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ABSTRACT. In the present paper the stochastic Fubini theorem for integrals containing ran-
dom integrand and fractional Brownian motion as integrator has been proved. The special
form of integrand is considered for the purpose to change the measure in the stochastic
integral containing fractional Brownian motion.

1. INTRODUCTION.

Let (2, F, P) be complete probability space with filtration (Fi,¢ > 0). This com-
position we will denote by (Q, F, (F}),~,,P). Throughout this paper, we denote by
(Bfl, (F¥) >0 ,P) a normalised fractional Brownian motion (FBM) with Hurst parameter

H € (1/2,1), characterised by the following properties:
(P1) B has stationary increments;
(P2 )Bgf_o and EBT = 0 for all #
(P3) E(B/ ) = |t|*"for all t;
(P4) BH is Gaussian;
(P5) BH has continuous sample paths.
Denote Hf, ; the space of Holder continuous function with index « on a segment [a, b]

with the norm ||1‘||’Haa )

= sup |z(t)]+ sup W
tE[a,b] a<t<t'<b
We shall use the Holder continuity of the trajectories of fBm with any index 0 < a < H
ie. B € H? ,, forany 0 < a < H and 0 < a < b.) According to the papers [1], [2] the
t [a,b]

Holder continuity of Bf ensures the pathwise existence of the integral
/f( )dBR 0<a<b

with probability 1 for any measurable random function f € ’Hfa o) with > 1— H and
without any restrictions on the adaptedness of f.
As it proved in [1] this integral is a limit in probability of Riemann-Stieltjes sums.
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Let the Holder function z on the semi-interval [a,b) has lim z(t). Denote its Holder

t—b—

norm as (1) - )]
z(t) — =z

T||lyge = sup |z(t)|+ sup —F—-——.
el . te[a,b) (0] a<t<t'<b [t —t']®

Definition 1. The function f : R — R is called piecewise Hélder with index o, 0 <
a < 1 on the segment [Tl,TQ] C R, if there exists a finite set of semi-intervals that don’t

intersect {R1,Ra,... RN | U R U{b} = [T1,T>]} and such that the function f is Holder
with index o on any of them

Definition 2. The norm of piecewise Holder function is denoted as C%([I1,T3]) =

max || f[[zs, -
i=1,N

2. AUXILIARY RESULTS.

Let real functions f € ’Hi’a,b], g € ’Hﬁl’b], where a + 8 > 1. Then the following
statements hold:
(1) according to the theorem 4.2.1 [1], there exists Riemann-Stieltjes integral

|7 \~>0

b
/f(:v) dg(z) :== lim Zf zr) [9(zre1) — g(zr)]; (1)

(2) according to the theorem 21 [2], there exists sequences {f,,g,} € C'[a,b] such
that [| fn — fll2e lgn = gllng, ,, = 0, n — 0.

[a,b] la,b]
Consider a sequence of partitions of a segment [a, b]:

(”—n{ ={a=t) <t} <..<tl=0},

such that 7 c 7(+1 and |7r(l)| -0, [ = oo.
Denote Ag(tF) = g(tF) —g(t; ), 1<k <.
Further we shall use the following estimations for integrals containing Hélder functions.

Lemma 1. Let f € Hi o 9 € ’H[Ba o a+ B >1,{fn,gn}, n > 1 are sequences from
C'[a, b] such that ||f, — f””f’a g 0, llgn — g”Hf . — 0, n — o0.

b
Then: I)ff g(t) = hm ffn dt;
2) the followmg estimation holds

b
[ 101500 < il ol max {6 = )+, (6~ )°)
3) if f(a) =0, then
b

[ 10ds(0)| < Clflha ol , 0~ @',

a



STOCHASTIC FUBINI THEOREM ... 3

O<e<a+f+1,C >0 is constant, that doesn’t depend on f and g.

