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Introduction

Experimental work was done with a two tank interacting system, with one tank placed atop the other.  These tanks are supplied with liquid from a large holding tank, where the liquid is pumped into the top tank, denoted as tank 2 here, then flow from tank 2 to tank 1, the tank below.  The flow from the top tank to the tank below is through a pipeline with a valve which can determine the amount of liquid flowing into the tank below.

A controller, connected to a PC user interface controls the speed of the pump, and hence the quantity of the liquid which is pumped from the holding tank to tank 1.  

The objective of the experiment was to determine the system response for different types of disturbance inputs, which are made by providing different inputs to the pump through the user interface.  A comparison is done between the experimental results obtained and between a mathematical model which was developed for a similar system.  The interacting system is nonlinear, but the mathematical model developed was linearized, in order to apply Laplace Transform tools for formulating transfer functions and system response.  Based on the results, then it could be determined if the linearized model was a close approximation to the real system, or not.
After steady state was achieved at the experimental start up, the following inputs were applied:
1) A step change

2) A pulse

3) A sine wave

Note that the system was allowed to go back to steady state in the interim before the addition of each input. The response curves from the experiment for the flow, lower tank and the upper tank are shown below:
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Figure1. Flow response curve for various inputs and controller settings from the experiment
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Figure2. Response curve of the lower tank height for various inputs and controller settings from the experiment
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Figure3. Response curve of the upper tank height for various inputs and controller settings from the experiment

Question 1
The changes done in the different experiments will be done sequentially, and a qualitative explanation given for what is happening.  The results of the comparisons between the mathematical models will be given, along with inferences that are made from comparisons.

2.1. Step Input
After steady state was reached a step input was made by introducing a change of 10% to the setting of the pump.  This disturbance would result an increase in flow rate, and since no changes are made to the valve settings, there should be a response in terms of the heights of the tanks.  However, after some time, a new steady state height should be reached.
A plot of height versus time was done, to see what the differences were before and after for the steady state heights for the two tanks and how long it took before steady was again achieved.  Note that a change in pump setting of 10% did not give a change in flow rate of 10%, so the actual change was done by the change in flow rate, shown in tabular form below, when doing the comparison between the system model and the experimental results.

Table 1. Step Input, change in Flow rate

	Initial Flow (m3/s)
	Final Flow (m3/s)
	Difference (m3/s)
	% Change

	1005
	1080
	75
	7.46


The same input was applied to the model, which was programmed in Matlab and the results compared.
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Figure 4. Simulation response curves for tank 1 and tank 2 for step input of 7.46% to the system.

Below are the steady states heights and the percentage differences obtained when a comparison was made in tabular form.

Table 2.  Levels for the free response after step input
	Lower Tank height (m)
	Upper Tank height (m)

	Experimental
	Model
	%Difference
	Experimental
	Model
	%Difference

	0.0347
	0.038
	9.51
	0.0341
	0.038
	11.44


From the results obtained, it can be seen that the linearized model gives a fairly close approximation of the system.  For the lower tank, the difference obtained was less than 10% while for the upper tank, it was 11.44%.   This larger percentage error could be due to the fact that liquid flows from the top tank to the bottom tank, so any error for the first tank will also be compounded into that of the second tank.

2.2. Pulse Input
The pulse input was applied by giving a 50% increase to the pump setting for thirty seconds.  Once again because the flow rate did not change proportionally, the actual change in flow rate was used as the pulse input for the model simulation.  The model results were compared with that from the experiment.
Table 3.  Pulse Input, change in Flow rate
	Initial Flow (m3/s)
	Final Flow (m3/s)
	Difference (m3/s)
	% Change

	1005
	1425
	420
	41.8


Figures for the model simulations are shown below.
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Figure 5. Simulation response curves for tank1 and tank2 for pulse input of 41.8% to the system.

Below are the steady state heights and the percentage differences obtained when a comparison was made between experimental results and the model results.

