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Abstract. The existence and uniqueness conditions for solution of semilin-
ear stochastic differential equations that contains differentials with respect to
Wiener process and fractional Brownian motion are considered in this paper.
Also, for such mixed Brownian — fractional Brownian semilinear stochastic dif-
ferential equations the conditions of measure transformation are established.

1. Introduction

¢
We consider the notion of stochastic integral [ fsdBI
0

H where BY is fractional

Brownian motion (fBm) with H > I ([1]), fs is random measurable function,
Holder continuous of order H (see, for example, [2], where it is proved that such
integral can be considered as a limit of Riemann-Stielties sums). The main subject
of our consideration are semilinear stochastic differential equations (SDE) con-
taining Wiener and fBm differentials. We establish the conditions of existence and
uniqueness of solution of such equations. Similar questions were considered in [2],
[3], [4] but in [2] only the existence and uniqueness of local solution were proved;
in [3] the existence and uniqueness of global solution of equations containing only
one differential of Hélder continuous process were considered; the equations with
the same Wiener and fBm differentials were considered in [4] but semilinear case
can’t be included to their conditions.

In chapter 3 we establish the conditions of measure transformation for such

semilinear SDE.

2. Existence and uniqueness of solutions of semilinear
stochastic differential equations that contains
differentials with respect to Wiener process and fBm.

Let us consider the semilinear differential equation in complete probability space
(Q,F,P)
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{ dX; = oy Xy AW + 05 Xy dBF + b(t, Xy) dt, t > to O
Xi—t, = Xo is F¢, - measurable, random variable,
where 0; € R,i = 1,2, B[ is fractional Brownian Motion (fBm) with Hurst index

He(3,1), W, = Bt% is Wiener process, and function
beC(R xRy, R) (2)

satisfies Lipschitz condition on z € R uniformly on ¢ € [0, T, that is VT' > 0 3Ly >
0:

sup |b(t,z1) — b(t,z2)| < L |z1 — 2] (3)
t€[0,T

Definition 2.1. Solution of the equation (1) is a Holder continuous with index H
random process that has a form

t t t
Xt:X0+0'1/Xdes+0’2/XsdBf+/b(Xs,S)dS, t>to (4)
to to to

¢ ¢
It should be noted that integrals [ XsdWs, [ XsdBI exist if X is Holder
to to
continuous with index H ([2]).

Theorem 2.2. Let the function b satisfies (2), (3) and growth condition
VT >03Ctr >0: |b(t,z)] < Cr(1+ |z]). (5)
Then the equation (1) has a unique solution on [0, 400).

Proof. Firstly let us consider an auxiliary system of partial differential equations

35 V.21, 22)) = 0, (Y, (21, 22)), j = 1.2
(Yo, Z0) = Xo, Zo = (Wi, Bi;)

This system has a solution h(Y,Z) = (Y — Yy +XO)e‘”(Zl_WiO)J“”(Zz_Bt}é), where
7 = (Z17Z2)7 Zl(t) = Wt: ZQ(t) = BtI{
We will try to find the solution X; of equation (1) in the following form X; =
h(Y (t), Z(t)), where Y € C'(R) with Y (ty) = Y that is F;,— measurable random value.]j
Applying the formula It6 to the function k(Y (t), Z(t)) we obtain
2. Oh oh

dX, = 257, (Y(t), Z(t)) dZ;(t) + 7

(Y(t), Z(t))Y' dt+

1 &h
2 £~ 02,07,

)=

(Y (1), Z(t) d[2:, 2], =

= Z o h(Y (1), Z(t)) dZ;(t) + Y’g—; (Y(t), Z(t)) dt+
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1 —
+§a% h(Y (t), Z(t))dt.
Equation (1) implies the following ordinary differential equation for Y :

{ Y'(t) = (ea(8))7'0(t, (Y — Yo + Xo) e (1) — 307 (V = Yo + Xo) =: f(y,1)
Y (to) = Yo, .
6

where ¢i(t) = e . Further we will assume that w € Q is
fixed. Put Ly (T) := max (c1(t))™! > 0, Lo(T) := max ¢i(t) > 0, Dy :=
t€[0,T] t€[0,T]

) )

0’1(Z17Wt0)+0'2(227B{é)

Cr Ll(T), D> =Cr+ %U%
Then under |V —Y5| < B; [t —to] <a:
1
M = max £(30)] < 307 (3+1Xal) (L1 (T) + (8 + |Xol)) Cr < Di-+Da(B+1%a)

and according to the Picard theorem there exists solution of (6) on [to,to + 1(?)],
where