Proof. 1) According to our previous notations we have

b b
[ f@)dg(t) = [ fu(t)g(t ff Z FH)Dg(th)| +

S fa®g @ dt - kil FaltF) Aga(th)

According to (1), for § > 0 we can choose partition 7(!) such that

n \ S ) Dg(th) — 3 Falth) Aga(th)]

k=1

According to Corollary 20 ([2]) we obtain

b !
[ 501t = 3t 2alth)| < CIrOF I folly Nonllr . (3
o k=1 ' “

where 0 < o/ <a, 0< ' < B, & +0 =1+e. I ||fn — f||7.[ab]—>0, n — oo, then,

|fr — f||Ha — 0, n = oo for 0 < @' < «, and then ||fn||Ha N < C1, where C; > 0
doesn’t depend onn > 1.

Analogously, ||gxl| < Cy. From here and (3) we have estimation

Mo

b l
/fn(t)gil(t) dt =" fu(th) Aga(th)] < Cslr D",
a k=1

Choose [ in such a way that Cs|7V|® < §. If now under 7(!) the relation (2) and last
inequality hold, then for fixed [ put n such that

l

[
Z (1) Ag(tf) = fult)) Agaltr)] < 6. (4)
k=1

It is available, because sup |gn(t) —g(t)| < [lgn—gll;;»» — 0, as n — oo analogously
la.5]

te(a,b]
for fy.
From (2)—(4) we obtain the proof of 1).
Statement 3) follows from 1) and Lemma 19 [2], according to which the estimation 3)
hold for any f € C}[a,b], g € C'[a,b].
Statement 2) follows from 1) and theorem 22 (]2]). Really, according to 3),

b

[ 10ds(o)| < Clfllg ol , 0~ @',

a

and then
b

[ 101ds(0)| < Ul ol | max {6 = )+, (6~ 0}

a
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Let f is piecewise Holder function on [a, b]. It is evident that in this case there exists

N b;

the sum Y [ f(t)dB}. The next result demostrates that this sum can be considered as
i=1 Qj

a unique integral.

Lemma 2. Let f is piecewise Holder with inde:v o > 1—H on segment [a,b]. Then there

b
exists Riemann-Stieltjes integral [ f(s) )dBH = Z ff YdBH and for any sequences of
a i=la;
partitions of [a,b] it can be represented in such a way

|7 (l)\a[)

b
/f(s)dBf_ lim Zf ) AB

Proof. As f is piecewise Holder function there exists a finite set of semi-intervals
N

that don’t intersect {[ai,bi)| U [ai, b;) U{b} = [a,b]} Put 7r§l) = ([ai, b;) N 7W), then
i=1

‘ﬂ'gl))‘ < |7®W]. 1t follows evidently from boundedness of f and a continuity of B¥ that

b;
>or ABH%/f(t)dBfI

j: tJEﬁ(l)

even if 7V does not contain a; and b;. Thus

> fy ABt’“_Z Y. fHAB]

k: tkeﬁ(l) i=1 J‘thng”

N b; b
o Z/ t)dBH = /f(t) dBH | as ‘w“)‘ 0. 4

3. THE STOCHASTIC FUBINI THEOREM.

Let 0 < Ty < Ty, ®=®(s,u,w): [T1,T2]> x @ — R is random, measurable function
in all its variables (s,u,w).

Stochastic Fubini theorem. Let there exists the set Q' C Q, P(QY) =1, and under
each w € Q' function ®(s,u,w) satisfies the following conditions:
1)Vs e (Th,Tz),: ®(s,-,w) is piecewise Holder function on u € [Ty, Ts] with index
ap > %, and moreover its piecewise Hoélder morm is bounded on s, i.e. there exists
C = C(w) that Cg(&,’w)([Tl,Tﬂ) < C;
1>
2) function [ ®(s,u,w)dBEY is Riemann integrable on segment [T}, T>)].
T

T> T>
Then there exist iterated integrals I := [ (f (s, u,w) dBf) ds and
Ty T
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T> T>
L:=[ (f (s, u,w)ds ) dBX  and a.s. they coincide, I = I>.
T Ty