Table 4. Levels for the free response after pulse input

	Lower Tank height (m)
	Upper Tank height (m)

	Experimental
	Model
	%Difference
	Experimental
	Model
	%Difference

	0.0404
	0.03
	-25.74
	0.0812
	0.067
	-17.49


The percentage difference for the heights in the response when a pulse input was made to the system was quite large between the model and experiment.  The heights being much larger in the response to the pulse input for the experiment, than it is for the model.  However, both systems seemed to take approximately similar times to return to the original steady state.
It should be noted that a linear approximation of a nonlinear process is more accurate near the point of linearization.  The large step input represents a large change from the steady state condition, a 50% increase in pump setting, which transduced to a 41.8% increase in the flow rate as shown in table 3.  As a result of this very large change from steady state operating condition, the model does not predict the response very accurately.
The comparison of the model and experiment for the sine input is done by means of a bode plot since it would be the best method of comparison.
Question 2
The Bode diagrams have been plotted for both the tanks with the transfer functions which were calculated from the model used for simulation. 
The two transfer functions for the system with α=0 (as the experiment where all the flow is directed only to the upper tank) from the model are:

H1:
Lower Tank

H2:
Upper Tank
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Figure5. Bode frequency response curve for the upper tank H2
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Figure5. Bode frequency response curve for the lower tank H1

From the experiment:

A sine wave input was given to the pump with a period of 150 seconds and an amplitude of 0.2.

The time period of 150 seconds gives a frequency (ω) of 0.042 radians/sec to the pump.

From the response graphs, Figs1-3 and analysing the sine wave part of the curves, steady state values and various peaks, the following table has been constructed:

Steady State flow 
=
            0.3344

Steady state height (lower tank) =
0.2247

Steady state height (upper tank) =
0.2253

	Heights 
	Peak1
	
	
	
	Peak2
	

	
	Time
	Highest value of the peak
	Period

(peak2-Peak1)
	Amplitude

(highest value-steady state value)
	Time
	Highest value of the peak

	Upper tank 
	1713
	0.2752
	151
	0.0499
	1864
	0.2957

	Lower tank
	1737
	0.2466
	163
	0.0219
	1900
	0.2378

	Flow 
	1699
	0.4539
	138
	0.1195
	1836
	0.4891


	
	
	Peak3
	
	
	
	Peak4

	Period

(peak3-Peak2)
	Amplitude

(highest value-steady state value)
	Time
	Highest value of the peak
	Period

(peak4-Peak3)
	Amplitude

(highest value-steady state value)
	

	151
	0.0704
	2015
	0.2988
	147
	0.0735
	2162

	143
	0.0131
	2043
	0.2373
	178
	0.0126
	2221

	149
	0.1547
	1986
	0.488
	150
	0.1536
	2136


So, from this data, taking the means only from peaks 2 and 3 (as the system takes some time to give an output response from steady state),

	
	Mean periods
	Mean frequencies (2π/Mean Period)
	Mean Amplitudes

	Flow
	149
	0.042
	0.15415

	Upper tank
	150
	0.042
	0.07195

	Lower tank
	149
	0.042
	0.01285


As can be seen that the frequency of the input sine wave is equal to that of all the output responses, (flow, upper tank and lower tank), which is a typical sine wave input property. So, this represents that the system shows a good sine wave response for a sine wave input implemented. 

Now the time lags can be obtained, from the data in the table, as the difference in the response times of the upper tank and the lower tank to that of the flow and they are tabulated as:

	
	Upper tank
	Lower Tank

	Peak1
	14
	38

	Peak2
	28
	64

	Peak3
	29
	57


Again neglecting the first peak and considering the means of only peak 1 and 2:

Mean Time-lags:

Upper Tank = -28.5sec

Lower Tank = -60.5sec

Now the Phase differences can be calculated from this is as, 

Phase difference (Ø2) (upper tank) = Time-lag*frequency 

= 60.5*0.042 = 1.197 radians = -68.58 degrees

Phase difference (Ø1) (lower tank) = Time-lag*frequency 

= 28.5*0.042 = 2.541 radians = -145.6 degrees

The phase differences for the given frequency can be obtained from the bode diagrams from the model transfer functions used for the simulations,

The values of the phase differences are obtained from the fig. 5 and fig.6 of the bode plots for upper tank and lower tank respectively and are tabulated as:

	
	Simulation

(frequency=0.4132)
	Experimental

(frequency=0.042)

	Phase Difference(Ø2) upper tank
	-70.57
	-68.58

	Phase Difference(Ø1) lower tank
	-141.1
	-145.6


The results, from the sine wave input and responses studied, show that the simulation model used is quite in agreement with the experimental setup.  The model works quite efficiently and that the linearization is a good one for a sine wave input.
Question 3

The different controller settings had a dramatic impact on the controller performance.  As can be seen in the response curves for the two tanks, which are shown in the figures, fig.1-3.
3.1. Proportional Controller
It can be seen that when the step change is applied to the system, by changing the valve position, there is a deviation from steady state initially.  For proportional control, the output is proportional to the error signal.  That is the controller changes the input, the pump setting in this case, hence the flow rate, proportionally to the error, the difference in the output and the set point as result of changing the valve position.  The equation of the proportional controller is shown below,

P (t) = p’ + Kc*e (t)                                                                                                          3.1

P (t) = the controller output

P’ = bias which is the steady state value.

