Large Loss Distributions

Yuriy Krva vyc h

Adva nced Diploma in Actuaria l Mathe ma tics and Ins ura nce

Internationa l Ce ntre ofPrivatisation, Investme nt a nd Mana ge me nt

Kyiv, Ukra ine

June 1, 1999

Conte nts

1 Introduction ........................................................................................................... 3

2 The main of the analytic claim size distribution functions ................................ 4

3 Burr distribution function vs. generalised Pareto distribution function and large claims ..................................................................................................... 7

4 Probabilistic laws applicab le to insurance

4.1 Central Limit Type Laws ............................................................................. 8

4.2 Limiting distributions of excess losses in Ext reme Value Theory ............. 9

5 References ............................................................................................................. 16

1 Intr oduc tion

The losses const itutes large loss are character ised byfo llowing condit ions:

� grater than certain amount ofmoney;

� have adverse financialeffect;

� the event that such large loss occurs is rare;

� reside at right tail ofa distribut ion funct ion.

The lack o fsufficient data concerning large claims is a ser ious problemfor Actuar y

fro mboth a practicaland theoreticalpo int ofview. In many cases, in order to keep the

var iat ion ofthe aggregate claimamount reasonable, an insurer usuallytakes out

reinsurance cover for his insurance portfolio, i.e. he protects himselfagainst losses ar ising

fro mlarge, excessively numerous or catastrophic claims by reinsur ing large claim

amounts or high claim frequencywit h one or more other insurance or reinsurance

companies. In other cases, unless the larger claimsize amounts are eliminated by

reinsurance, the tailo fthe distr ibut ion funct ion (d.f.) is ofcr it ical importance, whenever a

heavy-tailed claimsize d.f. F is under considerat ion.

The main properties ofa frequently used analyt ic large claim size d. f. are considered

in the unit 2 ofthis Diplo ma. The gamma, log-normal and Pareto distribut ions are typical

candidates to be considered as an analyt ic d.f. ofcla im sizes which exceed so me thresho ld.

The problemo fco incidence between Burr distr ibution and GeneralPareto

distr ibut ion (GPD) under testing the r ight tail ofclaimsize models is raised in the unit 3.

Some ofthe basic tools fromExtreme Value Theory(EVT) relevant for large losses

are reviewed in the unit 4.

2 The main of the analytic claim size distribution f unc tions.

A naturalestimate for the claim size distr ibut ion is the obser ved size distribut ion, i.e.

the claimsize d.f. F is simply to be equalto the sample d. f .(tabular method)

claims of number total

Z size of claims of number Z F

£ = ) ( . (1)

The tabular method is appropriate onlywhen there is a sufficient lylarge volume o f

claim data. This is rarelythe case for the tail o fthe distribut ion, especiallyin situat ions

where except ionallylarge claims are possible. It is often desir able to tryto find an explicit

analyt ic expressio n for a claimsize d.f. F . This is particular ly the case if the claim

statist ics are too spars to use the tabular method. An analyt ic d. f. is often the easiest to

handle in co mputations and programming, and it is o ften also used in those case where

the sample distribut ion can be expected to provide a sat isfactorymodelfor the claim size.

The suitable analyt ic d. f. may be found, for instance by curve-fitting, which is ver yclose

to the observed discrete d.f., and can be used instead.

(a) Three-parameter gamma distribution. One ofthe candidates for an analyt ic

claim size d. f. F is the shifted gamma distribut ion, defined as dZdZGZF >-= ),()( ,

where G is the ),(

b a Gamma d.f. The d.f. F has three parameters, ,d,, ba and is also referred to as the three-parameter gamma distribut ion.

For the given three main character ist ics, the mean value m , the standard deviation

Z s s = , and the skewness )0( >=

Z g g ofthe claimsize distribut ion we may to find the values for the parameters d,, ba ofthe three-parameter gamma d.f. F so that these three character ist ics match. So the fo llowing equations ho ld (see [1]) a

g b

a s b

a 2

, , ) (

2

2 = = + = =

Z Z d Z E m . (2)

Solving for d,, b a gives

. m d , ,

Z

Z

Z Z Z

g

s g s

b g

a 2 2 4

2

- =

×

= = (3)

We also mayto calculate the limited expected value funct ion L, which is the measure ofgoodness offit ofan analyt ic d. f. to the obser ved claim size d.f.