Proof. Further, everywhere in this proof we shall consider that w € Q' is fixed and

the argument w will be omitted. According to 1) and Lemma 2 there exists an iterated
T

integral [ @®(s,u)dBY, then, taking in account the condition 2) of our theorem, we

1
satisfy oneself of the existence of integral I;. Since ® is piecewise Holder function, then,
taking in account the following inequality

T>
/|<I>(s,u1) — ®(s,uz)| ds < c/ |lur — ue|*t ds = c(Ts — T1)|uy — ug|™*
T
1>
we satisfy oneself that [ ®(s,u)ds is piecewise Holder function on u € [T}, T5] with
T
index «;. Further, as BX is Holder with index 8 > %, a1 + B > 1, according to the
theorem 4.2.1 ([1]) there exists iterated integral I». Integral I; can be represented as:
-1 T
L= 1 ®(s;,u) dBY Asf
=, [ vist o anlt ast, (5)
=0
where 7). = {T} = s) < s} < ... < st = Tb}, [7¥] - 0 under I - oo.

Now for every fixed sf of partition 7" according to 1) there exists a finite set of
points {u1 x < ugpx < ... < wyp), ) of Holder discontinuity of function ®(-,u). Fur-
ther {Tl =g, <ur, <uz <. <urg-1,1 <ULQY), = TQ} =

n
U {{ul,k <ugp <. < ul(k)7k}} U{Ty,T>}. For each segment [u;,;, ;y1,;] consider
k=1

the partition {ﬂETi), m; >1,1=0,L() — 1}, ﬂETi) = {uil = ugg) < U’E,ll) < .. <

Ugyrlnl) = Ui+1,l}: Fl(rlni) — 0, m; — oo. Then ﬂ'l(m) = U 7r(ml U{TlaTQ} = {Tl =

W <ud < <ul™ = T} is partition of [Ty, T»] with respect to variable u, and with
diameter ‘ (m )‘ = max ‘ (m2)

0<i<l—1
Now let estimate the difference between I; and I»:

Tl

, for which ‘nl(m)‘ — 0, m — oo.

-1 m—1
L= Ll <|[h =Y ) ®sf uABH o Ask| + (6)
k=0 j=0
m—1 -1
+ IQ (I) Sl ,'U/l )AS[ AB (])
7=0 k=0

Further let estimate the first term of the inequality (6)
-1 m—1 ' -1 T2
L= 3" a(sf,ul)ABT, Ast| < |- /@(s,, w)dBH Ask| +
k=0 j=0 ! k=0 7.
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-1 | T2 m—1
+3 / wdBI - 3" a(sk,u)ABT 4 Asf.
k=0 |p, j=0

As @ is piecewise Holder, then according to Lemma 2

Ts
/<1> u)dBH — Z@s,, (J-)—>O,m—>oo

Ty

According to (5)

-1 T2

L —Z /q)(s;“,u)dBf AsFl =0, 1 = 0.

k=0 7,

For the second term of (6) we have

m—1 I—1 m—1 T2
(Psl,ul )Asl AB G <|I — /q)sulj) Yds ABH W +
=0 k=0 i=0 g
k41
m—11-1 "1 '
Y S [ (v - st asaBl | -
j=0 k=0 % !
1
m—1 L2
=L-Y /@(s,ugf'))dsABfm +
Jj=0 Ty '
IR,
+ / (@(s,ul(J)) @(s{“,ul )) AB o) ds|.
k=0 % j=0
1
IR
/ ((I>(s ul(J)) B(sF ,ul(]))) ABH, ds| =
k=0 ok 7=0
1
-1 L()—-1 it '
Z Z / (<I>(s ul(])) @(sf,ugj))) ABﬁj) ds|.
i= s' (J)Eﬂ.( )ﬁ[uz I Uig, 1

As function ®(s,u) — ®(sf,u) is Holder on every segment [u; 7, uit1,1], then according
to the theorem 4.2.1 ([1])

Ui+t1,1

lim Z (<I>(s, ul@) — &(st, ul(j))) ABH W = / (®(s,u) — @(s},u)) dBL.