1©9 = min (a, ﬁ) > min <a, b > =:lo,
M) = Dy + D (B + | Xo)) ’

and therefore solution of (6) exists on the smaller segment [tg,fo + lo]. From this
on segment [to, o + lo] there exists a solution of (1).
Now we can estimate the solution of (1) in the point tg + I in such a way:

higr1, <Y = Yo + Xo| Lo(T) < (B + | Xol) L2(T).
Further we will extend the solution h for ¢ > tg + lp. The value of solution h in
the point to + lp will be new initial value X\ < (8 + |Xo|) L(T).
Now, under |Y(t) — Y (to + 1o)| < A1, |t — (to +lo)| < a1, the solution of (6)
exists on segment [to + lo, to + lo + 1], where

. B )
ly = min | ay,
1 ( " Dy + Da(Br + (B + [Xo]) L2(T))
Further on the n-th step of such solution extension procedure we have:

Bn

Dy + DaB+ S Boron LEVL(T) + | Xo|Ls(T))
k=0

l, = min | ay,

n—1 n
ap:=a, Bo:= B and on [to + Y. I;, to + > ;] there exists a solution of (6).
=0 =0
Now let us investigate the properties of
Zp =! — Bn , n>0:
Di+D2(Bnt & b1k LETH(T)+|Xo|La(T))
:=0

a) under | Xo| < 1 we can chose B; = 1, k = 0,n and then
1 1

<z .
n+1 > cAn > n+1
Dy + 2D, (D1 R

BAGEN
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b)under |Xp| > 1 we can chose 3y = |Xo|, k = 0,n and then

1 1 1

YT)-1 < Zn n S L"+1(T) 1’
Dy + 2D2—L2( T)- oy + D21+ 2/; LYT)  D27i

For both cases a) and b) we put a,, = ———L5r——, n > 0, that is [, =
D1+2D227()7

Lo(T)—1
min(ay,zn) =an, = Y. I, =5, and then
n>0

1) under Ly(T') < 1 the series Y z, is divergent and therefore the series Y [;
n>0 i>0
is also divergent, and thus there exists a finite quantity N of steps in our solution

N
extension procedure, such that [to, T C [to,to + Y ], that is on the [to, T there
=0

exists a solution of (6).

2) under Ly(T') > 1 the series Y z, is convergent and moreover
n>0

ZZ"ZZ Ty =5

n>0 n>0 D1+ 2D, %2 L>(T) 1

In fact we proved that on segment [to, o+ 3 S] there exists a bounded solution
h of (1). Now we can consider a finite value of k in the point to+$.5 as a new initial
value of h and for it we can prove that solution h exists on [to+ %S, to+ 5], because
the step %S of solution extension doesn’t depend on initial value. Therefore we
can extend solution h to whole segment [tg, 7). Since T is arbitrary we obtain the
solution (1) on [0, 00). Uniqueness follows from theorem 7.1.1.(]2]). In this theorem
it is established that any two of solutions coincide on the common interval of
definition. O

3. Girsanov theorem and measure transformation for mixed
semilinear stochastic differential equations.

Consider the equation (1) and suppose that b(t, z) satisfies the conditions (2), (3),

(5) and can be presented as b(t,z) = e(t,z)z, where e € C (R x R) Further we

will use the following notations: B = B(H +1/2,3/2— H), B(-,-) is beta-function,
: 1/2

B, = B(H —1/2,3/2— H), C, = (2HB)"\, Oy = (%) L Cy =

MW, Co = g—; Also, let the kernel K(t,s) = Cys*/2~H(t — s)1/2-H[{s ¢

(0,8)}, e(t,z) := e(t,z)t'/>~H.
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Let the function 1 satisfies four conditions:
T
1) [K(t,s)|s|ds < o as., t €[0,T],
0

2) there exists a representation

T T
/K(t,s)wsds = /6(3) ds, t >0,
0 0

T
with [ 05| ds < o0 a.s., t € [0, 7).
0

T
3)E [s2H715,ds < oo,

4) ngp {Zr - Y Z)r} =1, te0,T],

i t
where Z; = C%sz_l/Qés dWy and (Z); = &= [ $*H7162 ds.
0 20
Now, we try to change the measure P for another probability measure @
such that Q7 < Pr, where Q7 = Q|jo,1], and that the drift e(t, X)X, dt will

be annihilated under Q7. At first, let some probability measure () satisfies the
assumptions

d@ T ) T
T _ _ = 2
Py exp /cps dWs 5 /cps ds
0 0
and
T ) T
E | exp /gotth—i/gofdt =1, (8)
0 0
where
T
E/|<pt|2dt< 0. )
0