, , )) ( 1 ( ) (

) ( )) , (min( ) (

,

,1 d M d M G d M

d M G d Z M E M L def

³ - - × - -

- - × + = =

+ b a

b a b

a

(4) where b a , G denotes the ),( ba

Gamma d.f.

The minimum d ofa three-parameter gamma distr ibut ion is deter mined by the three basic characteristics ofthe claim size d.f. It is often the case that the init ial point d ofthe d.f. fits the observed claim data badly. Then, ifthe range ofsmallclaims is important for the applicat ion, the three-parameter gamma d. f. has to rejected. It is even more fatalif the fit is bad for large claim. The three-parameter gamma d. f. is so met imes also used as an approximat ion for the d.f. F ofthe aggregate claim amount, ifthe skewness is small(see

[1]).

It should be noted that ,QdZ += where Q is ),( baGamma - distributed, and therefore some properties of ),( ba

Gamma d.f. is ver yinterested for us.

1) The sumofindependent ),(

1

b a Gamma - and ),(

2

b a Gamma -distributed rando mvar iables is ), (

2 1

b a a + Gamma -distributed (see [1], [3]).

2) The ),1( b

Gamma d.f. F reduces to the exponential d. f. 0,1)( ³-= - Z e Z F Zb .

Hence, the ),( bk

Gamma d.f. for posit ive integer values o f k is obtained as the k - th convo lut ion ofthe exponent ial d. f.

(b) Log-normal distribution. A frequent lyused claim size distribut ion is the lognor mal. A claim size var iable Z is log-nor mallydistr ibuted ifit is ofthe form

, e d Z W + = (5) where s m , W W = is a nor mallydistr ibuted var iable wit h mean value m and standard deviat ion s , and where d is the init ial po int ofthe range ofthe claim size var iable Z .

Solving W fro m(5) gives )(ln dZ W - = . Then , ) ( ln

) ( ÷ ø

ö ç è

æ - -

= s

m d Z

N Z F and the densit yo fthe var iable Z is d Z d Z Ln d Z

Z F > ú û

ù ê ë

é - - -

× - ×

= ¢ , ) ) ( (

2

1 exp

2 ) (

1 ) ( 2

2

m s p s

, (6) where s m , , d are free parameters. For the given three main character istics, the mean value m , the standard deviation Z

s s = , and the skewness )(

Z 0 > = g g ofthe claimsize d.f. F we may to find the values for the parameters sm ,,d .

,

2

1 ) ( ln ; ) 1 ( ln ; 2 2 2 s m l s l

s - - = + = - = dm m d Z (7) where l is the auxiliar yvar iable, which defined as the realroot ofthe equation

0 3 3 = - +

Z

g l l . (8)

The limited expected value funct ion ofthe log-normal distribut ion is ú û

ù ê ë

é

÷ ø

ö ç è

æ - - - × - +

+ ÷ ÷ ø

ö ç ç è

æ - - - × - + = s

m

s

s m

) ( ln 1 ) (

) ( ln ) ( ) (

2 d M N d M

d M N d m d M L

(9)

(c) Pareto distribution. An another frequently used analyt ic claimsize distr ibut ion is the Pareto d.f. ( ),,( d

Pareto b a d.f.), which is defined by the formula

, , 1 ) ( dZ

Z

d Z F ³ ÷ ÷ ø

ö ç ç è

æ

+

+ - =

a b

b

(10) where d, , b a are parameters which sat isfy 0>a and d->b .

The fir st parameter a , controls how heavy a tail the distribut ion has: the smaller the a , the heavier the tail. The second parameter b mainlyaffects the left-hand range of the distribut ion, and does not essentially change the tail ofthe distribut ion in the region where Z is significant ly larger than b . The third parameter d constrains the range o fZ.

The parameter b can often be o mitted as soon as the tailo fthe claimsize distribut ion is to be fitted.

