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Abstract

The problem of the presence and absence of arbitrage conditions on the three (& efmarketis considered

in this paper. In the first case whéB,S)— market is defined by the fractional stock, the absence of martingale
measure is proved. For two others modelg BfS)— market which defined by modified fractional stock in the
second case and by “homogeneous” kernel in the third case, the absence of arbitrage is proved.
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1. Introduction.

The probability spac€ Q,F,P) with filtration (F,,t =0) is considered. Throughout this paper we will
denote this composition by2,F (F; )so,P) -

Further in this paper we investigate the presence and absence of arbitrage conditiong B8)the
market with random stock price procéss,(F, )so,P):

S =exp(X,): —exp%’v(s)ds+'|'u(s)dBH H (1)
=

and bond price proceg®, ,(F, )so.P): B, =e",r>0,t>0; wherev andu are non-random, measurable
functions, B!' is a fractional Brownian motion with Hurst parameterd (1/2,1).

Definition 1. The share that defined by (1) with bounded functiois called fractional.

2. Absence of martingale measure in the fractional share case.

Definition 2. The random proceséZ, ,(F, ). ,P 5 called semimartingale if it can be presented by
following



Z, =M, +A 2)
whereM is a locally square integrable martingalg, is a process with integrable variation.

Further we will denote b)&z]t the quadratic variation of proceZs. Note that for this process holds
the following

where A= A° is a continuous process.

As it is known ([5]), (B,S)—market is an arbitrage-free market if there exists a martingale meRsure

S

such that=- is a P" -martingale, and the absence of equivalent martingale measure is not sufficient
t

condition of presence of arbitrage on thB,S)—market. The following lemma shows the relation

between existence of martingale measure and path property of p%eess
t

Lemma 1. If there exists a martingale measupe, then processx, is a semimartingale.

Proof. Itis known ([5]), that procesd, :=% =exp(X, —rt) is aP" -martingale if and only itJ, (M,
t
. . 1 O dP’
is P—martingale, wheréV, =ex -=<Y>1[, Y, =—— . Therefore
g t Fﬁ(t > t E t dp

"

Z,:=U, M, :expéL(t —%<Y >, —rt@ is P — martingale. Using formula Ito we have:

X, +Y, —1<Y > -rt=Inz, =InzZ, +j’idZS —lj'izd <Z>;
2 z 24 7:

0 S

t t
taking into consideration thqtzi dz, is a local martingale anfjizd <Z >, is a process with bounded
Z
0~s 0 4s

variation we obtain that process, +Y, _§<Y > —rt is semimartingale, hence it follows that is

semimartingale.
]

Corollary 1 If process X, is not a semimartingale, then there doesn’t exist equivalent martingale
measure for procedd, .

t
Before investigating procesX, that defined by fractional integrﬂ’lu(s)dBSH we remind the definition
0

of fractional integral ([3]).
For H >% let ' denote the integral operator
” 2H-2
rf(t)=H(2H —1)J’f(s)|s—t| ds,
0

and defined the inner product



<f,g>=<f,Mg>=HH -D[[ (9] st |7 dsd,
00

where< o > denotes the usual inner productqu( [O,oo] )

Denote by Lg the space of equivalence classes of measurable functiossch that< f ,f > <.
Now, it is easy to check that the associati®fi =15, can be extended to an isometry between the

Gaussian space generated by random varigl,t >0}, as the smallest closed linear subspace of
L,(Q,F,P) containing them, and the function spadg For f L}, the integral‘!f(s)ng' can now

be defined as the image d&f in this isometry.

t
Theorem 1.Let u is bounded, measurable function on the real axis. Then prcmesj;u(s)dB;' is not
0

a semimartingale.
Proof. Obvious R, is not a continuous process with bounded variation. Therefore Defimition 2

follows that it is enough to prove the vanishing of quadratic variziﬁt}p for our theorem.

Let c:= sup [p(s)|<w. On=1 A={0=t,<t, <---<t, =t} is finite partition of segmenfot], t>0
S(—o0;+00)

with partition diameter|A |. Then

2
tiey

‘[ p(s)dB;

n-1 e e

< c?H(2H —1)% J’ J’|s—t|2“‘2dsdt:

n-1

ng
e 2H-1 2H-1 - 2H
:CZH;IQ tew —t | [t —t] )dt:czz|tk+1—tk| <
=1 2

E

z(Rtm‘Rtk)z‘o

-1
scz|A|2H_lZ| b —ty [=C2t AP 2 0, - 0

0

Corollary 2. From Lemma 1and Theorem 1follows that there doesn’t exist equivalent martingale
measure in the fractional share case.

Further we will show that for fractional share (1) witl{t) =r the self-financing portfolier(t) that
represents the amount invested in the stock and allows arbitrage opportunity 8nthiemarket can be
constructed.

