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Abstract. In the present paper the stochastic Fubini theorem for integrals containing ran-
dom integrand and fractional Brownian motion as integrator has been proved. The special
form of integrand is considered for the purpose to change the measure in the stochastic

integral containing fractional Brownian motion.

1. Introduction.

Let (
; F; P ) be complete probability space with �ltration (Ft; t � 0): This com-
position we will denote by (
; F; (Ft)t�0 ; P ): Throughout this paper, we denote by�
BH
t ; (Ft)t�0 ; P

�
a normalised fractional Brownian motion (FBM) with Hurst parameter

H 2 (1=2; 1), characterised by the following properties:
(P1) BH

t has stationary increments;
(P2) BH

0 = 0, and E BH
t = 0 for all t;

(P3) E
�
BH
t

�2
= jtj

2H
for all t;

(P4) BH
t is Gaussian;

(P5) BH
t has continuous sample paths.

Denote H�
[a;b] the space of H�older continuous function with index � on a segment [a; b]

with the norm kxkH�
[a;b]

= sup
t2[a;b]

jx(t)j+ sup
a�t<t0�b

jx(t)�x(t0)j
jt�t0j� .

We shall use the H�older continuity of the trajectories of fBm with any index 0 < � < H
(i.e. BH

t 2 H�
[a;b] for any 0 < � < H and 0 < a < b.) According to the papers [1], [2] the

H�older continuity of BH
t ensures the pathwise existence of the integral

bZ
a

f(s) dBH
s ; 0 < a < b

with probability 1 for any measurable random function f 2 H�
[a;b], with � > 1�H and

without any restrictions on the adaptedness of f .
As it proved in [1] this integral is a limit in probability of Riemann-Stieltjes sums.
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Let the H�older function x on the semi-interval [a; b) has lim
t!b�

x(t): Denote its H�older

norm as

kxkH�
[a;b)

= sup
t2[a;b)

jx(t)j+ sup
a�t<t0<b

jx(t)� x(t0)j

jt� t0j�
:

De�nition 1. The function f : R ! R is called piecewise H�older with index �; 0 <
� < 1 on the segment [T1; T2] � R, if there exists a �nite set of semi-intervals that don't

intersect fR1;R2; ::::RN j
NS
i=1

Ri

S
fbg = [T1; T2]g and such that the function f is H�older

with index � on any of them.

De�nition 2. The norm of piecewise H�older function is denoted as C�
f ([T1; T2]) =

max
i=1;N

kfkH�
Ri
:

2. Auxiliary results.

Let real functions f 2 H�
[a;b]; g 2 H�

[a;b]; where � + � > 1: Then the following

statements hold:
(1) according to the theorem 4.2.1 [1], there exists Riemann-Stieltjes integral

bZ
a

f(x) dg(x) := lim
j�(l)j!0

lX
k=1

f(xk) [g(xk+1)� g(xk)] ; (1)

(2) according to the theorem 21 [2], there exists sequences ffn; gng 2 C 1 [a; b] such
that kfn � fkH�

[a;b]
! 0; kgn � gkH�

[a;b]
! 0; n!1:

Consider a sequence of partitions of a segment [a; b]:

�(l) = �
(l)
[a;b] =

�
a = t0l < t1l < ::: < tll = b

	
;

such that �(l) � �(l+1) and
���(l)��! 0; l!1:

Denote 4g(tkl ) = g(tkl )� g(tk�1
l ); 1 � k � l:

Further we shall use the following estimations for integrals containing H�older functions.

Lemma 1. Let f 2 H�
[a;b]; g 2 H�

[a;b]; � + � > 1; ffn; gng; n � 1 are sequences from

C 1 [a; b] such that kfn � fkH�
[a;b]

! 0; kgn � gkH�

[a;b]
! 0; n!1:

Then: 1)
bR
a

f(t) dg(t) = lim
n!1

bR
a

fn(t)g
0
n(t) dt;

2) the following estimation holds

������
bZ

a

f(t) dg(t)

������ � CkfkH�
[a;b]

kgkH�

[a;b]
max

�
(b� a)1+"; (b� a)�

	

3) if f(a) = 0, then

������
bZ

a

f(t) dg(t)

������ � CkfkH�
[a;b]

kgkH�

[a;b]
(b� a)1+";
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0 < " < �+ � + 1; C > 0 is constant, that doesn't depend on f and g.

