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The Black-Scholes pricing model...
What'’s next?

In the classical Black-Scholes model the stock
price S is defined by

dSy = pS — tdt + o S¢dWy, Sg > 0O;

the bond price is By = et

where parameters u € R, o,r € R+ supposed
to be known.

The randomness of the stock price S is due to
Brownian motion W.

Traditionally we consider a simple B-S model
without dividends, transaction costs and any
limitations on short-selling of the stock, with
the same interest rate r for lending and saving
on the bond.



The main properties of the B-S prising model
are:

e the model is arbitrage free

e we can find a unique price for options on
the stock S, e.g. the fair price of an Euro-
pean call-option (Sp — K)71 is

So®(dy) — Ke " (d_),
where

_In(So/K) + rT 4+ 02/2T

d
= ST1/2

e We can hedge options using the Ito-Clark-
Ocone formula.



Problems

The B-S model stipulates that the log-returns

2
are independent normal random variables.

52
= (,LL — —> (b — tg—1) + oWy, — Wy, )

The dependence structure of the log-returns
have been studied using the Hurst parameter
H. In the uncorrelated case one should have
H = % However, some recent empirical stud-
ies show that H ~ 0.642 (cf. W. Willinger, M.
Taqqu, V. Teverovsky (1999) [1]).

To overcome with this critical point, it has
been proposed that the Brownian motion W
should be replaced by fractional Brownian mo-
tion (fBm).



Long-range dependence, self-similarity
and fBm

The stationary sequence X = (X)ren exhibits
the statistical long-range dependency property
if its autocorrelation function p satisfies

p(k) _

=1

lim
k— o0 Cpk_
for some constants ¢, and [ € (0,1).
A centered stochastic process X = (Xt)te[o;T]
IS said to be statistically self-similar with Hurst
exponent H if

d , —H
(Xt)iepo;r) = (@7 Xat)te[o,1]
for all @ > 0. If, in addition, the process X is

square integrable with stationary increments it
follows that

VarX
Cov(X, Xs) = L

(RH 4 2H _ g 2HY

The increments Y, := X, — X;._1 are stationary
with autocorrelation function

p(k) = 2((k + 127 — 2821 4 (s — 1)2M),
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T herefore,
im p(k) _
k—oo H(2H — 1)k2H-2
and if H € (1/2,1) the increments Y; exhibit

the long-range dependency property with [ =
2—-2H and ¢y = H(2H —1).

1.

The Fractional Brownian Motion Bf! is a con-
tinuous and centered Gaussian process with
the covariance function

1
E (BIBH) = 2(2H 4 «2H o - o2H) =

t s
— H(2H —1) // 1t — s[2H2gsdt
OO0

The fractional Brownian motion is the unique
centered Gaussian process with stationary in-
crements having the self-similarity property with
Hurst index H € (0,1).



The fBm was originally defined and studied
by Kolmogorov ([2]) within a Hilbert space
framework where it was called a Wiener he-
lix. The name " fractional Brownian motion”
comes from Mandelbrot and Van Ness ([3]).
They defined it as a stochastic integral with
respect to the standard Brownian motion:

t
BH = /K(t,s)dWs
— OO

with a deterministic kernel K depending on H.

If H = 1/2 then the fBm is just a standard
Brownian motion. In the case H > 1/2 the
fBm exhibits the statistical long-range depen-
dency property as shown above. Hence, in fi-
nancial modelling we usually assume that H &

(1/2,1)



fBm is not semimartingale!

Let T = (0 =tg < t] < ... < th, = T) be a
finite partition of the interval [0,T] and for a
stochastic process X set

n

Sp(X, 7‘) .= Z |th — th_llp
k=1

The p-variation v, of a stochastic process X
over an interval [0,T] is defined as

0p(X, [0,T]) 1= sup (X, 7)

The index of p-variation v of a process X is
then

v(X;[0;T]) =inf{p >0 :vp(X,[0,7T]) < oo}

if the set above is non-empty and co otherwise.
For fBm B! with index H € (1/2,1) one has
v(Bf') = 1/H (see Dudley and Norvaisa [4]).



For semimartingales M one must have v(M) €
[0,1] U{2} (see Dudley and Norvaisa [4]). Thus,
the fractional Brownian motion is not a semi-
martingale when H # 1/2. So, we cannot
use the It0 theory to define stochastic inte-
grals with respect to it. However, we can de-
fine a pathwise integrals as a refinement of the
Riemann-Stieltjes integrals using the p-variation.

Pathwise integral with respect to fBm

For a function f on [0, ¢] we define

sp(fim) = ) |f(t) — f(tp—1)P

tem
If

Up 1= Sup sp(fim)

is finite we say that f has bounded p-variation
and denote f €V,



Young [5] proved that if f € V, and g € V, for
some p and ¢: 1/p+ 1/q > 1 then integral

T
[ 9o
0

exists in the Riemann-Stieltjes sense.

It has been shown that paths of the fBm B}?
belongs almost surely to the space V, iff p <
1/H (cf. Dudley and Norvaisa [4]). Therefore,
the Riemann-Stieltjes integral

T
[ 9(HaBf!
0

exists a.s. ifge V,forsome ¢<1/(1—-H) a.s.



