes, or grids).

Matrix J is diagonally dominant. Therefore, one can dso use iterative methods
(Jecobi or Gauss-Sadd method). Iterative method could be advantageous since it
will guarantee convergence irrepective of initid guess values. Note that
Newton-Raphson method may diverge for certain initid guess vaues but when
it converge it converges quadratically. Wheress, iterative method will result
in guaranteed convergence irregpective of dating initid guess vadues for the
unknowns. However, the convergence rate will be linear. Therefore, decision is
between robustness and convergence rate. Accuracy is not in quedion as it is
dictated by the choice of number of grids and tolerance for convergence.

Accuracy versus speed of computation: If we double the number of grid
points, (which implies h ® h2), accuracy will increese (which means error will

decrease) by a factor of 4 while computation (CPU) time will increese only by a
factor of 2.

When we increase the number of grids to 200 from 100, it means dep Sze (distance
between successve grids) will be reduced by a factor of 2. Since we are usng
centrd difference gpproximations for the derivatives, and we know tha error for
centrd difference gpproximation for derivatives is proportiond to tf, the accuracy
will increase by afactor of 4 [° (2.

(vi) If we observe divergence for a paticular set of initid guess vaue for the unknowns

while usng NewtonRaphson iterative scheme in solving a sysem of nonlinear
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equations we can conclude that either (a) initid guess vaues were such that J matrix
became sngular or nearly singular (ill-conditioned), or, (b) there exist no solution.
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3. Condder the following diffuson with irreversble chemicd reaction in an isotherma
porous catayst dab described by

47 ac3=0

Boundary conditions: C(x=0)=1

where C and x are dimens onless concentration and position respectively.

We ae interesed in finding the numericad solution of the above problem by finite
difference method usng a totd of only 3 nodes (1 interior node plus 2 boundary
nodes). The variable naming scheme for the 3 nodes (or grids) isasfollows:

C:1 C Cs

[ @ ®

1 2 3
=0 % %=1

Use cettrd finite difference gpproximaion for the inteior node and forward or
backward finite difference gpproximation for the boundary nodes.
(@ Obtain the dgebraic equations using the finite difference technique.

(b) Formulate the linear system of equations J®¥ DC® = - 9 you want to solve in the
course of Newton-Raphson iteration.

(c) Determine the vaues of G and C; after first iteration (i.e, G and G&) when initid
guess values used are C2% = 0.5 and Cs9 = 0.

(d) Is the matrix, 3, in part () diagondly dominant? Can we use iterative method in the

course of Newton-Raphson iteraion?

Soluion C"-2C*=0, C(0)=1,[C(1) + C 1] =0
C, Co Cs
[ 4 @ ®
1 2 3
X1=0 X =05 =1
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Cj_:l

eC 2Co>+C

3- 22 1 -2C3-0
é h u
&Ca-Co U

&3 ~25+c2=0

e h g3

Smplifying 2 equetion, we have
C3-2Co+C1-2H C°=0
o, C3-2[1+HFCAC+Cy=0
o, C3-2[1+(05)2CAC=-1
o, -2[1+025C?Cr+Cs= -1

Smplifying 3¢ equation, we have
C3-Co+hC#=0

o, -Cy+[1+hC3C3=0

o, -Cx+[1+05C3Ca=

U Boundary condition at grid # 1

U ainterior grid# 2

U Boundary condition a grid # 3

U Subditutingh=05,C;=1

Therefore, the 2 non-linear equations for the 2 unknowns are as follow
f1(Cs C)=1-2[1+025CF C,+C3= 0
f2(C2, C9 =-C2+[1+05C5] C3=0

(b) To solvefor C, and C3, 0lve JDC =+
Scs T £ el en
e, Sty 112 U & (k+) (k)u =g
alCo ﬂC3 q; C e2d

or,

© 1fc2=05andC?=0

Then we have

€ 2375 1
-1

[(1H]) (D)
c

=
c
N
c
@D D (D2 (D

YN
88
w

(@ C

3 2§ +025c2 ) +Ca
e u !
-Co +[1+O.503]C3 ;

é— 0.0625uU
-é u
8 - 0.5 g
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eDCzU 1 él -1 ueooezsu €0.31818U

or,
gDC3g 1375é|_ 2375[3g 0.5 g 8381818[3

Therefore gc(l)ﬂ eC(O)H eDC,u_€0.5u €0.31818U eO81818u
gy g eDCZE S0y Dssisy eisisy

X

€3 0

(d) The matrix JO is diagondly dominent and therefore, iterative method could dso be
used.