Proof. 1) According to our previous notations we have�����
bR
a

f(t) dg(t)�
bR
a

fn(t)g
0
n(t) dt

����� �
�����
bR
a

f(t) dg(t)�
lP

k=1

f(tkl )4g(tkl )

�����+
+

�����
bR
a

fn(t)g
0
n(t) dt�

lP
k=1

fn(t
k
l )4gn(t

k
l )

�����+
���� lP
k=1

f(tkl )4g(tkl )�
lP

k=1

fn(t
k
l )4gn(t

k
l )

���� :
According to (1), for Æ > 0 we can choose partition �(l) such that������

bZ
a

f(t) dg(t)�
lX

k=1

f(tkl )4g(tkl )

������ < Æ (2)

According to Corollary 20 ([2]) we obtain������
bZ

a

fn(t)g
0
n(t) dt�

lX
k=1

fn(t
k
l )4gn(t

k
l )

������ � Cj�(l)j"kfnkH�0

[a;b]
kgnkH�0

[a;b]

; (3)

where 0 < �0 < �; 0 < �0 < �; �0 + �0 = 1 + ": If kfn � fkH�
[a;b]

! 0; n ! 1; then,

kfn � fkH�0

[a;b]
! 0; n ! 1 for 0 < �0 < �; and then kfnkH�0

[a;b]
� C1; where C1 > 0

doesn't depend on n � 1:
Analogously, kgnkH�0

[a;b]

� C2: From here and (3) we have estimation

������
bZ

a

fn(t)g
0
n(t) dt�

lX
k=1

fn(t
k
l )4gn(t

k
l )

������ � C3j�
(l)j":

Choose l in such a way that C3j�
(l)j" < Æ: If now under �(l) the relation (2) and last

inequality hold, then for �xed l put n such that�����
lX

k=1

f(tkl )4g(tkl )�
lX

k=1

fn(t
k
l )4gn(t

k
l )

����� < Æ: (4)

It is available, because sup
t2[a;b]

jgn(t)�g(t)j � kgn�gk
H�0

[a;b]

! 0, as n!1 analogously

for fn.
From (2){(4) we obtain the proof of 1).
Statement 3) follows from 1) and Lemma 19 [2], according to which the estimation 3)

hold for any f 2 C 1
0 [a; b]; g 2 C 1 [a; b]:

Statement 2) follows from 1) and theorem 22 ([2]). Really, according to 3),������
bZ

a

f(t) dg(t)

������ � CkfkH�
[a;b]

kgkH�

[a;b]
(b� a)1+";

and then ������
bZ

a

f(t) dg(t)

������ � CkfkH�
[a;b]

kgkH�

[a;b]
max

�
(b� a)1+"; (b� a)�

	
:/
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Let f is piecewise H�older function on [a; b]: It is evident that in this case there exists

the sum
NP
i=1

biR
ai

f(t) dBH
t : The next result demostrates that this sum can be considered as

a unique integral.

Lemma 2. Let f is piecewise H�older with index � > 1�H on segment [a; b]: Then there

exists Riemann-Stieltjes integral
bR
a

f(s) dBH
s =

NP
i=1

biR
ai

f(s) dBH
s and for any sequences of

partitions of [a; b] it can be represented in such a way

bZ
a

f(s) dBH
s = lim

j�(l)j!0

lX
k=1

f(skl )4BH
sk
l

Proof. As f is piecewise H�older function there exists a �nite set of semi-intervals

that don't intersect

�
[ai; bi)j

NS
i=1

[ai; bi)
S
fbg = [a; b]

�
Put �

(l)
i = ([ai; bi)

T
�(l)), then����(l)i )

��� � ���(l)�� : It follows evidently from boundedness of f and a continuity of BH that

X
j:tj

l
2�

(l)
i

f(tjl )4BH
tj
l

!

biZ
ai

f(t) dBH
t

even if �(l) does not contain ai and bi. Thus

X
k:tk

l
2�(l)

f(tkl )4BH
tk
l

=
NX
i=1

X
j:tj

l
2�

(l)
i

f(tjl )4BH
tj
l

!

!

