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Abstract. � ¤ ­i© à®¡®âi §­ ©¤¥­® ¢¥àå­÷ â  ­¨¦­÷ ®æi­ª¨ ¢ ­¥ài¢­®áâi ¤«ï ¬®¬¥­âi¢
áã¯à¥¬ã¬i¢ ¢i­¥ài¢áìª¨å i­â¥£à «i¢, ¯®¡ã¤®¢ ­¨å §  äà ªâ «ì­¨¬ ¡à®ã­i¢áìª¨¬ àãå®¬.
�¤¥à¦ ­÷ ®æ÷­ª¨ § áâ®á®¢ ­® ¤® ¬®¬¥­â÷¢ à®§¢'ï§ª÷¢ áâ®å áâ¨ç­¨å ¤¨ä¥à¥­æ÷ «ì­¨å
à÷¢­ï­ì, é® ¬÷áâïâì äà ªâ «ì­¨© ¡à®ã­÷¢áìª¨© àãå.

The upper and lower maximal estimations for moments of Wiener integrals with re-
spect to fractional Brownian motions are established. They are applied to the solutions of
stochastic di�erential equations involving fractional Brownian motion.

1. �áâã¯.

�®§£«ï­¥¬® ¯®¢­¨© ©¬®¢ià­iá­¨© ¯à®áâià (
; F; P ) § äi«ìâà æiõî (Ft; t � 0): �î
áãªã¯­iáâì ¡ã¤¥¬® ¯®§­ ç â¨ (
; F; (Ft)t�0 ; P ): � «i áªài§ì ¢ à®¡®âi ¡ã¤¥¬® ¯®§­ -

ç â¨ ç¥à¥§
�
BH
t ; (Ft)t�0 ; P

�
- äà ªâ «ì­¨© ¡à®ã­i¢áìª¨© àãå (���) § i­¤¥ªá®¬ �îà-

áâ  H 2 (1=2; 1), é® å à ªâ¥à¨§ãõâìáï ­ áâã¯­¨¬¨ ¢« áâ¨¢®áâï¬¨:
(1) BH

t - ¯à®æ¥á §i áâ æi®­ à­¨¬¨ ¯à¨à®áâ ¬¨;
(2) BH

0 = 0, â  E BH
t = 0 ¤«ï ¢áiå t > 0;

(3) E
�
BH
t

�2
= jtj2H ¤«ï ¢áiå t > 0;

(4) BH
t - £ ãái¢áìª¨© ¯à®æ¥á;

(5) âà õªâ®àiù ¢¨¯ ¤ª®¢®£® ¯à®æ¥áã BH
t õ ­¥¯¥à¥à¢­¨¬¨.

�«ï ª®¦­®£® t > 0 ¡ã¤¥¬® ¯®§­ ç â¨�
BH
t

��
:= sup

s�t

��BH
s

�� :
� á¨«ã  ¢â®¬®¤¥«ì­®áâi ¯à®æ¥áã BH

t ; t � 0, ïªã ¬®¦­  § ¯¨á â¨ ã ¢¨£«ï¤i BH
at

d
=

aHBH
t (

d
= - ®§­ ç õ à÷¢­÷áâì §  à®§¯®¤÷«®¬), ¬ õ¬®

�
BH
at

�� d
= aH

�
BH
t

��
, §¢i¤ª¨ ¤«ï

¤®¢i«ì­®£® T > 0 E

��
BH
t

���p
= K(p;H)T pH , K(p;H) = E

��
BH
1

���p
, p > 0. �

à®¡®âi [1] ­ ¢¥¤¥­÷ ¬ ªá¨¬ «ì­÷ ­¥à÷¢­®áâ÷ ¤«ï BH
� ; � { ¢¨¯ ¤ª®¢¨© ¬®¬¥­â §ã¯¨­ª¨.

�®ªà¥¬ , ¤«ï ¢¨¯ ¤ªãH > 1=2, ¤®¢¥¤¥­®, é® ¤«ï ª®¦­®£® p > 0 ÷ ª®¦­®£® ¢¨¯ ¤ª®¢®£®
¬®¬¥­âã §ã¯¨­ª¨ � iá­ãîâì ª®­áâ ­â¨ c(p;H) â  C(p;H) â ªi, é® :

c(p;H)E(�pH ) � E((BH
� )�)p � C(p;H)E(�pH ):

� ¤ ­i© à®¡®âi ¬¨ ¤®á«i¤¦ãõ¬® ¢¥àå­î â  ­¨¦­î ®æi­ª¨ ¢ ­¥ài¢­®áâi ¤«ï ¬®-
¬¥­âi¢ áã¯à¥¬ã¬i¢ ¢i­¥ài¢áìª¨å i­â¥£à «i¢ ¢i¤­®á­® ���. Ǳ¥àè ­i¦ ¯¥à¥©â¨ ¤®
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¤®á«i¤¦¥­­ï, á«i¤ ­ £ ¤ â¨ á ¬¥ ®§­ ç¥­­ï ¢i­¥ài¢áìª®£® i­â¥£à «  ¢i¤­®á­® ���
([2],[3]).

�«ï H > 1=2 ¢¨§­ ç¨¬® i­â¥£à «ì­¨© ®¯¥à â®à �:

�f(t) = H (2H � 1)

1Z
0

f(s) js� tj2H�2
ds;

  â ª®¦ ¢¨§­ ç¨¬® áª «ïà­¨© ¤®¡ãâ®ª

hf; gi� = hf;�gi = H (2H � 1)

1Z
0

1Z
0

f(s)g(t) js� tj2H�2
ds dt;

¤¥ h�; �i - §¢¨ç ©­¨© áª «ïà­¨© ¤®¡ãâ®ª ¢ L2[0;1). Ǳ®§­ ç¨¬® ç¥à¥§ L�
2 - ¯à®áâià

¥ª¢i¢ «¥­â­¨å ª« ái¢ ¢¨¬ià­¨å äãªæi© f â ª¨å, é® hf; fi� < 1. �¥¯¥à ïá­®, é®
¢i¤®¡à ¦¥­­ï

BH
t 7! �[0;t)

¬®¦­  ¯à®¤®¢¦¨â¨ ¤® i§®¬¥âàiù ¬i¦ £ ãá®¢¨¬ ¯à®áâ®à®¬, ¯®à®¤¦¥­¨¬ BH
t ; t � 0,

ïª ­ ©¬¥­è¨¬ § ¬ª­¥­¨¬ «i­i©­¨¬ ¯i¤¯à®áâ®à®¬ L2(
; F; P ), é® ¬iáâ¨âì BH
t , â 

¯à®áâ®à®¬ L�
2 . �«ï f 2 L�

2 , i­â¥£à «
1R
0

f(t)dBH
t â¥¯¥à ¬®¦­  ¢¨§­ ç¨â¨ ïª ®¡à §

äã­ªæiù f ¢ æi© i§®¬¥âàiù.