The main character ist ics ofthe ),,( d

Pareto b a d.f. are

. ,

1

)) ( 1 )( ( ) (

; 3 , 2

3

1 2

; 2 ,

) 2 ( ) 1 (

) (

; 1 ,

1

2

2 2 d M M F M d M L

d

d m

Z

Z

³

-

- + + + × =

> -

-

+ =

>

- -

+ ×

=

>

-

+ × = a

b b a

a a

a a

a g

a a a

b a s

a a

b a

(11)

Note that

. , ln ) ( ) ( ) ( ) ( 1 d M d

M d d M L M L M L ³

+

+ + + = ® º b

b b a (12)

Exper ience has shown that the Pareto formula (10) is often an appropriate modelfor the claimsize distribut ion, particular ly where except ionallylarge claims mayoccur.

The generalisat ion ofthe Pareto d.f. is often represented bythe Burr distributio n

, ,

) (

1 ) ( dZ v d Z

v Z F r

³ ÷ ÷ ø

ö ç ç è

æ

+ -

- =

a

(13) where v,r, a are posit ive parameters. Indeed, with 1=r and b+= dv we obtain the for mula (10). In actualfact there is generalised Pareto distr ibut ion (GPD) î

í

ì

= - -

¹ - -

=

0 , ) exp( 1

0 , ) 1 ( 1

) , , (

1 k s x

k s kx k s x GPD

k

, (14) where x > 0, k is the Shape parameter, s > 0 ˘the Scale parameter. Note for

¥ < £ £ x : k 0 0 , and for ksx: k < £ > 0 0 . There are some specialcases ofGPD:

c1) 0= k : Exponent ialwith mean s ;

c2) 21= k : Triangular distr ibution ;

c3) 1= k : Unifor mdistr ibut ion on [ ] s , 0 ; (15) c4) 0 < k : Pareto distribut ion, and there are manyinterested properties, some o fwhich is :

p1) if Y is Exponent ially distributed with mean 1, then k kY s X ) ( exp 1 ( - - × = is GPD;

p2) If X is GPD(. , s, k ), then the excess { } u X u X ³ - is

GPD(. , s‘ ( u ) , k ) ; (16) p3) The mean excess funct ion ofa GPD, i.e., the condit ionalmean ofexcesses, is a linear function ofthe thresho ld u :

u b b u X u X E 1 0 ) ( + = ³ - , (17) where k

k b , k

s b

+

- =

+

=

1 1 1 0

.

3 Burr distr ibution f unc tion vs. ge neralised Pareto distribution f unc tion and large claims.

It turnout that the right tail ofthe ISO US (Insurance Service Office in the USA) liabilit yclaim sever it ymodel fitted to claims generally up to a limit of$1 000 000 is a

Burr distr ibut ion with x -exponent equal1 or ISO Burr distribut ion (see [2]):

( ) a b b ) ( 1 ) ( . Pr + - = £ x x X ob (18) for ³ x some positive lower-truncation po int t .

Note that the ISO Burr distr ibution is a GPD with

, k 1 - - = a and ab=s .

For most kinds ofliabilit y exposures, the Shape parameter is approximately 1@a .

For instance:

1) Comme rcial auto (13tables) 451950 . . £ £ a ;

2) Premises (3 tables) 701 10 1 . . £ £ a ;

3) Products (3 tables) 201 10 1 . . £ £ a ;

4) MedicalPro f. Liabilit y(6 tables) 401 75 0 . . £ £ a .

On the other hand, an analysis ofver y, ver ylarge cla ims by a large, global reinsurance co mpany Swiss Re has shown that their distribut ion could be approximated with a GPD with 1-@k .

Hence, there is an interested question: does this mean that from a very low truncation point, heavy tailed liability claims distributions are approximately GPD with

1 - @ k ???

In order to answer for this quest ion we consider the tail approximat ion problem in the fo llowing unit.

4 Probabilistic laws applicable to ins urance.

4.1 Central Limit Type Laws. Suppose that n X ,..., X , X

2 1

are independent ident ically distributed, i. i.d ., randomvar iables with distr ibut ion funct ion F (^under lying distr ibut ion~). Formpartialsums:

1

2 1

³ + + + = n,X ... X X S n n (19)

Select normalising constants n a and 0> n b to normalise (standardise) the partial sums n

n n b

a S -

. (20)

Then the fo llowing quest ions are take place.