NX
i=1

biZ
ai

f(t) dBH
t =

bZ
a

f(t) dBH
t ; as

����(l)���! 0: /

3. The stochastic Fubini theorem.

Let 0 < T1 < T2; � = �(s; u; !) : [T1; T2]
2 � 
 ! R is random, measurable function

in all its variables (s; u; !):

Stochastic Fubini theorem. Let there exists the set 
0 � 
; P(
0) = 1; and under
each ! 2 
0 function �(s; u; !) satis�es the following conditions:

1) 8 s 2 (T1; T2); : �(s; �; !) is piecewise H�older function on u 2 [T1; T2] with index
�1 > 1

2 , and moreover its piecewise H�older norm is bounded on s, i.e. there exists
C = C(!) that C�

�(s;�;!)([T1; T2]) < C;

2) function
T2R
T1

�(s; u; !) dBH
u is Riemann integrable on segment [T1; T2].

Then there exist iterated integrals I1 :=
T2R
T1

 
T2R
T1

�(s; u; !) dBH
u

!
ds and
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I2 :=
T2R
T1

 
T2R
T1

�(s; u; !) ds

!
dBH

u ; and a.s. they coincide, I1 = I2:

Proof. Further, everywhere in this proof we shall consider that ! 2 
0 is �xed and
the argument ! will be omitted. According to 1) and Lemma 2 there exists an iterated

integral
T2R
T1

�(s; u) dBH
u , then, taking in account the condition 2) of our theorem, we

satisfy oneself of the existence of integral I1. Since � is piecewise H�older function, then,
taking in account the following inequality

T2Z
T1

j�(s; u1)��(s; u2)j ds � c

T2Z
T1

ju1 � u2j
�1 ds = c(T2 � T1)ju1 � u2j

�1

we satisfy oneself that
T2R
T1

�(s; u) ds is piecewise H�older function on u 2 [T1; T2] with

index �1: Further, as B
H
u is H�older with index � > 1

2 ; �1 + � > 1, according to the
theorem 4.2.1 ([1]) there exists iterated integral I2: Integral I1 can be represented as:

I1 = lim
j�(l)j!0

l�1X
k=0

T2Z
T1

�(skl ; u) dB
H
u 4skl ; (5)

where �(l) = fT1 = s0l < s1l < :::: < sll = T2g; j�(l)j ! 0 under l ! 1:

Now for every �xed skl of partition �(l) according to 1) there exists a �nite set of
points fu1; k < u2; k < ::: < ul(k); kg of H�older discontinuity of function �(�; u): Fur-

ther
�
T1 = u0; l < u1; l < u2; l < ::: < uL(l)�1; l < uL(l); l = T2

	
:=

nS
k=1

�
fu1; k < u2; k < ::: < ul(k); kg

	
[fT1; T2g. For each segment [ui; l; ui+1; l] consider

the partition
n
�
(mi)
i;l ; mi � 1; i = 0; L(l)� 1

o
; �

(mi)
i;l := fui;l = u

(0)
i;l < u

(1)
i;l < ::: <

u
(mi)
i;l = ui+1;lg;

����(mi)
i;l

��� ! 0; mi ! 1. Then �
(m)
l :=

L(l)�1S
i=0

�
(mi)
i;l

S
fT1; T2g = fT1 =

u
(0)
n < u

(1)
n < ::: < u

(m)
n = T2g is partition of [T1; T2] with respect to variable u, and with

diameter
����(m)

l

��� := max
0�i�l�1

����(mi)
i;l

��� ; for which ����(m)
l

���! 0; m!1:

Now let estimate the di�erence between I1 and I2:

jI1 � I2j �

������I1 �
l�1X
k=0

m�1X
j=0

�(skl ; u
(j)
l )4BH

u
(j)
l

4skl

������+ (6)

+

������I2 �
m�1X
j=0

l�1X
k=0

�(skl ; u
(j)
l )4skl 4BH

u
(j)
l

������
Further let estimate the �rst term of the inequality (6)������I1 �

l�1X
k=0

m�1X
j=0

�(skl ; u
(j)
l )4BH

u
(j)
l

4skl

������ �
������I1 �

l�1X
k=0

T2Z
T1

�(skl ; u)dB
H
u 4skl

������+
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+
l�1X
k=0

������
T2Z
T1

�(skl ; u)dB
H
u �

m�1X
j=0

�(skl ; u
(j)
l )4BH

u
(j)
l

������ 4skl :