t —~
Then from Girsanov theorem W; — f psds = Wy is a Wiener process under the
0
measure Q7. Also, let the measure @ be such that ZQT; = exp{Zr — $(Z)r},
JE— A~ t JE—
@ < P, then the process Bff = BH — [ ¢, ds is fBm relatively to @ (see theorem 4
0

from [5], also see [6], [7] ). Of course, we are need in the inequality @T =Qr=Qr,
whence, in particular,

t
Zt - /QOS dWS (10)
0
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Therefore we want to find ¢ and 1, in such a way that the common drift equals
t

t t
al/cpsds+02/ws ds = —/e(s,Xs)ds. (11)
0 0

0

t
In this case [ e(s, X;) ds+01fX dW +02fX dBH —Ule AW, +U2fX dBHI
0
From (11) we obtain that
o1pt + 02 = —e(t,Xt), t e [O,T]
Further, we use the Abel rearrangement to the relation
t t t
C1 /(t — S)I/Q_HSI/Q_szS ds = /63 ds = CQ/SI/Q_H()OS ds :
0 0 0
t u t u
Cy /(t—u)H_3/2 /(u—s)1/2_Hsl/2_H1/)s dsdu = Cy /(t—u)H_3/2/sl/2_H<ps ds du,
0

0 0 0

or
t

t
t_U)H71/2
B 1/2—H sd :/( 1/2—H u
Co 1/3 Vs ds 7}{_1/2 u Py du,
0 0

if we differentiate, then
t
CoBut'/* ey = / (t = u)"=22ul 2", du,
0
and
tH—1/2
CoB1

t

o9 /(t — )32 27 oy du = —e(t, X}),
0

let further /2~ Hp, = Oy, then

t

o1t +

Ul(_)t + C()Bl /(t - U)H_3/26u du = —€(t,Xt).
0
It is Volterra equation with weak singularity, and its unique solution has a form
t
t Xt 1 t—s (H—1/2)—1A
0 = - X5)d
! o o /Z “1j2)) c Ko ds,

0

where p = —Z7%-T'(H — 1/2).
So, we proved the following result.
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Theorem 3.1. Under the conditions (7), (8), (9) and (10) the equation (1) has a
form

dXt =01 Xt d/W\t + 02 Xt déﬁ

under measure ().

Definition 3.2. Financial market described by the equation (1) is in equilibrium on
[0, T] if both the kernel ©47 /2 and likelihood ratio %‘f are the functions of t
and Wy, and don’t depend on the path of Ws, s <'t. '

This definition generalizes the usual definition of equilibrium ([8], [10]) in

which path’s independence of Z—g - is declared, and the kernel equals simply

e(t, W). Note that financial market described by the equation (1) admits no arbi-
trage as it follows from [9].

Definition 3.3. We say that O, satisfying definition 3.2, satisfies fractal Burger’s
equation with index H if g(t,W;) := O, ~1/2 satisfies usual Burger’s equation

1
~g(5, )95 (5, ) = g} (5,7) + 3 (5,)
Evidently, fractal Burger’s equation has a form

1
—s"=12p(s, m)ph (s, @) = (H —1/2)s™ ' p(s, ) +p} (s, ) + §pl2,2(37w)’ s>0,z€R

Theorem 3.4. If financial market is in equilibrium then ©; satisfies fractal Burger’s
equation.

Proof. Let
t

0.5V dw, — / 02211 ds = G(t,1W}),
0

o .

where g, G € C?(R. x R). Then

¢ ¢

1
/@sg(s, W) dWs — 3 /g2(s, Ws)ds = G(t, Wy), t € [0,T)
0 0

By Ito formula,
t . t
G(t, Wy) :/ |:G11(S,Ws)+ 3 'Q'Q(S,Ws)] ds+/G'2(s,Ws) dWs.
0 0
From here g(s,Ws) = G}(s, W), —%gQ(s,Ws) = G(s,Ws) + %GQ2(S,W3), or,

simply,
9(s,7) = G5(s,2), (12)

1 1
_592(87:1:) = GII(S,ZU) + 5 I212(87m)
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Further, gé(s,m) = G12I2(S>x);
1 1
—59(5.2) = Gl (5,2) + 50h(5,). (13)
Differentiate (12) in s and (13) in :
91(5, ) = Gs(s, )

1
—9(5,2)95(5,7) = G(5,7) + S 9m(s, )

or
1
~g(5, )95 (5,) = g} (5,7) + 3 68 (5,).
g
Similar problem for usual SDE with Wiener process was considered in [10].
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