� ã¢ ¦¨¬®, é® E

����1R
0

f(t)dBH
t

����
2

= H (2H � 1)
1R
0

1R
0

f(s)g(t) js� tj2H�2
ds dt. � «i

áªài§ì ¯à¨¯ãáª õâìáï, é® f § ¤®¢®«ì­ïõ ã¬®¢ãZ 1

0

Z 1

0

f(t)f(s) js� tj2H�2
ds dt <1: (1)

� à®¡®âi [4] ¤«ï i­â¥£à «i¢
R b
a
f(t)dBH

t ; 0 � a < b � 1, ïªi ¢¨§­ ç îâìáï ïªR b
a f(t)dB

H
t =

R1
0 �ft2[a;b]gf(t)dBH

t , ®¤¥à¦ ­® ®æi­ªã

E

 �����
Z b

a

f(t) dBH
t

�����
p!

� c(p;H)kfkp
L1=H(a;b)

; p > 0:

� à®¡®âi [5] ®¤¥à¦ ­® ¯®¤i¡­i ®æi­ª¨ ¤«ï i­â¥£à «i¢ ¢¨£«ï¤ãZ b

a

w(t; s)f(s) dB1=2
s ;

¤¥

w(t; s) =

� c
C s

��(t� s)�� ; s 2 (0; t)

0 ; s > t
;

� = H � 1
2 ; C =

q
H

(H� 1
2
)B(H� 1

2
;2�2H)

; c = 1
B(H+ 1

2
; 3
2
�H)

; B
1
2
s { áâ ­¤ àâ­¨© ¢÷­¥à÷¢-

áìª¨© ¯à®æ¥á.
� ¤ ­i© à®¡®âi ®¤¥à¦ ­® ¢¥àå­i â  ­¨¦­i ®æi­ª¨ ¤«ï ¬®¬¥­âi¢ áã¯à¥¬ã¬i¢ i­-

â¥£à «i¢ ¢¨£«ï¤ã I� =
R �
0
f(t)dBH

t ïª ¤«ï ¤¥â¥à¬i­®¢ ­¨å, â ª i ¤«ï ¢¨¯ ¤ª®¢¨å � .
�æi­ª¨ ­  ¤¥â¥à¬i­®¢ ­¨å i­â¥à¢ « å ®¤¥à¦ ­i §  à åã­®ª £ ãá®¢®áâi I� , ­  ¢¨¯ ¤-
ª®¢¨å - § ¢¤ïª¨ ¯à¥¤áâ ¢«¥­­î��� §  ¤®¯®¬®£®î â ª §¢ ­®£® ¬ àâ¨­£ «  �®«ç ­ 
([6],[7],[3]). �i ®æi­ª¨ áãââõ¢® § «¥¦ âì ¢i¤ ¢« áâ¨¢®áâ¥© äã­ªæiù f .
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2. �¥àå­ï ®æi­ª  ­  ­¥¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i.

Ǳ®§­ ç¨¬® ��T :=
�R T

0 f(s) dBH
s

��
:= sup

t�T

���R t0 f(s) dBH
s

��� : � ã¢ ¦¨¬®, é® ¯à®æ¥á

��t =
R t
0
f(s) dBH

s ; t 2 [0; T ] - £ ãái¢áìª¨©, i §­ ç¨âì, ¤«ï ­ì®£® ¬ îâì ¬iáæ¥ ¥­-
âà®¯i©­i ®æi­ª¨ ¬ ªá¨¬ã¬ . � §¢'ï§ªã § æ¨¬ à®§£«ï­¥¬® ­  ¢i¤ài§ªã [0; T ] ­ ¯i¢¬¥-
âà¨ªã �� , ¯®à®¤¦¥­ã ¯à®æ¥á®¬ �t, â®¡â®

�2�(s; t) := E (�t � �s)
2 =

Z t

s

Z t

s

f(u)f(v)ju� vj2H�2 du dv:

Ǳ®§­ ç¨¬® N(T; ") ­ ©¬¥­èã ¬®¦«¨¢ã ªi«ìªiáâì â®ç®ª ¢ "-áiâæi ¢i¤ài§ª  [0; T ],
H(T; ") = lnN(T; ") ¬¥âà¨ç­ã "-¥­âà®¯iî æì®£® ¢i¤ài§ª  ¢ ­ ¯i¢¬¥âà¨æi �� ,
D(T; ") =

R "
0 H(T; u)1=2 du:

�¥¬  1. � ¢¢¥¤¥­i© ­ ¯i¢¬¥âà¨æi �� ¬ õ ¬iáæ¥ ®æi­ª 

D(T; ") �
Z "

0

"
ln

 
1 + v�1=HC(H)

Z T

0

jf(u)j1=H du

!#1=2
dv; (2)

C = C(H)-¤¥ïª  ¯®áâi©­ .