As � is piecewise H�older, then according to Lemma 2

������
T2Z
T1

�(skl ; u)dB
H
u �

m�1X
j=0

�(skl ; u
(j)
l )4BH

u
(j)
l

������! 0; m!1

According to (5) ������I1 �
l�1X
k=0

T2Z
T1

�(skl ; u)dB
H
u 4skl

������! 0; l!1:

For the second term of (6) we have

������I2 �
m�1X
j=0

l�1X
k=0

�(skl ; u
(j)
l )4skl 4BH

u
(j)
l

������ �
������I2 �

m�1X
j=0

T2Z
T1

�(s; u
(j)
l )ds4BH

u
(j)
l

������+

+

�������
m�1X
j=0

l�1X
k=0

sk+1
lZ
sk
l

�
�(s; u

(j)
l )� �(skl ; u

(j)
l )
�
ds4BH

u
(j)
l

������� =

=

������I2 �
m�1X
j=0

T2Z
T1

�(s; u
(j)
l )ds4BH

u
(j)
l

������+

+

�������
l�1X
k=0

sk+1
lZ
sk
l

m�1X
j=0

�
�(s; u

(j)
l )� �(skl ; u

(j)
l )
�
4BH

u
(j)
l

ds

������� :
�������
l�1X
k=0

sk+1
lZ
sk
l

m�1X
j=0

�
�(s; u

(j)
l )��(skl ; u

(j)
l )
�
4BH

u
(j)
l

ds

������� =

=

�������
l�1X
k=0

L(l)�1X
i=0

sk+1
lZ
sk
l

X
j:u

(j)
l
2�

(m)
l

\[ui; l; ui+1; l]

�
�(s; u

(j)
l )� �(skl ; u

(j)
l )
�
4BH

u
(j)
l

ds

������� :
As function �(s; u) � �(skl ; u) is H�older on every segment [ui; l; ui+1; l], then according
to the theorem 4.2.1 ([1])

lim�
�
��

(m)
i; l

�
�
�!0

X
j: u

(j)
l
2�

(m)
i; l

�
�(s; u

(j)
l )��(skl ; u

(j)
l )
�
4BH

u
(j)
l

=

ui+1; lZ
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u :
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Moreover 8 i = 0; L(l)� 1 the sequence

f
(m)
i (s; skl ) :=

X
j: u

(j)
l
2�

(m)
i; l

�
�(s; u

(j)
l � �(skl ; u

(j)
l

�
4BH

u
(j)
l

has integrable majorant. Really, using estimations from Corollary 20 ([2]), Lemma 1 and
taking in account boundedness of H�older norm we have

���f (m)
i;l (s; skl )

��� �
�������f

(m)
i;l (s; skl )�

ui+1; lZ
ui; l

�
�(s; u)� �(skl ; u)

�
dBH

u

�������+

+

�������
ui+1; lZ
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u

������� � c
����(m)

i; l

���" 

�(s; u)��(skl ; u)



HH

[ui;l;ui;l]

�

�


BH

u




HH0

[ui;l;ui;l]

+

�������
ui+1; lZ
ui; l

�
�(s; u)� �(skl ; u)

�
dBH

u

������� �

� C +

�������
ui+1; lZ
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u

������� ;
H 0 < H; " := H +H 0 � 1 > 0

Using estimation 2) of Lemma 1 and and taking in account boundedness of H�older

norm of function � we obtain that

�����
ui+1; lR
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u

����� is bounded on s.