Quest ion 1 :

Do the normalised partialsums converge in distribut ion to a random var iable Y with distr ibution function G (^limit ing distribut ion~) ?

i. e., ,Y b

a S n

n n ®

- as ¥ ® n ?

Quest ion 2 :

What is the formofthe ^limit ing distribut ion~ G ? That is, how do we character ise G ?

The partialanswer ofthe Quest ion 2 is:

For many F ´s, G is standard normal: Y is standard normaldistr ibuted with d. f. F , where mn a n

= and n b n

s = ( CentralLimit Theorem).

The class o f F distr ibut ions whose normalised partial sums converge in distr ibut ion to a standard normal F is called the Domain ofAttraction of F , written as DA( F ).

Quest ion 3 :

Is the standard nor malthe only^limit ing distr ibut ion~? What is the Domain ofAttraction of F ? T hat is, which F ´s belo ngs to DA( F ) ?

The partialanswer ofthe Quest ion 2 is the fo llowing example:

Normalised partialsums fromCauchydistr ibut ion with densit y

2 2

1 x

) x ( f

+

= q

q p

do not have a normallimit ing distr ibution. That is

Cauchydistr ibut ion does not belong to DA( F ) !

Quest ion 4 :

What is the formofthe ^limit ing distribut ion~ G ?

Fullanswer :

The characteristic funct ion of G is usually ofthe for m:

) ( exp ) ( a j tc t Y

- = , where 2 0 £ < a . Note that the fo llowing Stable

Laws ho ld (see [3]):

1) if 2= a , then G is standard nor mal;

2) if 1= a , then G is Cauchy.

Since, in this work we are interested in the large losses, i.e. rando mvar iables

) ..., , , ( max

2 1 n n X X X M = , it should be noted that for n

n n b

a M - there are some Limit

Laws fro m Extreme Value Theory (EVT). Some ofthe basic tools fromEVT relevant for large losses are reviewed in the fo llowing subunit.

4.1 Limiting distributions of excess losses in E xt reme Value Theory.

As its name suggests, the Extreme Value Theor y(EVT) is concer ned wit h the modelling ofextreme events and in the last few year s var ious authors (Embrechts &

Klüppelberg 1993, McNeil 1996) have noted that the theoryis relevant to the modelling o f extreme insurance losses. The keyresult in EVT is the Pickands-Balkema-de Haan theorem(Balkema & de Haan 1974, Pickands 1975) which essent iallysays that, for a wide class ofdistribut ions, losses, which exceed high enough thresho lds, fo llow the GPD.

Before consider the main results fro mEVT relevant to large losses we consider the fo llo wing easyexercise:

Exercise: It is stated that within a given portfo lio, claims fo llow an exponentiald. f. with mean 10 (thousands dollars, say). We have now observed 100 such claims with largest loss 50. What ifthe largest loss would have been 100?

Solution:

The basic assumpt ion yields that

100 2 1 X , ... , X , X are i. i.d. with d. f. 0, 1 ) ( 10 1

³ - = £ - x e x X P x .

Therefore, for )...,,,( max 2 1 n n X X X M = ,

100 10 100

1 100

) 1 ( 1 ) ) ( ( 1 ) ( xe x X P x M P - - - = £ - = > . (21)

Fromthis, we immediatelyobtain

. 00453 . 0 ) 100 (

4914 . 0 ) 50 (

100

100

= ³

= ³

M P

M P

(22)

However, rather than do ing the exact calculat ions above, consider the fo llowing asymptotic argument. First, for all 1³n and Rx Î ,

, 1

) ) ln ( 10 ( ln

10 n x

n

n n

e

n x M P x n

M

P

÷ ÷ ø

ö ç ç è

æ

- =

= + £ = ÷ ø

ö ç è

æ £ -

-

(23 ) so that

. ) ( ln

10

lim x e x n

M

P x e n n

L = = ÷ ø

ö ç è

æ £ - - -

¥ ®

(24)

Therefore, use the approximat ion

) ln 10 ( ) ( n x x M P n

- » £ L (25) to obtain

, 00453 . 0 ) 100 (

4902 . 0 ) 50 (

100

100

» ³

» ³

M P

M P

(26) ver ymuch in agreement with the exact calculat ions above.