�®¢¥¤¥­­ï. � à®¡®âi [4] ¤®¢¥¤¥­®, é®

Z T

0

Z T

0

f(u)f(v)ju� vj2H�2 du dv � C1(H)kfk2L1=H [0;T ]: (3)

�®¤i ¤«ï ¡ã¤ì-ïª®£® " > 0 ¬¥âà¨ç­  "-¥­âà®¯iï ¢i¤ài§ª  [0; T ], ®ç¥¢¨¤­®, ­¥ ¯¥-

à¥¢¨éãõ ln
�
1 + "�1=H(C1(H))1=2H

R T
0
jf(u)j1=H du

�
, §¢i¤ª¨ ¢¨¯«¨¢ õ (2) § C(H) =

(C1(H))1=2H :

�¥®à¥¬  1. �«ï ¡ã¤ì-ïª®£® p > 0 ¬ õ ¬iáæ¥ ®æi­ª 

E (��T )
p � Cp(H)kfkpHL1=H(0;T ):

�®¢¥¤¥­­ï. Ǳ®§­ ç¨¬®

�2 = sup
t2[0;T ]

E �2t = sup
t2[0;T ]

Z t

0

Z t

0

f(u)f(v)ju� vj2H�2 du dv:

�®¤i, §£i¤­® § â¥®à¥¬®î 1 ([8], á.141) i ­ á«i¤ª®¬ ¤® ­¥ù, ¤«ï ¡ã¤ì-ïª®£®
r > 4

p
2D(T; �=2) ¬ õ ¬iáæ¥ ­¥ài¢­iáâì

Pf��T > rg � 1��

 
(r � 4

p
2D(T; �=2))

�

!
;

¤¥ � - äã­ªæiï áâ ­¤ àâ­®£® ­®à¬ «ì­®£® à®§¯®¤i«ã. �áªi«ìª¨

E (��T )
p � p

Z 1

0

xp�1(1� F (x)) dx;
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¤¥ F (x) = Pf��T < xg, â® § (2) ®âà¨¬ãõ¬® (D = D(T; �=2))

E (��T )
p � p

Z 4
p
2D

0

xp�1(1� F (x)) dx + p

Z 1

4
p
2D

xp�1(1� F (x)) dx � (4
p
2D)p+

+p

Z 1

0

(x+ 4
p
2D)p�1

�
1��

�x
�

��
dx � (4

p
2D)p+

+p2p�1

Z 1

0

xp�1
�
1��

�x
�

��
dx+ p(4

p
2D)p�1

Z 1

0

�
1� �

�x
�

��
dx �

� (4
p
2D)p + p2p�1�pc1(p) + p(4

p
2D)p�1�c2; (4)

¤¥ c1(p) =
R1
0 xp�1

�
1��

�
x
�

��
dx; c2 =

R1
0

�
1� �

�
x
�

��
dx:

� «i, ®æi­¨¬® D = D(T; �=2). � á¨«ã «¥¬¨ 1

D �
Z �=2

0

"
ln

 
1 + v�1=HC(H)

Z T

0

jf(u)j1=Hdu
!#1=2

dv �

� HCH
3

Z 1

0

z1=2
ez dz

(ez � 1)H+1
;

¤¥ c3 = C(H)
R T
0
jf(u)j1=Hdu.

�â¦¥, D � c4kfkL1=H(0;T ). � «i, ®ç¥¢¨¤­®, � � c5kfkL1=H(0;T ). �ªé® ¯i¤áâ ¢¨â¨
®áâ ­­i ®æi­ª¨ ¢ (4), ®âà¨¬ õ¬® ¤®¢¥¤¥­­ï.

3. �¨¦­ï ®æi­ª  ­  ­¥¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i.

� à®¡®âi [4] ­ ¢¥¤¥­® ª®­âà¯à¨ª« ¤, ïª¨© ¯®ª §ãõ, é® ®æi­ª , ¯à®â¨«¥¦­  ¤® (3),
­¥ ¬ õ ¬iáæï. �®¬ã i ­¨¦­ï ®æi­ª  ¤«ï ��T ¡ã¤¥ £iàè®î, ¢ ¯®ài¢­ï­­i § â¥®à¥¬®î 1.
� «i ¢ æì®¬ã à®§¤i«i ¢¢ ¦ õ¬®, é® f = f(s) > 0 ­  [0; T ]. Ǳ®§­ ç¨¬® f� = inf

s2[0;T ]
f(s),

i ­¥å © f� > 0:

�¥®à¥¬  2. �«ï ¡ã¤ì-ïª®£® T > 0 ¬ õ ¬iáæ¥ ®æi­ª 

E (��T )
p � CpT

pHfp� :

�®¢¥¤¥­­ï.. �£i¤­® § ­¨¦­ì®î ®æi­ª®î §  �ã¤ ª®¢¨¬ (â¥®à¥¬  5, [8], á.152), ¤«ï
¡ã¤ì-ïª®£® " > 0;

E (��T )
p � (E ��T )

p � CpH(T; ")p=2"p:

�«¥, H(T; ") = lnN([0; T ]; "), i, ®ç¥¢¨¤­®, N(T; ") � 1 _ Tf1=H
�

"1=H
: �®¤i

H(T; ") � ln

 
1 _ Tf

1=H
�

"1=H

!
:

�®§£«ï­¥¬® äã­ªæiî

'(") = ln

 
1 _ Tf

1=H
�

"1=H

!1=2

"; " > 0

i §­ ©¤¥¬® ùù ­ ©¡i«ìè¥ §­ ç¥­­ï. �®áâ â­ì® à®§£«ï­ãâ¨ " < THf�; i â®¤i

max
"<THf�

'(") =
1

2
e�1=2THf�;

§¢i¤á¨ i ®âà¨¬ãõ¬® ¤®¢¥¤¥­­ï.
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4. �¥àå­ï ®æi­ª  ­  ¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i.

�®§£«ï­¥¬® ¯à®æ¥á It =
R t
0 f(s) dB

H
s ; t > 0; ¤¥ f� ¤¥â¥à¬i­®¢ ­ , ¢¨¬ià­ , ¤®¤ â­ï

äã­ªæiï, é® § ¤®¢®«ì­ïõ ã¬®¢ã (1). Ǳ®ª« ¤¥¬®, ¤ «i, ¤«ï ª®¦­®£® t > 0 : g(t) := 1
f(t) ;

÷ ­ £ ¤ õ¬®, é® � = H � 1
2 :

�¥®à¥¬  3. �¥å © äã­ªæiï s�f(s) ¬®­®â®­­® ­¥ á¯ ¤ õ ­  [0;1): �®¤i ¤«ï ª®¦­®£®
p > 0 i ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � iá­ãõ ª®­áâ ­â  C(p;H) â ª , é® ¢¨ª®­ãõâìáï
­¥ài¢­iáâì

E (I�� )
p � C(p;H)