Thediscounted capital gains proceassociated with the portfolizr (t) is defined to be

G, = [71(8) (B) *[M(9 dBL' +(v (9 =) ds = [r(9) (B.) p(9) dBY' ®)

The economic justification of (3) is that the capital gain from holding the stock betwees dintks + ds
is

(#Shares owned)(Price increase in stock) — (potential gain from bond), or

m(s) o _7(S) - .
?dss B, dB;; (4)

(B,)™ is the discounting factor and integration franto t yields the discounted capital gain (3).



Definition 3. The portfoliorT is called an arbitrage opportunity if its discounted gains process satisfies
the following three conditions:

1) P{G,=0}=1;
2) P{G,=0}=1;
3) P{G,>0}>0.

]

Theorem 2. The portfoliorn(t) =25 %x%u(s)d E—lﬁis an arbitrage opportunity.
0

t
Proof. In the first order it should be noted ti&t= ex;@t +J’u(s)dBSH Esatlsfles the following equation
0 o

d§ =S(rdt+p(t)dg"),

which is the same a3 =1+ rJ’S,J du+J’Su u(u)dB!! |, in particularly under =0 we have
0 0

E) W= t B =
expf 4(u)dB, 0-1 = [u(u)exp u(s)dB; [dB;" . (5)
LIl L

Now, using (5) we calculaté, :

G, = [r(s)(Bs) " u(s)dB! = ZGX%H(U)dE&H +rS%Xlﬂ)(—rS)%Xlﬂ)gu(u)d&H H—la (s)dB =
| | i)

=2 u(s)exp%suw)dsu“ EdB;* 2 (S)expf u(u) By EdB;* - Hexpp2u(syapr D1 L
| | Jree] n s

—Hex s i B—Hex s HH—g
2 pB!’u( )dBH g pB!’u( )dBH q

Hence, it is easy to check th@t satisfies conditions 1) — 3) Bfefinition 3.

0

3. Absence of arbitrage in the modified fractional model.
Let modify share (1) by such way that the procksswill be a semimartingale.
Let

t t

X, ::J'K(t,s)a(s)ds+IK(t,s)b(s)dBS'*, (6)
0 0
] S > t1

where a and b non-random, measurable function§(t,s) = [J 1 is a kernel

- 1_
B2 (t—s)2 , 0<s<t
defined in [3].
We will searchai b such thatX, will be a semimartingale, and in particularly it will be presented by the
following formula



1

X, 1=‘!a(8)d8+‘!B(S)dV\é, (W, =B2) 7)

Definition 4. The function f is absolutely continuous on the segn{er,tﬂ]D (-o0,0) if

oL, (c.d]): f(x)= f(c)+1[¢(t)dt, xO[c,d]. Notation: f 0 AC([c,d]) [1].
Theorem 3. The following statements are correct:

1
g
1) LetdOB>0 s2 a(s)JAC(0,B]) then there exists a derivative

1

d M2
a‘!(t—u) uz a(u)du, t>0 (8)

t 1 1 t

and integral ‘!(t—u)Z_ u2 a(u)du can be presented by ‘!a(u)du, where

1

a(t)=%‘!(t—u)2_Hu2 a(u)du, t>0.

2) Let OtO(-o0,00) b(t)=c=const,

1, 2HI(3-H)
then underB(u)=c,cu? ,cy = 1 2 , the following equality holds
r(H +E)I’(2—2H)

1

!(I—S)Z_HSZ b(s)dB" :!B(s)dvvs, >0 ©)

1y
Proof. 1) LetB>0 s2 a(s)OAC(0,B]).

This is necessary and sufficient condition of existence of Abel equation solution ([4]):
1
t/'(——H)s2 a(s) t
=‘[a(s)ds,t>0 (20)

—H)'! (t- S) 5

1 1
and this solution is equadr(t)zi‘!(t—u)2 Hu2 Ha(u)du, t>0.

2) In this point of our proof we will find conditions fg8 i b such that the following equality holds

t 1

1[32 b(s)dBH 1[(t s)" 2 B(s)dW,, t>0 (11)

Let @(t):=— 1 , t>0. We apply simultaneously to both sides of (11) the following
—-H
t2  b(t)

transformation:



A cp(s)HsuZ'Hb(u)dBu“Ejs: d)’(s)g(s—u)H_zﬂ(u)dV\{j s=iA,.
“[7 I

Hence

1

A1=a>(t>1[u2'“ b(u)dB' - B} =<v(t)1[(t—u>'*'23(u>dvvu [t WA,

where the kernel

1ot

z(t,u)=(H —%)cH u2 -[VH_Z(V—U)H

_3
2

dv

was defined in [3].