Therefore we can use the Lebesgue theorem and then 8 i = 0; L(l)� 1 we shall obtain
the following Lebesgue integral:

lim
m!1

sk+1
lZ
sk
l

f
(m)
i;l (s; skl ) ds =

sk+1
lZ
sk
l

ui+1; lZ
ui; l

�
�(s; u)� �(skl ; u)

�
dBH

u ds;

where
ui+1; lZ
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u

is measurable and bounded function on s.
Hence

l�1X
k=0

L(l)�1X
i=0

sk+1
lZ
sk
l

X
j:u

(j)
l
2�

(m)
i; l

�
�(s; u

(j)
l )��(skl ; u

(j)
l )
�
4BH

u
(j)
l

ds!
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!

l�1X
k=0

L(l)�1X
i=0

sk+1
lZ
sk
l

ui+1; lZ
ui; l

�
�(s; u)��(skl ; u)

�
dBH

u ds =

=
l�1X
k=0

sk+1
lZ
sk
l

T2Z
T1

�
�(s; u)��(skl ; u)

�
dBH

u ds =

=

T2Z
T1

0
@ T2Z
T1

�(s; u)dBH
u

1
A ds�

l�1X
k=0

T2Z
T1

�(skl ; u)dB
H
u 4skl ;

as m!1.

Now according to condition 2) of our theorem, the integral
T2R
T1

�(s; u)dBH
u is Riemann

integrable function on s, so we can use (5) and obtain








T2Z
T1

0
@ T2Z
T1

�(s; u)dBH
u

1
A ds�

l�1X
k=0

T2Z
T1

�(skl ; u)dB
H
u 4skl

������! 0; as l !1

Using Lemma 2 we can obtain the following relation

������I2 �
m�1X
j=0

T2Z
T1

�(s; u
(j)
l )ds4BH

u
(j)
l

������! 0; as m!1 /

Corollary. The proof of previous theorem is not based on adaptedness properties of
function � with respect to Ft. It holds not only for process BH

t but also for any random
process that satis�es H�older conditions with index �2 >

1
2 :

Now, consider one example of application of our stochastic Fubini theorem. Suppose
that the stochastic "fractal-di�usion" process xt has a form

xt = BH
t �

tZ
0

I(s) ds; (7)

where I(t) =
tR
0

f(s) dBH
s is stochastic integral with respect to FBM. The case when

xt =

tZ
0

a(s; xs) ds+

tZ
0

b(s; xs) dB
H
t

with appropriate function a and b, can be, in some sense, reduced to the process of the
form (7). According to Girsanov theorem for FBM from [3], denote

B = B(H + 1=2; 3=2�H); C1 = (2HB)�1;
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CH =

�
2H �(3=2�H)

�(H + 1=2) �(2� 2H)

�1=2

; C2 =
CH

2H(2� 2H)1=2
;

where � and B are Euler's integrals, and consider the kernel K(t; s) = C1s
1=2�H(t�

s)1=2�HIfs 2 (0; t)g:
Suppose also that the function f(t) is Ft{adapted and there exists the representation

tZ
0

K(t; s)I(s) ds =

tZ
0

Æs ds

with
tR
0

jÆsj ds <1 a.s., t > 0:

Then the process xt is FBM with respect to such probability measure Q that dQ
dP jFt=

exp
�
Zt �

1
2 hZit

	
; where Z(t) = C�1

2

tR
0

sH�1=2Æs dWs; fWt;Ft; t � 0g is Wiener process.

Therefore we must di�erentiate the integral
tR
0

K(t; s)
sR
0

f(u) dBH
u ds and this is much

more convenient to do, when we apply stochastic Fubini theorem to this integral. Similar
case when f(u) is non-random was considered in details in [4]. The next result permits
to change the iterated integrals in our case.

Further put for t > 0 J1 :=
tR
0

(t� s)
1
2�H s

1
2�H

�
sR
0

�(u) dBH
u

�
ds;

J2 :=
tR
0

�(u)

�
tR
u

(t� s)
1
2�H s

1
2�H ds

�
dBH

u :

Lemma 3. Let measurable, random function � is H�older on [0; t] with index �3 > 1
2 :

Then a.s. the equality J1 = J2 holds.