�
E

�
(f(�))

pH
2H�1 �pH

�� 2H�1
H �

E
�
�pH

�� 1�H
H :

� ã¢ ¦¥­­ï 1. �ªé® jf(x)j � f� <1; x 2 R; â®
E jI�� jp � C(p;H) (f�)p E �pH :

�®¢¥¤¥­­ï. �¥å ©

Yt =

Z t

0

s
1
2
�HdBH

s ;

â®¤i

BH
t =

Z t

0

sH�
1
2 dYs;

i â®¬ã

It =

Z t

0

sH�
1
2 f(s)dYs:

�¨ª®à¨áâ®¢ãîç¨ â¥¯¥à, i­â¥£àã¢ ­­ï §  ç áâ¨­ ¬¨, ®âà¨¬ãõ¬® ¢¥àå­î ®æi­ªã ¤«ï
I�t :

I�t = sup
s�t

jIsj = sup
s�t

����t�f(t)Yt �
Z t

0

Ys d (s
�f(s))

���� � 2f(t)t�Y �t :

�«ï ¯à®æ¥áã Yt; ¢¨ª®à¨áâ®¢ãîç¨, §£i¤­® § â¥®à¥¬®î 3.2 ([1]), ©®£® ¯à¥¤áâ ¢«¥­­ï
ç¥à¥§ ¬ àâ¨­£ « Mt =

R t
0 w(t; s)dB

H
s ,   á ¬¥ Yt = 2H

R t
0 (t� s)H�

1
2 dMs; ¬®¦­  ®âà¨-

¬ â¨ ­ áâã¯­ã ®æi­ªã
Y �t � 4Ht�M�

t :

I§ æ¨å ¤¢®å ¢¥àå­iå ®æi­®ª ¤«ï ª®¦­®£® t > 0 ¬¨ ®âà¨¬ãõ¬®

I�t � 8HM�
t t

2�f(t);

 ¡® ¦ ¤«ï ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � ¬¨ ¬ õ¬®

I�� � 8HM�
� �

2�f(�):

�¢i¤á¨, ¤«ï ¤®¢i«ì­®£® p > 0

E (I�� )
p � (8H)p E

�
�2�p (f(�))p (M�

� )
p�
: (5)

�¨ª®à¨áâ®¢ãîç¨ ­¥ài¢­iáâì �¥«ì¤¥à  ¤® ¯à ¢®ù ç áâ¨­¨ ­¥ài¢­®áâi (5), ®âà¨¬ õ¬®

E
�
�2�p (f(�))p (M�

� )
p� � �E ��2�pq (f(�))pq�� 1q (E (M�

� )
pr)

1
r :
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¤¥ q = H
2� = H

2H�1 > 1 i r = H
1�H : I§ § £ «ì­®ù ­¥ài¢­®áâi �ãàªå®«¤¥à -�¥¢iá -

� ­¤i ¢¨¯«¨¢ õ, é® ¤«ï ¤®¢i«ì­®£® p > 0 i ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � iá­ãîâì
ª®­áâ ­â¨ cp; Cp > 0 â ªi, é® á¯à ¢¥¤«¨¢  ­ áâã¯­  ®æi­ª  ¤«ï ¬ àâ¨­£ «  Mt

cpc
p
2 E �

p(1�H) � E (M�
� )

p � cp2Cp E �
p(1�H):

�¥¯¥à, ¢¨ª®à¨áâ®¢ãîç¨ ùù, ®âà¨¬ãõ¬® ­¥ài¢­iáâì

E (M�
� )

pr � cp2Cp E �
1�2�
2

pr = cp2Cp E �
pH : (6)

Ǳ®ª« ¤¥¬® C(p;H) := (8H)p (cp2Cp)
1�H
H â®¤i

E (I�� )
p � C(p;H)

�
E

�
(f(�))

pH
2H�1 �pH

�� 2H�1
H �

E �pH
� 1�H

H ;

i â¥®à¥¬ã ¤®¢¥¤¥­®.

5. �¨¦­ï ®æi­ª  ­  ¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i.

�¥å © T > 0 ä÷ªá®¢ ­¥. Ǳ®ª« ¤¥¬® Mg(T ) = sup
s2(0;T ]

g(s).

�¥®à¥¬  4. �¥å © ¤«ï ¤®¢i«ì­®£® t 2 (0; T ] äã­ªæiï g § ¤®¢®«ì­ïõ ­¥ài¢­iáâì

g0(s) �
�
�

s
� �

t� s

�
g(s); 0 < s < t: (7)

�®¤i ¤«ï ¤®¢i«ì­®£® p > 0 â  ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � � T iá­ãõ ª®­áâ ­â 
c(p;H) > 0; ¤«ï ïª®ù ¢¨ª®­ãõâìáï ­¥ài¢­iáâì

E (I�� )
p � c(p;H) (Mg(T ))

�p
E �pH :

�®¢¥¤¥­­ï. �¥å © a; b 2 (0; 1) õ ª®­áâ ­â¨,â ªi é® a < b. �®¤i, ¢¨ª®à¨áâ®¢ãîç¨
¯à¥¤áâ ¢«¥­­ï ¬ àâ¨­£ «  Mt ([1]), ¬ õ¬®

Mt =

Z at

0

w(t; s)dBH
s +

Z bt

at

w(t; s)dBH
s +

Z t

bt

w(t; s)dBH
s :=

:=Mt(a) +

Z bt

at

w(t; s)g(s)dIs +Mt(1� b): (8)

I­â¥£àãîç¨ §  ç áâ¨­ ¬¨ á¥à¥¤­i© ¤®¤ ­®ª ài¢­®áâi (8), ¬¨ ¬®¦¥¬® ®æi­¨â¨ ©®£®
­ áâã¯­¨¬ ç¨­®¬:�����

Z bt

at

w(t; s)g(s)dIs

����� =
�����w(t; bt)g(bt)Ibt � w(t; at)g(at)Iat �

Z bt

at

Isd (w(t; s)g(s))

����� �

� I�t

 
Mg(T )t

�2�
�
b��(1� b)�� + a��(1� a)��

�
+

Z bt

at

��d �s��(t� s)��g(s)
���! :