u

Ui, 1
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Moreover Vi =0, L(l) — 1 the sequence

(3

fGst = S (0l uf? - a(st, uf?) ABI
jould € mlm l

has integrable majorant. Really, using estimations from Corollary 20 ([2]), Lemma 1 and
taking in account boundedness of Hélder norm we have

Uit1,1

P b] < |10y = [ (@00 — 06k w) anf|+

Ui, 1

Wig1,1
+ (@(s,u)—@(s{“,u)) dBf <c‘ﬂ'i7,)‘ ||(I>(s,u)—‘l>(sl,u)||HH X

o [wg goug ]

Wig1,1

X ||B£I||H{,/ ] + (®(s,u) — ®(sf,u)) dBL| <
Ui 1%l
Ui 1
Uit1,1
<C+ (®(s,u) — ®(sf,u)) dBL |,

H <H e:=H+H -1>0
Using estimation 2) of Lemma 1 and and taking in account boundedness of Holder
Uit1,1
[ (®(s,u) — ®(sf,u)) dBL| is bounded on s.
Ui, 1
Therefore we can use the Lebesgue theorem and then Vi = 0, L(I) — 1 we shall obtain
the following Lebesgue integral:

norm of function ® we obtain that

k+1 k+1
s Sl Ui41,1

dm [P eshas= [ [ (@G0 - 2t w) Bl ds,
s;“ s;" Ui, 1

where
WUit1,1

(®(s,u) — (s}, u)) dBL

u

wi, |
is measurable and bounded function on s.
Hence

gkt
-1 L())—1 “1

Z / Z (@(s,ul(j)) - @(sf,ul(j))) Ang) ds —

k=0 ¢=0 sf j:ul(J)ETrE‘W;)
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k1
I—1 L(l)fl Sy Ui41,1

- ®(s,u) — ®(sF,u)) dB? ds =
>y ) ] fo)

ks Ui 1
1 T
= Z (<I>(s,u) — ®(sf,u)) dBY ds =
k=0 %

/ ®(s,u)dBY ds—Z/ (s¥,u)dBE As,

k=07,
as m — 0o. .
2

Now according to condition 2) of our theorem, the integral [ ®(s,u)dBZ is Riemann
T

integrable function on s, so we can use (5) and obtain

(7/ ®(s,u)dBY ds—Z/ (sf,u)dBE Asf| — 0, asl — oo

k=07,

Using Lemma 2 we can obtain the following relation

m—1 12
/@suﬂ) )ds ABT W) —0,asm—00 <
jZOTl

Corollary. The proof of previous theorem is not based on adaptedness properties of
function ® with respect to F;. It holds not only for process BE but also for any random
process that satisfies Holder conditions with index as > %

Now, consider one example of application of our stochastic Fubini theorem. Suppose
that the stochastic ”fractal-diffusion” process z; has a form

xy = B — /I(s) ds, (7)
0

where I(t) = [ f(s) dBY is stochastic integral with respect to FBM. The case when

Ct—

¢ ¢
Ty :/a(s,ms)ds+/b(s,:rs)dBfI
0 0

with appropriate function a and b, can be, in some sense, reduced to the process of the
form (7). According to Girsanov theorem for FBM from [3], denote

B=DB(H+1/2,3/2—H), C; = (2HB) "
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B 2HT(3/2-H) \'/* , c
O = (F(H +1/2)T(2 - 2H)> O = 2H (2 —ZH)l/Q’

where I and B are Euler’s integrals, and consider the kernel K (t,s) = Cys'/2~H (t —
s)1/2-HT{s € (0,1)}.
Suppose also that the function f(¢) is F;—adapted and there exists the representation

O/K(t,s)I(s)ds:O/ésds

t
with f |05 ds < o0 a.s., t > 0.
Then the process z; is FBM with respect to such probability measure ) that |]—‘t
exp{Z — 3(Z):} , where Z(t) = C;" f sH=125, dW,, {Wy, Fi,t > 0} is Wiener process.
0

t s
Therefore we must differentiate the integral [ K(t,s) [ f(u) dBE ds and this is much