Proof. Let represent J1 and J2 in such a way

J1 =

tZ
0

0
@ tZ

0

�(s; u) dBH
u

1
A ds; J1 =

tZ
0

0
@ tZ

0

�(s; u) ds

1
A dBH

u ;

where �(s; u) = (t� s)
1
2�H s

1
2�H �(u) Ifu 2 [0; s]g: Function � satis�es conditions 1){2)

of stochastic Fubini theorem under T1 = Æ and T2 = t�Æ; for Æ > 0. In particular, �(s; �)
is piecewise H�older on [Æ; t� Æ] with index �3 and one H�older discontinuity point u = s
for any s 2 [Æ; t� Æ]: Therefore a.s. the following equality holds

t�ÆZ
Æ

(t� s)
1
2�H s

1
2�H

sZ
Æ

�(u) dBH
u ds =

t�ÆZ
Æ

�(u)

t�ÆZ
u

(t� s)
1
2�H s

1
2�H ds dBH

u :

And this equality we can retype in such a way J1 �R1 = J2 �R2; where

R1 =

ÆZ
0

(t� s)
1
2�H s

1
2�H

sZ
0

�(u) dBH
u ds+

t�ÆZ
Æ

(t� s)
1
2�H s

1
2�H�
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�

ÆZ
0

�(u) dBH
u ds+

tZ
t�Æ

(t� s)
1
2�H s

1
2�H

sZ
0

�(u) dBH
u ds;

R2 =

ÆZ
0

�(u)

tZ
u

(t� s)
1
2�H s

1
2�H ds dBH

u +

t�ÆZ
Æ

�(u)�

�

tZ
t�Æ

(t� s)
1
2�H s

1
2�H ds dBH

u +

tZ
t�Æ

�(u)

tZ
u

(t� s)
1
2�H s

1
2�H ds dBH

u :

The process BH
u is H�older with index H � " > 1

2 ; " > 0, and according to condition of

our lemma function � is H�older . Then, using theorem 22 ([2]) 9K > 0 :

���� sR
0

�(u) dBH
u

���� �
KsH�". Thus

1) for

R11 :=

ÆZ
0

(t� s)
1
2�H s

1
2�H

sZ
0

�(u) dBH
u ds

we have the following estimation

jR11j � K

ÆZ
0

s
1
2�" (t� s)

1
2�H ds � K Æ

1
2�"

ÆZ
0

(t� s)
1
2�H ds �

� KÆ
1
2�"

t
3
2�H � (t� Æ)

3
2�H

3
2 �H

! 0; as Æ ! 0

2) for R12 :=
t�ÆR
Æ

(t� s)
1
2�H s

1
2�H

ÆR
0

�(u) dBH
u ds the following estimation holds

R12 � KÆH�" Æ2�2H (t� 2Æ)! 0; as Æ ! 0

3) for R13 :=
tR

t�Æ

(t� s)
1
2�H s

1
2�H

sR
0

�(u) dBH
u ds we have

R13 � K t
1
2�"

tZ
t�Æ

(t� s)
1
2�H ds = Kt

1
2�"

Æ
3
2�H

3
2 �H

! 0; as Æ ! 0:

It should be noted that function
tR
u

(t� s)
1
2�H s

1
2�H ds is H�older with index 3

2 �H on

[0; Æ] and on [t� Æ; t], where 0 < Æ < t
Really
a) for fu; vg � [0; Æ] ������

vZ
u

(t� s)
1
2�H s

1
2�H ds

������ �
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� (t� Æ)1=2�H
���v3=2�H � u3=2�H

��� � (t� Æ)1=2�H jv � uj3=2�H

b) for fu; vg � [t� Æ; t] ������
vZ

u

(t� s)
1
2�H s

1
2�H ds

������ �
� (t� Æ)1=2�H

���(t� u)3=2�H � (t� v)3=2�H
��� � (t� Æ)1=2�H jv � uj3=2�H

Then function �(u)
tR
u

(t� s)
1
2�H s

1
2�H ds is H�older on [0; Æ] and on [t� Æ; t] with index

�4 := minf�3; 3=2�Hg > 1=2:
Now using theorem 22 ([2]) we obtain the following estimations

R21 :=

������
ÆZ

0

�(u)

tZ
u

(t� s)
1
2�H s

1
2�H ds dBH

u

������ � KÆH�"

R22 :=

������
t�ÆZ
Æ

�(u)

tZ
t�Æ

(t� s)
1
2�H s

1
2�H ds dBH

u

������ � K(t� 2Æ)H�"(t� Æ)1=2�H
Æ
3
2�H

3
2 �H

R23 :=

������
tZ

t�Æ

�(u)

tZ
u

(t� s)
1
2�H s

1
2�H ds dBH

u

������ � KÆH�"

Now, under Æ ! 0 we obtain J1 = J2 and proof is over. /
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