�

Suppose we were asked the same quest ion, but now we would have much less specific infor mat ion on ) ( ) (

1

x X P x F £ = , could we st ill proceed? This is exact ly the point where classical EVT enters. In the above exercise, we have proved the fo llowing result:

Theorem 1 Suppose n X ,..., X , X 2 1 are i.i.d random variables with distribution function )( ~ l EXP F , then for Rx Î :

( ) . ) ( ln lim x x n M P n n

L = £ -

¥ ®

l (27)

�

Here are the keyquest ions:

Q1: What is special about L ? Can we get other limit ing distribut ions, possibly for other d.fs F ?

Q2: How do we find the normalising constants l and nln in general? T hat is, find n a and n b so that

÷ ÷ ø

ö ç ç è

æ

£ -

¥ ®

x b

a M

P n

n n n

lim (28) exists.

Q3: Given a limit coming out ofQ1, for which d. fs F and normalising constants fro mQ2, do we have convergence to that limit ? Can one say so mething about second order behaviour, i.e. speed ofc onvergence?

The so lution to Q1 forms part ofthe famous Fisher-T ippett theorem(see [4]).

Theorem 2 Suppose n X ,..., X , X 2 1 are i.i.d random variables with distribution function F and n n b a , are constants so that for some non-generate limiting distribution G,

. , ) ( lim Rx x G x b

a M

P n

n n n

Î = ÷ ÷ ø

ö ç ç è

æ

£ -

¥ ®

(29 )

Then G is of one of the following types:

- Type 1 ( Fréchet):

0

0 , ) ( exp

0 , 0

) ( > î

í

ì

> -

£

= F

-

a a a x x

x x (30)

- Type 2 (Weibull):

0

0 , 1

0 , ) ) ( ( exp

) ( > î

í

ì

>

£ - -

= Y a

a a x

x x x (31)

- Type 3 (Gumbel):

R x e x x Î - = L - ,) ( exp ) ( . (32)

˚

The distribut ions ofone ofthe above three types are called extreme value distributions .

Alter nat ively, anyextreme value distribut ion can be represented by generalised extreme value distribution (GEVD)

R x x x H Î ï þ

ï ý

ü ï î

ï í

ì

÷ ø

ö ç è

æ - + - =

-

+

, 1 exp ) (

1

, ;

x s m x s

m x . (33)

Here R R Î Î m x , and 0>s . The case )0(0 <> xx corresponds to the Freshet (Weibull)- type d. f. with )1 ( 1 a x a x -=

= , whereas by cont inuit y 0=x corresponds to the Gumbel or double exponent ial-type d.f. Some examples o fextreme value distribut ions are given in figure 1. Note that the Freshet case (the Weibull case) corresponds to a modelwith finite lower (upper) bound; the Gumbelis two-sided unbounded.

Answer ing Q2 and Q3 is much more complicated. Below a complete answer (due to

Gnedenko) for the Freshet case is formulated. This case is the most important for applicat ions to (re) insurance. For a generald. f. F , the inverse o f F is defined as fo llows:

1 0 }, ) ( : { inf ) ( << ³ Î = ¬ t t x F R x t F . (34)

Using this notation, the p -quant ile of F is defined as

1 0 ), ( < < = ¬ p p F x p . (35)

Theorem 3 Suppose n X ,..., X , X 2 1 are i.i.d random variables with distribution function F satisfying

0 , 0 ,

) ( 1

) ( 1 lim > > =

-

- -

¥ ®

a a x x x F

tx F t

. (36)

Then for x > 0,

) ( lim x x b

a M

P n

n n n a

F = ÷ ÷ ø

ö ç ç è

æ

£ -

¥ ®

(37 ) where ( ) n F b a n n 1 1 , 0 - = = ¬ . The converse of this result also holds true.