� «i á¯à®¡ãõ¬® ¤®á«i¤¨â¨ ¯®åi¤­ã äã­ªæiù '(s) := s��(t� s)��g(s)

d'(s)

ds
= s���1(t� s)���1 (�(2s� t)g(s) + (t� s)sg0(s)) :
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�¨ª®à¨áâ®¢ãîç¨ ã¬®¢ã (7) â¥®à¥¬¨ ¬¨ ¯¥à¥ª®­ãõ¬®áì, é® ' õ ¬®­®â®­­® §à®áâ î-
ç®î ­  [0; t],   ®â¦¥ ùù ¢ ài æiï ­  [at; bt] ¤®ài¢­îõ

V' = t�2�
�
b��(1� b)��g(bt)� a��(1� a)��g(at)

�
:

�¢i¤á¨ �����
Z bt

at

w(t; s)g(s)dIs

����� � C(a; b;H)Mg(T )t
�2�I�t ;

¤¥ C(a; b;H) = 2 ((b��(1� b)�� + a��(1� a)��). �¥¯¥à, ¬¨ ¬®¦¥¬® ®æi­¨â¨ �t :=
t2� jMtj ­ áâã¯­¨¬ ç¨­®¬

�t = t2�jMtj � t2�jMt(a) +Mt(1� b)j+ C(a; b;H)Mg(T )I
�
t :

�i¤®¬® ([1]), é® ¤«ï ¤®¢i«ì­®£® p > 0 â  ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � iá­ãõ ª®­-
áâ ­â  zp > 0 â ª , é® á¯à ¢¥¤«¨¢  ­ áâã¯­  ­¨¦­ï ®æi­ª  ¤«ï p { ¬®¬¥­âã (â®¡â®
¬®¬¥­âã ¯®àï¤ªã p) ��t :

E (��� )
p � zp E

�
�pH

�
:

�¢i¤á¨ ¤«ï ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � :

zp E �
pH � (C(a; b;H))p (Mg(T ))

p
E (I�� )

p + E
�
�2� jM� (a) +M� (1� b)j�p :

� «i ¢¨ª®à¨áâ õ¬® ­ áâã¯­i ®æi­ª¨, ®âà¨¬ ­i ¢ à®¡®âi [1]:

jM� (a)j � 8H

�
a

1� a

�H� 1
2

M�
� ;

jM� (1� b)j � 8H

�
1� b

b

�H� 1
2

M�
� ;

E
�
�2H�1M� (a)

�p � (8H)p
�

a

1� a

�p(H� 1
2 )
cp2Cp E �

pH ;

E
�
�2H�1M� (1� b)

�p � (8H)p
�
1� b

b

�p(H� 1
2 )
cp2Cp E �

pH ;

¤«ï â®£®, é®¡ ®âà¨¬ â¨ ­¨¦­î ®æi­ªã ¤«ï p { ¬®¬¥­âã ¯à®æ¥áã I�� :

E (I�� )
p �

zp � (8H)pcp2Cp

��
a

1�a
�p(H� 1

2 )
+
�
1�b
b

�p(H� 1
2 )
�

(C(a; b;H))p
(Mg(T ))

�p
E �pH :

�¥¯¥à, ¢§ï¢è¨ a ¤®áâ â­ì® ¡«¨§ìª¨¬ ¤® 0 i b ¤®áâ â­ì® ¡«¨§ìª¨¬ ¤® 1, ¬®¦­  ®â-

à¨¬ â¨ ª®¥äiæi¥­â c(p;H) :=
zp�(8H)pcp

2
Cp

�
( a
1�a )

p(H� 1
2 )+( 1�bb )p(H�

1
2 )

�

(C(a;b;H))p ­¨¦­ì®ù ®æi­ª¨
¤®¤ â­i¬. �¢i¤á¨ ®âà¨¬ãõ¬® ¤®¢¥¤¥­­ï â¥®à¥¬¨.

� ã¢ ¦¥­­ï 2. �« á äã­ªæi©, é® § ¤®¢®«ì­ïõ ã¬®¢i (7) õ ­¥¯®à®¦­i¬. �® ­ì®£®
­ «¥¦ âì, ­ ¯à¨ª« ¤ äã­ªæ÷ù ¢¨£«ï¤ã g(s) = s
e�s; s > 0; 
 � �; � � 0:
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6. �æi­ª¨ ¬®¬¥­âi¢ ­  ¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i ¤«ï

¤¥ïª®£® ª« áã ¯i¤i­â¥£à «ì­¨å áâ¥¯¥­¥¢¨å äã­ªæi©.

I§ ¢¨é¥ ¢¨ª« ¤¥­¨å à¥§ã«ìâ âi¢ ¢¨¤­®, é® áâàãªâãà  ®æi­®ª ¤«ï ¬®¬¥­âi¢ áã¯à¥-
¬ã¬i¢ ¢i­¥ài¢áìª¨å i­â¥£à «i¢ ¢i¤­®á­® ��� áãââõ¢® § «¥¦¨âì ïª i ¢i¤ ¢¨¤ã á ¬®ù
¯i¤i­â¥£à «ì­®ù äã­ªæiù, â ª i ¢i¤ ùù ¢« áâ¨¢®áâ¥©.

� ­ áâã¯­i© â¥®à¥¬i §­ ©¤¥­® ¢¥àå­î â  ­¨¦­î ®æi­ª¨ ­  ¢¨¯ ¤ª®¢®¬ã i­â¥à¢ «i
¤«ï ¬®¬¥­âi¢ áã¯à¥¬ã¬i¢ ¢i­¥ài¢áìª¨å i­â¥£à «i¢ ¢i¤­®á­® ��� § ¯i¤i­â¥£à «ì­¨¬¨
áâ¥¯¥­¥¢¨¬¨ äã­ªæiï¬¨. � æì®¬ã ¢¨¯ ¤ªã ã¬®¢¨ â¥®à¥¬ 3 â  4 ¬®¦­  ¯®á« ¡¨â¨.
�¥å © ¤ «i äã­ªæiï f(s) = s
 ; 
 > �2�; I� =

R �
0 s
 dBH

s . �®¤i á¯à ¢¥¤«¨¢  ­ áâã¯­ 
â¥®à¥¬ .