4. Congder thereection plus diffuson problem
d%cp _ Sqidl

=é uCp =a C
2 éDgA A

Ca(x=0)=1 and TA(x=1)=0

where
Ca = Ca/Cao = dimendonless concentration
Cao = concentration of A outside the reaction zone
X = L/L, = dimengonless pogtion
L o = thickness of the reaction zone
ki = rate congtant for the reaction A ® B.
D = diffusion coefficient of A.

(& Formulate and discuss two different methods for finding the concentration
profile, Ca (X). Take a = 1.2
(b) If the origind differentid equetion contans a norHinear rate expression of the

form
dZCA:gle(z)H CA _acCp

How you are going to find out the concentration profile, Ca (X)?
TakeK =2
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@ C"-a C=0, cCo=1,C(®=0
Let Cc'=sS co=1
Then S=acC S1)=0

To solve using the shooting method, guess a vaue for S0), solve using Euler or 4"
order RK method and check whether the vdlue of S a x = 1 is 0. Since, the differentia
equation islinear one can find the exact guess vaue for S0) after 2 trids.

Guess S(0) Cdculated (1)
0.1 1.3295
0.1 1.0209

Correct guess for S(0) can be obtained from
S(0) =0.1+[(-0.1- 0.1) / (1.0209 - 1.3295)] [0 - 1.3295] =- 0.7616

Therefore, if we solve the following IVP

C=S C0)=1
S=acC S(0) = -0.7616
using Euler or 4" order RK method (of course using proper h), it will satisfy the BVP
C"-a C=0, co=13Cc@m®m=0
Finite Difference method: C'-a C=0, C0)=1C(1)=0
Cl C2 C3 Ci Cn—1 Cn
- —H
0=x1 X X3 | Xi X1 Xn=1
Ci=1 U grid# 1 (Left boundary)
€Ci.1- 2Ci+Cj 41 U .
gL Xt g G20, 22,3, ...01 U grid#i (interior grid #1)
é h a
o, Cia-[2+aM]Ci+Cia=0  i=23..n1
Ch=0 U grid# n (Right boundary)
CT, [Cn - Cn.]_] /h = O, OI', Cn.]_ = Cn
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If we use iterative (for example, Gauss Seidd) method to solve Gi's, then we have
Cl =1

é U g4

ce g1 gC_nexl/v +C'(101| Ui=23 .. . . .n1l Note that_the
é2rah? @ i system is
Cr=Cus diagonally
n— “~n-

dominant

If we use Newton-Raphson's method, then we have to solve

JDC=-f
For grid#2,i=2: Ci-[2+ahf C2+C3=0

o, f=1-[2+atf]C2+C3=0 U snceCi=1
For grid#3,i = 3: C2-[2+a hf Ca+Cs=0

o, f3=C,-[2+a h]Cs+Cs=0

For grid #4, i = 4: Cs-[2+ah] Cs+Cs5=0
o, f,=Cs-[2+a h]Cs+Cs5=0

For grid #n2,i =n-2 Cns-[2+a W] Cpa+ Cha=0
of, fr2=Cns-[2+a ] Cho+Cns=0
For grid #nd, i =n-1: Cn2-[2+a ] Cph+Ch=0
o, Cpo-[2+a h’]Cyp1+Chi=0 U snceC,=Cny
o, Cn-[l+ah]Ch=0
of, fri=Cn2-[1+a h’] Cw =0

Therefore, we have to solve

¢ (2+ah?) 1 0 0 0 0 o Y
e 1 - (2+a h?) 1 0 0 0 0
g 0 1 -(2+ah?) 1 0 0 0 3
é : : Y
g 0 0 0 1 - (2+ah?) 1 0 ﬂ
¢ o 0 0 0 1 - (2+a h?) 1
2
8 0 0 0 0 0 1 - (I+a h%)g
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é€Dc, U €éf, U

é ua é a

el a efaq

Note that €pc, u ef,u
e s e ua é U
Matrix is tri-diagonal & - 0=-é - 0
Independent of Ci’s e . u é. 4t
e 4 e

d:)Cn_zu Efn_zu

é u é a

éXn-10  &fn-10

To solve the above problem,
Seta =1.2(given), Choosen, thenh=[1 - 0]/(n-1)
GuessC{@fori=2 3, ...n1.
Calculate J and f using Ci© fori = 2, 3...n1
Solvefor DCY from JDCO=-f
CdculaeGP=C{@+DC® fori=23..n1
Since BVPislinear, G, fori = 2, 3...n1, isthe solution.