˚

A d. f. F satisfying (36) is called regular lyvar ying with index a- , denoted by a -

Â Î - = F F 1 . An important consequence ofthe condit ion a -

Â Î F is that for a r.v.

with d. f. F î

í

ì

> ¥ =

< ¥ <

=

. ,

, , a b

a b b EX (38)

In insurance applications, one often finds a -values in the range (1, 2). Theorem3 is also for mulated as: the maximal do main o fattraction (MDA) of a

F is a -

Â , i.e.

a a -

Â = F ) ( MDA . (39)

D.fs belo nging to a -

Â are for obvious reasons also called ofPareto type. For instance, if F is Pareto(one parameter) d.f., i.e.

then

. ) ( , 0

, 0 , 0 , 1 ) (

1

1 a

a a a kn b a

k x k kx x F n n

= =

³ > > - = -

(40)

Figure 1.

Though we can calculate the normalising constants, the calculat ion of n b depends on the tailo f F , which in pract ice is unknown.

Let )(}1)(: { sup ¥£ < Î º xF R x x F - ^r ight endpoint~ ofa d.f. F . Then for two other cases ( Weibulland Gumbelcases) , the necessar yand sufficient condit ions for

) ( GEVD MDA F Î are as fo llows:

Theorem 4

1) ( Weibull case) )( a

Y Î MDA

F if and only if

0 , 0

,

) ( 1

) ( 1 lim

0

> >

=

- -

- -

¥ <

® x each for

x h x F

xh x F and x

F

F h F a

a

(41)

2) (Gumbel case) )( L Î MDA

F if and only if

. ,

) ( 1

) ) ( ( 1 lim

) (

R x for e t F

t xg t F

t g function positive srictly some for x t

Î =

-

+ - -

¥ ®

(42)

˚

Note that ) ( a

F MDA includes such heavy-tailed distr ibutions as Pareto, Burr, loggamma, Cauchyand t -distribut ions, and for )( a

F Î MDA

F we have ¥= F x . This class is interested in insurance applicat ions because insurance loss data are generally heavytailed.

The ) ( L MDA contains such diverse d. fs as the exponent ial, nor mal, log-nor mal, gamma. These distr ibut ions are called medium-tailed distr ibutions and the distribut ion of excess over sufficient lyhigh thresho lds mayin this case approximated bythe exponent ial distr ibut ion. Note that, the log-normaldistr ibut ion has a moderately heavytail and has historicallybeen a popular modelfor loss sever it ydistribut ions, however it is not as heavy-tailed as the distribut ions in )( a

F MDA .

Distr ibut ions in )( a

Y MDA are short-tailed distribut ions such as the Unifor mand

Beta distr ibut ions. This class is o flesser interest in insurance applicat ions.

Theorem3 and Theorem4 are the basis o fEVT. In order to show how this theory can be put into practice , consider for instance the pricing o fan XL-treaty. Typically, the pr iorit y(or attachment point) u is determined as a t -year event corresponding to a specific claim event with claimsize d. f. F , say. This means that

) 1 1 ( t F u u t

- = = ¬ . (43)

In our notation (35) used before, t t x u 1 1 -

= . Whenever t is large (typically the case in the catastrophic ( i.e. rare) event situation), the fo llowing result due to Balkema, de Haan, (see

[4]) is ver y useful.

Theorem 5 (Balkema-de Haan) Suppose n X ,..., X , X 2 1 are i.i.d random variables with distribution function F. Equivalent are:

1) R H MDA F Î Î x x , ) ( ,

2) , : + + ® R R function some for b

0 ) , ) ( , ( ) ( sup lim

0

= - -

- < < ®

x b u x GPD x F u u x x x u F F

, (44)

. ) ( ) ( uX x u X P x F where u

> £ - =

˚

It is exact ly the so-called excess d. f. u F which both risk managers as wellas reinsurers should be interested in. Theorem5 states that for large u , u F has a generalised Pareto d.f.