�¥®à¥¬  5. �«ï ª®¦­®£® p > 0 i ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � iá­ãîâì ª®­áâ ­â¨
c(p;H); C(p;H) > 0, ¤«ï ïª¨å ¢¨ª®­ãõâìáï ­¥ài¢­iáâì

c(p;H)E �p(H+
) � E (I�� )
p � C(p;H)E �p(H+
): (9)

�®¢¥¤¥­­ï. 1) �¥àå­ï ®æi­ª . �¨ª®à¨áâ®¢ãîç¨ ¬iàªã¢ ­­ï,  ­ «®£iç­i ¤® ¢¨ª« ¤®ª
¢ â¥®à¥¬i 3, ¬®¦­  «¥£ª® ®âà¨¬ â¨ ­ áâã¯­ã ®æi­ªã

E (I�� )
p � (8H)p E

�
� (2�+
)p (M�

� )
p
�
: (10)

� áâ®áãõ¬® â¥¯¥à, ­¥ài¢­iáâì �¥«ì¤¥à  ¤® ¯à ¢®ù ç áâ¨­¨ ­¥ài¢­®áâi (10), é®¡ ®âà¨-
¬ â¨

E

�
� (2�+
)p (M�

� )
p
�
�
�
E � (2�+
)pq

� 1
q

(E (M�
� )

pr)
1
r :

¤¥ q = 1+2�+2

4�+2
 > 1 i r = 1+2�+2


1�2� : � «i, ¢¨ª®à¨áâ®¢ãîç¨ ¢¥àå­î ®æi­ªã (6) ¤«ï
¬®¬¥­âã M�

t i ®§­ ç¥­­ï ª®­áâ ­â¨ C(p;H) § â¥®à¥¬¨ 3, ®âà¨¬ãõ¬® ¢¥àå­î ®æi­ªã.
2) �¨¦­ï ®æi­ª . �ª i ¢ ¤®¢¥¤¥­­i â¥®à¥¬¨ 4, ¤«ï a; b 2 (0; 1) a < b à®§£«ï­¥¬®

à®§ª« ¤ (8) ¬ àâ¨­£ «  Mt i á¯à®¡ãõ¬® ®æi­¨â¨ á¥à¥¤­i© ¤®¤ ­®ª æì®£® à®§ª« ¤ã.
Ǳ®åi¤­  äã­ªæiù '; ¢¢¥¤¥­®ù ¢ ¤®¢¥¤¥­­i â¥®à¥¬¨ 4, ¯à¨ g(s) = s�
 ; 
 > �2� â¥¯¥à
¤®ài¢­îõ

d'(s)

ds
= s���
�1(t� s)���1 ((
 + 2�)s� (
 + �)t)

i ¬ õ ®¤­ã â®çªã ¥ªáâà¥¬ã¬  ­  ¢÷¤à÷§ªã [0; t] dt; d = 
+�

+2� ¯à¨ 
 > ��, ÷ ­¥ ¬ õ ¦®¤­®ù

¯à¨�2� � 
 � ��: øù ¢ ài æiî V' ­  ¢i¤ài§ªã [at; bt] ¬®¦­  ®æi­¨â¨ ­ áâã¯­¨¬ ç¨­®¬

V' � t�2��
 �b�
��(1� b)�� + 2jdj�
��(1� d)�� + a�
��(1� a)��
�
:

�¢i¤á¨ �����
Z bt

at

w(t; s)s�
dIs

����� � C(a; b;H; 
) t�2��
I�t ;

¤¥ C(a; b;H; 
) = 2 c
C (b�
��(1� b)�� + jdj�
��(1� d)�� + a�
��(1� a)��) :

�«ï ¯à®æ¥áã �t = t2�+
 jMtj ¬ õ¬®

�t � t2�+
 jMt(a) +Mt(1� b)j+ C(a; b;H; 
)I�t :

�¢i¤á¨, ¤«ï ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � â  ¤®¢i«ì­®£® p > 0 ¬ õ¬®

E (��� )
p � (C(a; b;H; 
))p E (I�� )

p + E
�
�2�+
 jM� (a) +M� (1� b)j�p :
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�æi­¨¬®, â¥¯¥à, ¤«ï ¤®¢i«ì­®£® p > 0 p { ¬®¬¥­â ¯à®æ¥áã ��t : �  ä®à¬ã«®î Iâ® ¤«ï
¯à®æ¥áã �2t ÷ ®¡¬¥¦¥­®£® ¢¨¯ ¤ª®¢®£® ¬®¬¥­âã §ã¯¨­ª¨ � ¬ õ¬®:

E �2� = E

�
�4�+2
 jM� j2

�
= E

�
(4�+ 2
)

Z �

0

M2
s s

4�+2
�1 ds+

Z �

0

s4�+2
2Ms dMs

�
+

+E

�Z �

0

s4�+2
�2� ds

�
� 1

1 + 2�+ 2

E �1+2�+2
 :

�«ï ¢¨¯ ¤ªã p 6= 2 ¬®¦­  ¤®¢¥áâ¨ ­¥à÷¢­÷áâì

E (��� )
p � zp E �

p(
+H); zp > 0 (11)

 ­ «®£÷ç­® ¤® ¤®¢¥¤¥­­ï «¥¬¨ 3.1 ([1]), § ¢¨ª®à¨áâ ­­ï¬ ­¥à÷¢­®áâ÷ �¥­£«ïà ,   â ª®¦
¯à¥¤áâ ¢«¥­­ï �®¢÷ª®¢  § à®¡®â¨ [9]. � «i, ¢¨ª®à¨áâ®¢ãîç¨ ®æi­ªã (6) ¬®¬¥­âã M�

�

i ­¥ài¢­iáâì �¥«ì¤¥à  § ¯®ª §­¨ª ¬¨ q = 1+2�+2

4�+2
 > 1 â  r = 1+2�+2


1�2� > 1; 1
q +

1
r = 1

®âà¨¬ãõ¬® ®æi­ª¨ p { ¬®¬¥­âi¢ �2�+
M� (a) i �2�+
M� (1� b)

E
�
�
+2�M� (a)