Wick-Ito-Skorohod integral w.r.t. fBm

Integration is based on Malliavin calculus (cf.
Nualart D. [6]).

We define £ as a linear span of the indicator
functions {x[gs : ¢t € [0,T]} completed w.r.t.
the inner product

: HpH
(X100 X[0,61)c = E (B¢ B')
For step functions f,g we have

T T
(fr9)e = HERH = 1) [ [ [()g(®)]t — s/ 2dsat
00

The mapping xg 4 — BH extends to an isom-
etry between £ and L1, the linear space of BH.
We denote by B (¢) the image of ¢ € £ in this
isometry. Let C be the set of random variables
of the form

F=f(B"(¢1),.... B (¢n))
forn>1, ¢p € L,k=1,..,n and f e CP°(R").
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For F' € C the Malliavin derivative of F is the

L-valued random variable
.~ Of /_H H
DiF =Y = (B"(¢1), ... BY(¢n)) ()
k=1 8:1%
The divergence operation ¢ is defined as the
adjoint of D. The domain of 9,

Dom 6 = {ue £ : [E(DF, u)c|? < cE (F2)}

For u € Domé the divergence 6(u) is a square
integrable random variable defined by

E(0(uw)F) =E(DF,u),
for all F'.

The Wick-Ito-Skorohod integral of a process u
w.r.t. fBm Bf is the divergence

T

/ut5BtH = 6(u)
0
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It can be shown that using a Wick product
F'¢ G, under some regularity assumptions on u

T

/ut(SBtH = Iim > g 0 (Bt}k[ - B{Z_l)

0 |7T|_>O tkETF
Theorem 1. Let for stochastic process u €
Dom

T T
Dgsuyl||t — s 2H=2q5dt < oo
| |
0

0
Then the Riemann-Stieltjes integral exists and
we have

T T
/utdBtH = /utcthH—I—
0 0

T T
L H(2H — 1)//|D3ut||t— s|2PH—2qsdt
OO0
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Option pricing in fractional B-S models

Fractional Brownian motion is a non-semimar-
tingale, therefore martingale measures do not
exist and the "first fundamental asset pricing
theorem’ :

no arbitrage is equivalent to existence of a mar-
tingale measure

doesn’t hold. This creates difficulties for find-
ing a rational price for hedging of the contin-
gent claim fr using martingale techniques.
However, in the fractional B-S model there is a
unique equivalent measure Q under which the
solution to

dS; = pu(t)Sidt + oS dBH (RS equation)

or

dS; = v(t)Sidt + oS0 B (WIS equation)

. . BH_1,2H
IS given by a geometric fBm Sy = Spe™t ~ 2
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For WIS fractional B-S model we can define
self-financing condition

5VtWIS(7T) = 0S5t

It has been shown (cf. Hu and @ksendal [7],
Elliott and van der Hoek [8], Bender [9]) that
WIS fractional B-S model is arbitrage free.
The absence of arbitrage follows basically from
the fact that WIS integral is centered.

Let mp = %(t,st) for a function h introduced
by Hu and @ksendal in [7]

Mt ) = 2 In(z/K) +1/2 (T2H — 2H) B
\/TQH _ 42H

In(z/K) —1/2 (T2H — 2H)
\/TQH _ 42H

Then we can obtain that V2¥V/5(r) = h(T, St) =
(S7— K)T and corresponding fair price for Eu-
ropean call option is

Cr ((Sr— K)T) = h(0, So)

~K®
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Regularized fBm

RS fractional B-S model is not arbitrage free.
Arbitrage portfolios were constructed by Rogers
[10], Shiryaev [11], Dasgupta [12].

To overcome the shortcomings of the RS frac-
tional B-S model some remedies have been
proposed, namely regularization of fBm and
mixed models.

The regularization procedure to the fBm was
suggested by Rogers [11] and was further stud-
ied by Cheredito [13]. Using the Mandelbrot
and VVan Ness integral representation

t
BH — /K(t,s)dWs
— OO

we can regularize the fBm in the following way.
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Replace the kernel K by a "regularized” ker-
nel K so that the Gaussian process BH =
t

[ K(t,s)dWs has stationary increments and

— OO
satisfies the following two conditions

1) B is close to the original fBm B}/ in the
sense that Cov(B/!, BI') ~ Cov(B}!, BI)

2) the law of the B is equivalent to the law of
the standard Brownian motion 1) implies that
EtH IS another Gaussian process with the same
long range dependence as original fBm;

2) implies that the new fractional B-S model
w.r.t. B} has a unique equivalent martingale
measure. Hence, it is arbitrage-free and com-
plete.
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Mixed Brownian-fBm model

Consider a mixed Brownian-fBm model

dS; = Si(pdt + edWy + cdBf)

Recently it has been shown that the mixed pro-
cess edW; + odBj! is equivalent in law to edW;
whenever W and B are independent and the
index H € (3/4,1). Hence this model is similar
to the regularized one considered above in the
sense of existence of the unique risk neutral
measure.
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