Now in order to estimate the tail )( xuF + for a fixed large value of u and all 0³x consider the trivialident it y

0 , , ) ( ) ( ) ( ³ = + xu x F u F x u F u . (45)

In order to estimate ) ( x u F + , one fir st estimates )( uF bythe empir ical est imator n

u X n i u F i

} : 1 { #

) ) ( ( ^

> £ £

= . (46)

In order to have a ^good~ estimator for )( uF , we need u not too large: the level u has to be wellwit hin the data. Given such a u -value, we approximate )( xF u via (44) by

) , ) ( , ( ) ) ( ( ^ ^ _______ ^ x b - = u x GPD x F u (47) for some est imators ^ ^ , ) ( x b u depending on u .

There are some methods ofestimat ion ofGPD parameters:

a) Based on mean excess function

Using property(17) ofGPD, if X is GPD ( ., s, k), then u b b u X u X E u e 1 0 ) ( ) ( += ³ - = denotes a ^Populat ion Line~, where k

k b , k

s b

+

- =

+

=

1 1 1 0

, i.e.

k

u k s u X u X E u e

+

- = ³ - =

1

) ( ) ( .

Sample mean excess funct ion, defined by å

å

=

>

=

+ -

= n i

X

n i

i n i

u X u e

1

} 1 {

1

1

) (

) ( , (48) is an empir ical est imate ofthe mean excess funct ion e ( u ).

Fromproperties p1) and p2) we can state that { } u X u X ³ - is

GPD(. , s‘ ( u ) , k ) and

1

) ‘(

) (

+

= k

u s u e , i.e.

1 1

) ‘(

) (

+

- =

+

= k

ku s k

u s u e .

Hence we have ku s u s - = ) ‘( . (49) b) Based on the method ofmo ments

If X is GPD, then using propertyp1) ofGPD, we have kr

X s

k E

r

+

= ÷ ø

ö ç è

æ -

1

1 1 , provided 1+ kr > 0

÷

÷ ø

ö ç

ç è

æ

-

-

= ÷

÷ ø

ö ç

ç è

æ

+

-

= 1

) ( ) (

) (

2

1 , 1

) ( ) (

) (

2

1

2 2

2

2 2

2

X X

X k

X X

X X s

� � . (50) c) Based on the method ofprobabilit y-weighted

Moments

) 1 )( 1 (

} )] ( 1 [ { a k r r

s X F X E r r ++ +

= - = ¢ , provided k > -1

2 a 2 a

a

, a 2 a

a a 2

1 0

0

1 0

1 0 - ¢ - ¢

¢

=

¢ - ¢

¢ ¢

= k s

� � . (51) d) Based on maximumlikelihood estimat ion

In end ofthis work we applythe method a) to 5724 flood insurance claims in

Ukrainian propertyinsurance ( fromOranta Insurance Co mpany).

The sample mean excess plot for this data is shown in figure 2.

0 500 1000 1500 2000

Thresholds

0 smef

Figure 2.

5000

1000

2000

3000

In fact, apart fro mthe extreme r ight hand po ints that are averages ofonlya small

number oflarge excesses, the whole plot is approximatelylinear. In order to find a fit of

the under lying excess d. f. u F byGPD we have chosen a ver yhigh thresho ld ( in our case it

equals 380). This thresho ld exceeded by 78 losses and represents a thresho ld at about the

96 th percentile o fthe data. In figure 3 GPD is fitted to 78 losses that exceed the thresho ld

380. The parameter estimates are 677.0-=k

�

and 33. 63 = s � , wellthen 79.316) 380 ( ‘ = s � .

5 References

1. Curr ie, I. D. (1992) Loss Distributions. Heriot-Watt Universit y, Edinburg.

2. Gar yPatrik and Farrokh Guahi(1998 CAS Spr ing Meet ing) An extremely important

application of Extreme Value Theory to reinsurance pricing. Swiss Re Amer ica.

3. Loeve, M. (1955) Probability Theory . Van Nostrand, New York.

4. Embrechts, P., Klüppelberg, C. and T. Mikosh (1997) Modelling extremal events for

insurance and finance. Springer-Ver lag, Ber lin.

1000 3000 4000

0

F u ( x )

500 x

0.2

0.4

0.6

0.8

1.0

0.0

Figure 3.