�p � (8H)p
�

a

1� a

�p(H� 1
2 ) �

E � (2�+
)pq
� 1
q

(E (M�
� )

pr)
1
r �

� (8H)p
�

a

1� a

�p(H� 1
2 )
(cp2Cp)

1
r E �p(H+
); (12)

 ­ «®£iç­®

E
�
�
+2�M� (1� b)

�p � (8H)p
�
1� b

b

�p(H� 1
2 )
(cp2Cp)

1
r E �p(H+
): (13)

§¢i¤á¨ § (11)-(13) ®âà¨¬ãõ¬® ­¨¦­î ®æi­ªã p { ¬®¬¥­âã ¯à®æ¥áã I�� :

E (I�� )
p � c(p;H) E �p(H+
);

¤¥

c(p;H) =
zp � (8H)p (cp2Cp)

1
r

��
a

1�a
�p(H� 1

2 )
+
�
1�b
b

�p(H� 1
2 )
�

(C(a; b;H; 
))p
:

�¥¯¥à, ¢§ï¢è¨ a ¤®áâ â­ì® ¡«¨§ìª¨¬ ¤® 0 i b ¤®áâ â­ì® ¡«¨§ìª¨¬ ¤® 1, ¬®¦­  ®âà¨-
¬ â¨ ª®¥äiæi¥­â c(p;H) ­¨¦­ì®ù ®æi­ª¨ ¤®¤ â­i¬. �¥®à¥¬ã ¤®¢¥¤¥­®.

7. �æi­ª¨ ¬®¬¥­âi¢ à®§¢'ï§ªi¢ ¤¥ïª¨å áâ®å áâ¨ç­¨å

¤¨ä¥à¥­æi «ì­¨å ài¢­ï­ì, é® ¬iáâïâì ���.

�®§£«ï­¥¬® áâ®å áâ¨ç­¥ ¤¨ä¥à¥­æi «ì­¥ ài¢­ï­­ï ¢¨£«ï¤ã

dXt = a (t;Xt) dt+ b(t) dBH
t t � 0; (14)

¤¥ ª®¥äiæiõ­â a(t; x) : R+ � R �! R� ¢¨¬ià­  äã­ªæiï, é® § ¤®¢®«ì­ïõ ã¬®¢ã �i¯-
è¨æï

ja(t; x)� a(t; y)j � L1jx� yj (15)

§ ¤¥ïª®î ¯®áâi©­®î L1 > 0 â  ã¬®¢ã à®áâã

ja(t; x)j � L2(1 + jxj); (16)

b § ¤®¢®«ì­ïõ ã¬®¢ã (1) â  ã¬®¢ã ­¥¯¥à¥à¢­®áâi ¯à®æ¥áã It =
R t
0 b(t) dB

H
s : �áª÷«ìª¨

¯à®æ¥á It £ ãá÷¢áìª¨©, â®, §£÷¤­® [8, á.169], ¤®áâ â­ì®î ã¬®¢®î ©®£® ­¥¯¥à¥à¢­®áâ÷
õ áª÷­ç¥­­÷áâì ÷­â¥£à «  � ¤«÷. �¥å © äã­ªæ÷ï b 2 L1=H [0; T ] ¤«ï ¡ã¤ì-ïª®£® T > 0:
�®¤÷ ¤«ï ÷­â¥£à «  � ¤«÷ ¬ õ ¬÷áæ¥ ®æ÷­ª  (2), ¯à¨ç®¬ã ¯à ¢  ç áâ¨­  ­¥à÷¢­®áâ÷
(2), ¢ á¢®î ç¥à£ã ®æ÷­îõâìáï ¢¥«¨ç¨­®î

R "
0 v

� 1
2H dv C(H) kbk2L1=H[0;T ] < 1: �®¡â®,

§  ã¬®¢¨ b 2 L1=H [0; T ]; T > 0 ÷­â¥£à « It ¬ õ ­¥¯¥à¥à¢­ã ¬®¤¨ä÷ª æ÷î, ïª  ÷ ¡ã¤¥
à®§£«ï¤ â¨áì.
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�¥®à¥¬  6. �¥å © äã­ªæ÷ï a § ¤®¢®«ì­ïõ ã¬®¢ã (15), äã­ªæ÷ï b { ã¬®¢ã

b 2 L1=H [0; T ]; ¤«ï ¤®¢÷«ì­®£®T > 0: (17)

�®¤÷ ­  [0;1) ÷á­ãõ õ¤¨­¨© ­¥¯¥à¥à¢­¨© à®§¢'ï§®ª Xt áâ®å áâ¨ç­®£® ¤¨ä¥à¥­æ÷ «ì-
­®£® à÷¢­ï­­ï (14).

�®¢¥¤¥­­ï. �¯®ç âªã ¯®ª ¦¥¬®, é® ®¯¥à â®à

(AX)t := �0 +

Z t

0

a (s;Xs) ds+ It;

¤¥ �0 õ F0 { ¢¨¬÷à­  ¢¨¯ ¤ª®¢  ¢¥«¨ç¨­ ,
õ ®¯¥à â®à®¬ áâ¨áªã ¢ ¡ã¤ì-ïª®¬ã ¯à®áâ®à÷

Sp := f�(t; !); 0 � t � Tp; �(t){Ft- ¢¨¬÷à­ ; sup
0�t�Tp

E j�tjp <1g; p > 1;

§ ­®à¬®î k�k =
 

sup
0�t�Tp

E j�tjp
! 1

p

; ïªé® E j�0jp <1; Tp < L
p

1�p

1 :

�¯à ¢¤÷, § ã¬®¢ (15), (16), ¤«ï x 2 Sp ¬ õ¬®

E j(AX)tjp � Cp

�
E j�0jp + E jItjp + C(Tp)L2

�
1 +

Z t

0

E jXsjp
��

;

Cp; C(Tp) > 0;
â®¡â® AX 2 Sp; ïªé® X 2 Sp;
¤ «÷,

E j(AX)t � (AY )tjp � E

�Z t

0

(a (s;Xs)� a (s; Ys)) ds

�
�

� L1 E

�Z t

0

jXs � Ysj ds
�p

� Lp1T
p�1
p E

Z t

0

jXs � Ysjp ds;