7

éa Uer-— — 1) —
(b) ce¢ @1+KCQC_O’ cCOo=13C@®=0
Let c'=S Cco=1
_€ a _
Then S_@mé S(1)=0

To solve using the shooting method, guess a vaue for S(0), solve using Euler or 4"
order RK method and check whether the vadue of S a x = 1 is 0. Since, the differentid
equation is non-linear, one can not find the exact guess vaue for S(0) after 2 trids.

GuessS0) Caculaed S(1)
12 09494
090 105800
070 03512
050 01204
040 00203
039 00004
038 -000145
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Therefore, if we solve thefollowing IVP

Cc'=sSs co=1
a u —
S= @1+ch(: S(0)=-0.38
using Euler or 4" order RK method (of course using proper h), it will satisfy the BVP
.« € a u _ VY —
c"- gl+KCgc: =0, C(0)=1,C(1) =0
oy : . n _éa U — ' —
Finite Difference method: C @1+ e gC =0, C(O=1C@®=0
Cl Cz C3 Ci Cn—l Cn
|| \\\
0=x1 X2 X3 \ \ Xi \ Xn-1 Xn=1
C:i=1 U grid# 1 (Left boundary)
eC| 1 2C| +C| +1 u e a u _ . . . . e . . .
A - C. =0, i=23 ....,n1 U grid#i (interior grid #1)
& h? ﬂ gHKCi g
é :
o, Cii- 22+ n KC, uC. Ci+1=0, =23 ...n-1
Ch=0 U grid# n (Right boundary)
or, [Cn - Cn-l] /h=0
o, Cn =Cy,

If we use iterative (for example, Gauss-Seidd) method to solve Gi's, then we have

Ci=1

g 3 Note that
2 . the system is
chev =% Uécnew  codllj_o3
! gz a h2 E -1 Ti+lgy (") diagonally
5 1+kcold i dominant
Cn:Cn-l
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If we use Newton-Raphson®s method, then we have to solve

Forgrid#2,i=2

For gid#3,i =3

For grid#4,i = 4:

Forgrid#n2,i=n2

Forgrid#nli=n1l

JDC=-f

- 2+21 0,4 Ci=0
1-22 1+KCZH 2+ C3=

f2=1- 92 1+KC2uC2+C3_O

1+KC u C3+ C4— 0

é
Co- @+210
8

é
fa=Cz- 22+1 KCSHC?, Cs4=0

Coa- 2+—212 U icn=0
n—3'32 mﬂ n2 n-1=

a h?

u
+
—1+KCn uCn—Z Cn1=0

é
fro=Cn3- &+
a

ah2

u
- + =
1+KCp_1 uCnl Cn=0

é
Cha- éz
&

é
Chz- é2+LuCnl+ Cnh1=0
& 1+KCnp-1 14

2 U
al® _1Ch=0

é
Cha- d+————0

¥ 1+KCp_.1 %

é Cn-13

2 U
al® 1 Cu=0

é
fr1=Cno- d+———

< + o

é 1 KCn_lu

CN5010 (Ray, AK)
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Therefore, in the course of Newton-Raphson's method, we have to solve the following

€ ¢ 5 U 0
€ a ah ¥ u
€ &4 a 1 0 00 0 0 -
e A ‘ u
é & i1+|<c2)§g a
e é U u
A < 2 ” e
<] ah u
< 1 -6+ a 1 00 0 0 -
e A g u
2 ¢ 11+Kc3523 3
¢ 0 1 gz+ ah? 3 10 0 0 u
é T - u
. § oy @
e u
e G
e ' u
¢ ¢ 2 U a
e e a ) u
© 0 0 0 01 -&+ a 1 :
é é 6 ?U u
é & +KCn_2 CI l;l
é é 2 w
< 0 0 0 00 1 -G ah 233
& & WKCn1/7g4

goc, U g2 !