Kc = the controller gain, 0.5 for this experiment

e (t) = the error signal

Taking Laplace Transforms and rearranging yields the following equation for the PI controller,

P’ (s)/ E (s) = Kc                                                                                                            3.1.2

As can be seen though from the graphs, when the system returns to steady state with the action of the proportional controller, the new steady state heights is different from the initial steady state heights before the disturbance.  This is an inherent advantage of proportional controllers, because after disturbance, the system never returns to the original steady state, there is always a steady state error or offset from the set point after the controller action.

Changing the settings for the proportional control from a gain of 0.5 to 5, seemed to increase the performance of the proportional controller.  From the figure it can be seen that there is a faster response.  This is expected, since from equations 3.1 and 3.1.2 it can be seen that changing the values of Kc will make the controller output changes more sensitive to the deviations between set point and controlled variable. 
This can be seen even more by the application of the pulse input by changing the valve position to 1 for twenty seconds.  The controller response is almost instantaneous, indicating an increase in sensitivity of the controller output with the deviation from steady state that result with the pulse disturbance.

3.2. Proportional Integral Control
After the system has returned to steady state, the controller type is changed to PI control.  The disturbance is applied as before in the form of a step change to the valve, for two different controller settings for the PI controller.  The gain is kept constant at 0.5, but an integral setting of 1 minute is used as the parameter setting in one case, then an integral time of 0.25 in the other case. 
The results obtained shows that with the application of PI controller, there is approximately an elimination of the offset, a large reduction, which was present when only proportional control was used.  The response was also observed to be faster.  However, for the larger integral time of one minute, there were more oscillations around steady state, before the system returned to steady state.  A reduction in the integral time to 0.25 seemed to create a damping effect, hence reducing the frequency and the amplitude of these oscillations.  The transfer function for the PI controller is given below,
P’ (s) / E (s) = Kc (1 + 1/τ1s)                                                                                            3.2

Where, τ1, is the integral time which is an adjustable parameter which can be used for tuning the controller.
Conclusion
The experimental verification of the model seems to validate the theoretical first principle model for the two tank interacting system.  This was inferred from the low differences between response heights for the step inputs and the phase angles obtained from the bode plots when a sine input was given.  The conditions under which this linearized model holds seems to be quite narrow as was observed by the large differences between experimental and model results for large pulse inputs.
It was seen that using a controller resulted in the system returning to steady state and that controller settings had a large effect on the response.  When using Proportional only control, the controller could be tuned by adjusting the gain.  Increasing the gain seemed to increase the speed of the response.  However, using the proportional only controller, will result in an offset when the system returned to steady state.  By adding the Integral controller, the offset was reduced, but the larger the value of the integral time used, the greater were the oscillations in the response.
APPENDIX
The matlab code used for the step input (linear model):
Call_system file:

%This is the call file for the system script.

%In this file the parameters for the system is defined.

%If the values are going to be changed for other simulations it is going to

%be changed in this file.

clc

clear

close all

%The parameters are going to defined

g=9.81;%m/s^2

Ap=pi*(1.25*10^(-2))^2/4;%m^2

At=pi*0.22^2/4;%m^2

v=(1.005/3600);%m^3/s

alfa=0;%This is the changing value for each of the simulations

coeff1(1,1)=(-g*Ap^2)/(At*v);%A in first the coefficientmatrix is defined

coeff1(1,2)=(g*Ap^2)/(At*v*(1-alfa));%B in the first coefficientmatrix is defined

coeff1(2,1)=0;

coeff1(2,2)=-coeff1(1,2);

coeff2(1)=alfa/At;%C in the second coefficientmatrix is defined

coeff2(2)=(1-alfa)/At;%D in the second coefficientmatrix is defined

coeff1=[coeff1(1,1) coeff1(1,2);coeff1(2,1) coeff1(2,2)];

coeff2=[coeff2(1);coeff2(2)];

%Below is the steady state deviation variable defined

h0=0;

v0=0;

%This is the initial values for solving the ODE

h0=[h0 v0];

%%% Simulation

t0=0;

tf=30*60;

[t,y]=ode45(@system,[t0 tf],h0,[],v0+0.074*v,coeff1,coeff2);

figure(1)

plot(t,y(:,1))

xlabel('Time (s)')

ylabel('Tank level 1 (m)')

figure(2)

plot(t,y(:,2))

xlabel('Time (s)')

ylabel('Tank level 2 (m)')
System file:
function dh=system(t,h,v,coeff1,coeff2);