A =0O[E-0)" 2 BUAW, ~(H =) [SE[(5-1) 2 fU)dW, ds=

_3
2

=owf —u)" 2 B (u)dw, —(H —%) [po j(s—u)H (s) dsdw,

t t H 3
2

And therefore:(H—%)‘!B(u){(s—u) i @(s)ds =z(t,u),

1, 1,
i.e. B(u)=c, b(t)uz =c,cu? , u>0.
]

t
Remark. It turns out that the derivative df(t):= I K(t, s)c(s)ds can not be defined everywhere on
0

the segmen{0, ») for some functioncIC([0,]) that ¢'0C([0,]), i.e. the condition (8) is essential.
We show this in the following lemma.

Lemma 2.Letc(s)= %t -s)¥, sOft,,t,] . wheret,>t,;>0, rD@—H, 1ElHDBl 1h
% - 2 O R LC
(S_tO) ) S>t0

Then the derivative of functior(t there doesn’t exist in=t, .

Proof. Note that

1 1 1 1

I(t)=‘!(t—s)2_H32 c(s)dsztz‘ZH‘!(l—u)Z uz - c(tu)du=:t22" (t).

Now let calculate the derivative of functidn(t) in t=t,.

1w 4 c(tou+hu)—c(tou)du

(to+h> (1) “[0- 02 e
hu

Underh - 0 for 8:= 20(0,1) we have:

0



o 1., 3_ 1 g 3.
Il(t0+h|: (%) =J'(1_u)2 Huz Hdu—(l—r)to_rJ'(l—u)Z " u?2 Hdu, where the first
0 6

h-0

term is equalB, (g—H g —-H), and the second term is infinite, because

1 1 ., 3_

J’(l—u)E w2 du

6

(1 U)2
——H—r

a0 g
292 O-2—— [ |=o,
: .

Hence, lim (G *h) =1 (t) _
h-0 h

4. Absence of arbitrage in model with “homogeneous” kernel.
Let consider the case wheX, is presented by the following formula

t

Xt:Vh°(t)::J'h(t—s)c(s)dV\/S, t>0 (12)
0
According to the special look of kernél it should be called a homogeneous. Underl the process
V,y (t) was considered in [2].

In the next theorem the semimartingale conditioivp{t) was formulated. This is sufficient condition
of absence of arbitrage on thB,S)-market according the paragraph 2.

Theorem 4. 1) Let the following condition holds

J’(h’(t—u)c(u))zdu<00, t=0 (13)
0

Then V, (t)is a semimartingale.

2) If V7 (1) is a semimartingale and — nondecreasing function, then condition (13) holds.

t

Proof. 1) Note thath(t) =h(O)+J’h’(u)du, hence, using stochastic Fubini theorem ([6]) we obtain
0

Vi (1) =J’h(t—s)c(s)dV\/S= h(O)J'c(s)dV\/S+J’H_Sh’(u)duE:(s)dV\/S =h(O)J'c(s)dV\/S+
J’J’h (v—s)c(s)dvdw, = h(O)J'c(s)dW +J’j’h (v-s)c(s) dW,dv= h(O)J'c(s)dW +J’V (v) dv,
i.e.Vy (t) is a semimartingale.

2) Let V/(t) is a semimartingale. Then, according to Definition 2, it can be presented by the
following

Vy(t)=M,+A,, where M is a locally square integrable martingake,s a process with integrable
variation, and the following inequalities :



F.)

D0<s<t  E(yarA)>E | E(th(t)—th(s)

ZL%(h(t—u)—h(s—u))zcz(u)dug=

|~

= |_Eg(h(t—s—u)—h(u))2cz(s—u)oluH , L >0.

Therefore the semimartingale property of procéSét) can be written by the following way:

1

N Hti _ ~ 2 > _ g 1 © _
Z(t).—supZH'!)’(h(ti+1 t;+u) h(u)) c°(t,—u)du Sf Eﬁ[{)z’:}]rA% , Where A, —the set of

A0A H

finite partitions of segmenfo, t]. Now, for uniformly partitionA ,,n=1 of [O, t] with partition

diameter|)\ n| =£, using monotoneness of, we obtain:
n
De0(o,t)

L

S(t)2 Zgj’(h(tm—ti +u)-h(u))’ c?(t, —u)dug >

Hti( 2.2 F_ G-e0H 2 .2 B
> h(t.,—t; +u)—h(u)) c(t;—-u)duz 2 O=f\h(|A ,[+u)=h(u))°c“(6—-u)du .
ofz_lﬁl . EA_nIEH!( A ) H

<
1t >

Hence

th([Arw) b o Y2
>Alr|]rrlo'(|)'@' ) c (6 u)du—'!'(h(u)c(e u))“du=

6
=J’(h’(0—u)c(u))2du.
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