eDC g & fay

épc, U éf, 0

e ta ety

Note that & © u=-é - 0

Matrix is tri-diagonal é . é u

Matrix is function of gDC 23 gf 23

. n- n-
the unknowns Ci's (-SfDC U .@:‘f U
e n-1(Q é'n-1(

To solve the above problem,
Seta =1.2(given), K =2 (given). Choose n, thenh =[1- 0]/(n2)
GuessC® fori=2,3,...nL
Cdculate J and f usng G¥fori=2,3..n1 <

Solvefor DC¥ from Jpck=-f
Check whether 14DCM13/5< o, or 134 V3/< td,
wheretol =1~ 10™ (desired accuracy)
If satisfied, G isthe solution.
If not satisfied, then
Calculate next estimate for G asCi*™? = ¢® + DC® fori=2,3....(n-1).
Goto
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5. Alternate mathematicd models for Steedy-state heat conduction in a bar insulated a
one end, which is uniformly heated throughout its length, ae Modd A and Modd B
below:

Modd A:

d2r |, = _ ar|  _
¥+a—0, T(XL)—TL, "X 0

R

42T Yoo _T  dT
dx—z"'b(T 9) =0, T(XL)—TL’WX

The quesions beow pertan to atempted numericd solutions using centrd finite

difference gpproximetion of the eguation usng the varidble naming scheme for the n
totd nodes shown bdow and use of Newton-Rgphson iteration scheme to solve for

thenodal variables T. The parameters a, b, g T, and Tr have fixed vaues.

T1 T) T3 Ti X Tha Th
[

O0=x X2 X3 Xi Xn-1 XR=

|
[EEY

(a) Statethe equation that appliesfor Modd A & generd interior nodei.

(b) Statethe equetion thet appliesfor Modd B a generd interior nodeii.

(c) Satetheequation that appliesfor Modd B a noden.

(d) Before you atempt to compute a solution for Modd A, what are the possble
significant outputs for any particular initial guess T2

(e) Suppose your program converges to a solution for Modd A for a paticular initid
guess T ©.
(i) Canyou say how many iteration(s) will be required?
(ii) Should you try adifferent initid guess?

(f) What would be the most gppropriate linear sysem solver to implement for Modd
A and Model B?

(g) Before you dtempt to compute a solution for Modd B, what are the possble
sgnificant outputs for any particular initid guess T©?
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(h)

@)

Solution;

@

(b)

©
©
©

(f)

()]

(h)

Suppose your program converges to a solution for Modd B for a paticular initid
guessT ©.

(i) Canyou say how many iteration(s) will be required?

(i) Should you try adifferent initid guess?

Suppose the true solution for Modd A is known. What would be the gpproximate
dope of a plot of log [E{XR)] vs log [n] based on computed solutions for severd
values of n, wheren >>17?

o o
Mma:o, =23 ..., (n1).
é h G

o, fi =Tj_.1- 2Tj + Tj+p +a h? =0 i=23, ..., (n1).

gTi'1'2T2i+Ti+1g+bgTi%-gg=0 i=23 ..., (n1).

¢ v g
e _3u

o f =T q- gg_ b h2T, 43Ti +Ti. - bgh? =0, i=23 ..., (1)
e u

T (0®=0p fo= -Toa+ Th=0

Either unique solution or no solution asthe BVP islinear.

One iterdtion as the BVP is linear. There is no need to try any other initid guess
vadues as when we geat a converged solution, the solution is the only (unique)
solution possble and if we observe divergence, then there is no solution for the
linear BVP.

Banded Gauss dimination or banded LU decompostion (Since the bandwidth of
J matrix is 3) or iterative method as the systemis diagondly dominant.

Posshle outcome (i) convergence to a solution, (ii) divergence due to wrong
initid guess vaues (for which J is sngular or nearly sngular) or due to no
olution exig for the nonlinear BVP, (i) maximum number of iterations
exceeded in the program, (iv) possbilities of many solutions do exig snce the
non-linear BV P resulted in non-linear systems of equation.

Since the sysem of eguations are nontlinear, one will not be able to tdl how
many iterations would be required as it depends on initid guess vdues. One
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should try other initid guess vaues irrespective of whether convergence or
divergence was achieved. If convergence was achieved, then one should try to
find if there exig other solutions, as many olutions are possible from non-linear
sysems of equetions. If however, divergence was observed, then dso one should
try other guess vaues to find a solution (if it exist) as Newton-Raphson method

may diverge for some initid guess vaues.

L2
0) Ei(xe) 1 = gﬁﬁ »n?2 forn>> 1

Therefore, log E;=- 2logn
Sope=-2.
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