% Now the differential equations is defined

% All of the parameters that are used for the differential equations is now

% defined and the set up of the real system is initiated.

h1=h(1);%The deviation variable is defined for tank 1

h2=h(2);%The deviation variable is defined for tank 2

v1=v(1);%The vector with the flow of the holding tank is defined

v2=v(1);%The vector with the flow of the holding tank is defined

dh(1,1)=coeff1(1,1)*h1+coeff1(1,2)*h2+coeff2(1)*v1;%The equation for tank 1 is defined

dh(2,1)=coeff1(2,2)*h2+coeff2(2)*v2;%The equation for tank 2 is defined
The matlab code used for the pulse input (linear model):
Call_system file:

%This is the call file for the system script.

%In this file the parameters for the system is defined.

%If the values are going to be changed for other simulations it is going to

%be changed in this file.

clc

clear

close all

%The parameters are going to defined

g=9.81;%m/s^2

Ap=pi*(1.25*10^(-2))^2/4;%m^2

At=pi*0.22^2/4;%m^2

v=(1.005/3600);%m^3/s

alfa=0;%This is the changing value for each of the simulations

coeff1(1,1)=(-g*Ap^2)/(At*v);%A in first the coefficientmatrix is defined

coeff1(1,2)=(g*Ap^2)/(At*v*(1-alfa));%B in the first coefficientmatrix is defined

coeff1(2,1)=0;

coeff1(2,2)=-coeff1(1,2);

coeff2(1)=alfa/At;%C in the second coefficientmatrix is defined

coeff2(2)=(1-alfa)/At;%D in the second coefficientmatrix is defined

coeff1=[coeff1(1,1) coeff1(1,2);coeff1(2,1) coeff1(2,2)];

coeff2=[coeff2(1);coeff2(2)];

%Below is the steady state deviation variable defined

h0=0;

hh=[0.0130    0.0670];

v0=0;

%This is the initial values for solving the ODE

h0=[h0 v0];

%%% Simulation

t0=0;

tf=10*60;

[t,y]=ode45(@system,[t0 30],h0,[],v0+0.372*v,coeff1,coeff2);

[t1,y1]=ode45(@system,[30 tf],hh,[],v0,coeff1,coeff2);

figure(1)

plot(t,y(:,1))

hold on

plot(t1,y1(:,1))

hold off

xlabel('Time (s)')

ylabel('Tank level 1 (m)')

figure(2)

plot(t,y(:,2))

hold on

plot(t1,y1(:,2))

hold off

xlabel('Time (s)')

ylabel('Tank level 2 (m)')

System file:
function dh=system(t,h,v,coeff1,coeff2);

% Now the differential equations is defined

% All of the parameters that are used for the differential equations is now

% defined and the set up of the real system is initiated.

h1=h(1);%The deviation variable is defined for tank 1

h2=h(2);%The deviation variable is defined for tank 2

v1=v(1);%The vector with the flow of the holding tank is defined

v2=v(1);%The vector with the flow of the holding tank is defined

dh(1,1)=coeff1(1,1)*h1+coeff1(1,2)*h2+coeff2(1)*v1;%The equation for tank 1 is defined

dh(2,1)=coeff1(2,2)*h2+coeff2(2)*v1;%The equation for tank 2 is defined
The matlab code used for the bode plot (upper tank):

ww=logspace(-3,2,100);

den=[68.615 1];

num=[1805];

[mag,phase,ww]=bode(num,den,ww);

figure(1)

subplot(2,1,1);

loglog(ww,mag);

axis([0.001 1 1 10000]);

title('Frequency response for the system')

ylabel('AR')

subplot(2,1,2)

semilogx(ww,phase);

axis([0.001 1 -90 0]);

ylabel('Phase Angle(degrees)')

xlabel('Frequency(rads)')

The matlab code used for the bode plot (lower tank):

ww=logspace(-3,2,100);

den1=[68.615 1];

den2=[68.615 1];

den=[conv(den1,den2)];

num=[1805];

[mag,phase,ww]=bode(num,den,ww);

figure(1)

subplot(2,1,1);

loglog(ww,mag);

axis([0.001 1 1 10000]);

title('Frequency response for the system')

ylabel('AR')

subplot(2,1,2)

semilogx(ww,phase);

axis([0.001 1 -180 0]);

ylabel('Phase Angle(degrees)')

xlabel('Frequency(rads)')
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