0 0
more convenient to do, when we apply stochastic Fubini theorem to this integral. Similar
case when f(u) is non-random was considered in details in [4]. The next result permits
to change the iterated integrals in our case.

t
Further put for t > 0 Jy := [(t —s)7~H 531 (fd) dBH>
0
t t
Iy = [ ¢(u) (f(t—s)%_H %_Hds> dBH.
0 u

Lemma 3. Let measurable, random function ¢ is Hoélder on [0,t] with index az > %
Then a.s. the equality J; = Jo holds.

Proof. Let represent J; and Jy in such a way

t t t t

le/ /@(s,u)dBf ds, Jy :/ /<I>(s,u)ds dBH

0 0 0 0

where ®(s,u) = (t —s)2~H s37H ¢(u) I{u € [0, s]}. Function ® satisfies conditions 1)-2)
of stochastic Fubini theorem under T} = § and T» = t — 4, for § > 0. In particular, ®(s,-)
is piecewise Holder on [0,¢ — 0] with index a3 and one Holder discontinuity point u = s
for any s € [0,t — d]. Therefore a.s. the following equality holds

0 t—4d —0

(t—s)zHgs—H /qs dBH ds = /¢ /(t—s)%—Hs%—HdsdBf.
J

o—~T

And this equality we can retype in such a way J; — Ry = Jo — Ry, where

t—o

5
/t—s%_H 3=H /¢ dBHds-i—/(t—s)%_Hs
0

0

_HX

Nl=
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4 t s
X /¢ )dBH ds + /(t - s)%_Hs%_H/qﬁ(u) dBH ds;
0 t—6 0
s t t—6

Ro= [ ofw) [(t= st st M asanll + [ ofu)

0 u é

t t
x/t—s%* sz HdsdBH 4 /qs /(t—s)%’Hs%’HdsdBf.
§

t— t—4 u

The process BY is Holder with index H — & > —, € > 0, and according to condition of
our lemma, function ¢ is Holder

Ks"—=. Thus
1) for

. Then, using theorem 22 ([2]) 3K > 0 : u)dBE| <

t 5
2) for Ry := [ (t—s)3~" 53~ [ ¢(u) dBY ds the following estimation holds
0

Riy < K62 6> 2H (t —26) - 0, as0 = 0

¢
3) for Riz:= [ (t— s)s—H

s
52~ [ ¢(u) dBY ds we have
=5 0

¢ st
Ri3 < Kt2—¢ /(t — s)%_H ds = Kt>~¢ =

t—d 2

— 0, asd — 0.

1

t
It should be noted that function [(t —s)>~ 3~ ds is Holder with index 2 — H on
[0,6] and on [t — 4,t], where 0 < 6 < t
Really
a) for {u,v} C [0, d]
/(t - s)%_Hs%_H ds| <

u
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<(t— 6)1/2—H ‘,U3/2—H -~ u3/2—H‘ <(t— 5)1/2—H|v -~ u|3/2—H

b) for {u,v} C [t — 0,1]

< (t _ 5)1/2_H ‘(t _ u)3/2—H _ (t _ 1))3/2_H < (t _ 6)1/2_H|1} _ u|3/2—H

t
1_

Then function ¢(u) [(t —s)~" s3~H ds is Holder on [0,4] and on [t — 8, ] with index

as :=min{ag,3/2 - H} > 1/2.
Now using theorem 22 ([2]) we obtain the following estimations

J t
Ry = /d)(u)/(t— s)s~H gs—H dsdBY| < K§H—=
0 u
t—4 t 6§*H
Rop = /¢(u) /(t—s)%’Hs%’HdsdBf < K(t- 21— )
§ t—4 2
t t
Ry3 = /¢(u)/(t—s)%—Hs%—HdsdBf < K5t
—0 u

Now, under § — 0 we obtain .JJ; = J> and proof is over. <
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