â®¡â® kAX�AY k � L1T
1� 1

p
p kX�Y k =: LkX�Y k; ¤¥ L < 1: �â¦¥, ­  ¢÷¤à÷§ªã [0; Tp]

à÷¢­ï­­ï (14) ¬ õ õ¤¨­¨© à®§¢'ï§®ª. �à÷¬ â®£®, ïªé® èãª â¨ æ¥© à®§¢'ï§®ª ¬¥â®-
¤®¬ ¯®á«÷¤®¢­¨å ­ ¡«¨¦¥­ì, ¯à¨ç®¬ã ¢§ïâ¨ §  ­ã«ì®¢¥ ­ ¡«¨¦¥­­ï X0

s 2 Sp; X0

{ ­¥¯¥à¥à¢­¨© ¯à®æ¥á ­  [0; Tp]; â® § ­¥¯¥à¥à¢­®áâ÷ ÷­â¥£à «÷¢
R t
0
a(s; �) ds â  It ¬¨

®âà¨¬ õ¬®: Xt { ­¥¯¥à¥à¢­¨© ¯à®æ¥á ¢ Sp: �®¢¥¤¥­­ï â¥®à¥¬¨ ®âà¨¬ õ¬® â¥¯¥à,
ïªé® ¡ã¤¥¬® "¯à®¤®¢¦ã¢ â¨" à®§¢'ï§®ª,   á ¬¥, à®§£«ï­¥¬® "­ áâã¯­¥" à÷¢­ï­­ï

Xt = �
(k)
0 +

Z t

kTp

a (s;Xs) ds+
�
It � IkTp

�
; (18)

k 2 N; �
(k)
0 = XkTp { à®§¢'ï§®ª "¯®¯¥à¥¤­ì®£®" à÷¢­ï­­ï, ¢§ïâ¨© ¢ â®çæ÷ t = kTp:

öá­ã¢ ­­ï, õ¤¨­÷áâì â  ­¥¯¥à¥à¢­÷áâì à®§¢'ï§ªã à÷¢­ï­­ï (18) ¤®¢®¤¨âìáï  ­ «®£÷ç­®
¤® ¯®¯¥à¥¤­ì®£®.

Ǳ®ª« ¤¥¬® â¥¯¥à ¤«ï ¡ã¤ì-ïª®£® C > 0 ÷ ¤®¢÷«ì­®£® ¬®¬¥­âã §ã¯¨­ª¨ �

�c := � ^ infft > 0 : jXtj � Cg
� ã¢ ¦¨¬®, é® §£÷¤­® § â¥®à¥¬®î 6, à®§¢'ï§®ª à÷¢­ï­­ï (14) õ ­¥¯¥à¥à¢­¨¬ ­  [0; �c]:

Ǳ®ª« ¤¥¬® é¥
��� := sup

t��
jXtj :
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�¥®à¥¬  7. �¥å © äã­ªæ÷ï a § ¤®¢®«ì­ïõ ã¬®¢¨ (15) ÷ (16), äã­ªæ÷ï b § ¤®¢®«ì­ïõ
ã¬®¢ã (17) â  ã¬®¢ã â¥®à¥¬¨ 3. �®¤÷:

1) ¤«ï ¤®¢÷«ì­®£® T > 0 ÷ ¤®¢÷«ì­®£® ¬®¬¥­âã §ã¯¨­ª¨ � � T ¬ õ ¬÷áæ¥ ®æ÷­ª 

E (��� )
p � 4pe4

pLp
1
Tp�1�

�
�
E jX0jp + Lp1T

p + C(p;H)
�
E

�
(b(�))

pH
2H�1 �pH

�� 2H�1
H �

E �pH
� 1�H

H

�
; (19)

¤¥ C(p;H) { ª®­áâ ­â , ¢¨§­ ç¥­  ¢ â¥®à¥¬÷ 3.
2) ïªé®, ªà÷¬ â®£®, äã­ªæ÷ï b ®¡¬¥¦¥­ , â® ¤«ï â¨å ¦¥ ¬®¬¥­â÷¢ §ã¯¨­ª¨ ¬ õ

¬÷áæ¥ ®æ÷­ª 

E (�� )
p � 4pe4

pLp
1
Tp�1

�
E jX0jp + Lp1T

p + C(p;H)(b�)p E �pH
�
; (20)

¤¥ b� := sup
x2R+

jb(x)j:

�®¢¥¤¥­­ï. � ª ïª äã­ªæ÷ï a § ¤®¢®«ì­ïõ ã¬®¢¨ â¥®à¥¬¨ 6, â® ÷á­ãõ õ¤¨­¨© ­¥¯¥à¥-
à¢­¨© ­  [0;1) à®§¢'ï§®ª à÷¢­ï­­ï (14). �¨ª®à¨áâ®¢ãîç¨ ã¬®¢¨ (15), (16) ®æ÷­¨¬®
á¯®ç âªã p { ¬®¬¥­â ���c

�
���c
�p � �jX0j+ L1�c + L1

Z �c

0

��s ds+ I��c

�p
�

� 4p
�
L1

Z �c

0

��s ds
�p

+ 4p jX0jp + 4pLp1�c
p + 4p

�
I��c
�p �

� 4pLp1

Z �c

0

(��s )
p
ds �c

p�1 + 4p jX0jp + 4pLp1�c
p + 4p

�
I��c
�p
:

�¢i¤á¨, §  ­¥à÷¢­÷áâî �à®­ã« 

�
���c
�p � 4pe4

pLp
1
�c
p�1 �jX0jp + Lp1�c

p +
�
I��c
�p�

;

  ®â¦¥
E
�
���c
�p � 4pe4

pLp
1
Tp�1

�
E jX0jp + Lp1T

p + E
�
I��c
�p�

:

�¢÷¤á¨, § áâ®á®¢ãîç¨ â¥®à¥¬ã 3 ÷ § ã¢ ¦¥­­ï ¤® ­¥ù ¤«ï ®æ÷­î¢ ­­ï p { ¬®¬¥­âã
I��c ; ®âà¨¬ãõ¬® 1) â  2) ¤«ï � = �c. �¥®à¥¬ã ¤®¢¥¤¥¬®, ïªé® ¯¥à¥©¤¥¬® ¤® £à ­¨æ÷
¯à¨ C !1:
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