Modelling and Simulation of Oscillations in Steady State Continuous Bacterial Cultures
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Introduction
Zymomonas mobilis, a gram-negative bacterium, is considered as an alternative organism in large-scale fuel ethanol production. Comparative laboratory- and pilot-scale studies on kinetics of batch fermentation of Zymomonas mobilis versus a variety of yeast have indicated the suitability of Zymomonas mobilis over yeasts due to the following advantages:
i    higher sugar uptake and ethanol yield, 

ii    lower biomass production, 

iii   higher ethanol tolerance, 

iv   does not require controlled addition of oxygen during the fermentation, and 

v    amenability to genetic manipulations. 
(Swings, J. and De Ley, J., Bacteriol. Rev., 1977, 41, 1–46.)

However, the steady state cultures for this organism have been found to oscillate and are a concern in using it for ethanol production.
In the article Ref 2, a new term, ‘‘dynamic specific growth rate,’’ (also Li et al., 1995; Li, 1996), which considers inhibitory culture conditions in the recent past affecting subsequent cell behavior, is proposed. The dynamic specific growth rate refers to a situation in which the cells undergo a growth rate which is less than or equal to a growth rate characterized by the instantaneous culture conditions, and reflects (potentially deleterious) conditions experienced by the cells some time in the past. Experimental evidence is provided by direct estimation of dynamic specific growth rates from experimental data and comparisons made with the instantaneous specific growth rate at the culture conditions. Based on this concept, a model was formulated to simulate the oscillatory behavior in continuous fermentation of Zymomonas mobilis and a dynamic model has been proposed to describe the transient behavior of biomass, ethanol, and substrate concentration (Daugulis et al., 1997). This model has been used to describe experimental results presented by other researchers for Zymomonas mobilis fermentations, as well as the results of forced oscillation experiments (Daugulis et al., 1997).
There are two major approaches to the modeling problem. The first is the use of a wholly mechanistic model, in which the variables correspond directly to physical quantities. The major examples of this approach are the use of a viable/nonviable/dead cell compartment model (Gommidh et al., 1989; Jarzebski, 1992) and the use of a metabolic compartment model (Veeramallu and Agrawal, 1990; Jobses et al., 1985) representing groups of macromolecules. Researchers have also used the terms “structured” and “unstructured” to describe models that do or do not contain compartments associated with specific physiological entities. 
The difficulty posed by these compartment models lies in measuring values for the compartment variables. If these variables cannot be measured directly, it is still possible to estimate values given a rich enough model structure; however it is more difficult to conclude definitively that the model structure is correct. Compartment models also require knowledge of the initial conditions of the compartment variables, in addition to kinetic parameters. Thus, to apply such models to the prediction of dynamic behavior a priori, one must know these conditions.

The second approach is a phenomenological one, in which functional relationships are used to describe the observed behavior. These functional relationships reflect a portion of the underlying physical structure, but not to the same extent as a mechanistic model. For instance, in the case of ethanol inhibition of specific growth, two differential equations are used to reflect the memory component of the organism with respect to ethanol concentration change rate. This is on the basis of previous experiments, which clearly identified the ethanol concentration change rate as a key factor in inhibition. The use of two differential equations reflects the observation that there is a certain lag at which conditions have a maximum impact on specific growth, and two differential equations are required to yield a memory function that explains this behavior. The observed phenomenon then is a second-order lagged dependence on the ethanol concentration change rate. This phenomenon could be the result of a number of different mechanisms: (a) degradation of the membrane, followed by leakage of essential nutrients; (b) active transport across the cell membrane, requiring additional energy; (c) transition from one morphological form to another; or (d) shifts in concentrations of several metabolic groups. In each case, we have several dynamic balances, each corresponding to a differential equation in the model. The use of a memory function represented by two differential equations accounts for the presence of additional dynamic balances in the inhibition mechanism. This approach has been used by other researchers (e.g., Nanba et al., 1987).
The model equations in Daugulis et al. (1997) consist of material balances for biomass, ethanol, and substrate combined with two additional differential equations providing the memory of the ethanol concentration change rate arising from changes in the physiological state of the culture. Thus, the model represents a phenomenological approach for describing the inhibitory effect of ethanol concentration change rate, which has been adopted because of the difficulty in measuring compartment quantities. In fact, Jobses et al. suggest that, given the complexities of metabolism for growth and maintenance, the focus of model development should be on descriptive abilities and ability to infer qualitative behavior, rather than the detailed representation of internal states. To complicate this situation, it is quite possible that subpopulations of cells exist within Z. mobilis cultures, and in fact, experimental evidence suggests a population of filamentous morphologies which evolves in response to stress situations.
Non-linear Dynamic Model
The dynamic model proposed by Daugulis et al. (1997) consists of five differential equations:
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Where 
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 is the ‘Specific rate of ethanol production’

The first three equations describe the transient evolution of biomass, substrate, and ethanol concentration respectively, while the remaining two equations describe the time history of the ethanol concentration change rate. This model is capable of predicting multiple steady states. The history is weighted by the parameter β, which indicates the magnitude of the time lag for the delayed inhibition effect. The quantity 1/β is the point in history from the current time having the most significant influence on the current cell behavior. This parameter is estimated statistically from the experimental data. (Appendix)
The dynamic specific growth rate μ(S,P,Z) is defined in terms of the instantaneous specific growth rate μ(S,P)  and a function fμ(Z) representing the inhibitory effects of historical ethanol concentration change rate:
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The inhibition function fμ(Z) has the following form:
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which can further be written as 
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This shows that as
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The instantaneous specific growth rate μ(S,P) is modeled using the product and substrate inhibition expression of Veeramallu and Agrawal (1990):
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Where
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The first term in P, in the equation (8), represents moderate product inhibition, while the second term in P represents severe product inhibition.
The term in S2, in the denominator, represents the substrate inhibition in case of
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The specific production rate Qp is modeled using an expression obtained from the literature formulas of Lee and Rogers (1983) and Luong (1985):
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The instantaneous specific growth and production rates depend on the instantaneous values of substrate and ethanol concentrations.
The parameters in the model of Daugulis et al. (1997) come from a number of sources. Threshold values for substrate and product inhibition have been obtained from the literature (Daugulis et al., 1997). Values for the parameters β, λ, δ, a, b, Qp,max, and α are estimated statistically from experimental data and are summarized in the figure 6 in Appendix.

Simulation
Simulations are performed for the given non-linear model. The values of the parameters obtained from the experimental program for Oscillatory Fermentation (OF) of the article Ref 1. In the experimental program the fermenter proceeded directly to sustained oscillatory behavior following the initial batch phase. The initial feed substrate concentration was 200 g/L, and the dilution rate was held at 0.06 h-1 for the duration of the experiment. The yield coefficient of the product over the substrate,
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, is taken to be 0.495 from the experiments.
The model parameters were estimated to be the following:
 β=0.0366, δ= 0.8241, λ= 21.05, α= 8.77, Qp,max =2.613, a =0.3142, and b= 1.415
Matlab codes are written for the given non-linear model and can be seen in the appendix (OF/Dynamic_chemo.m, OF/Dynamic_chemomain.m). The initial values for the integrations were selected randomly to predict the similar curves to that shown in the article Ref 1. 
Results
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Figure 1(a). Predicted ethanol and glucose concentrations for sustained oscillatory fermentation (OF)
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Figure 1(b). Predicted ethanol and biomass concentrations for sustained oscillatory fermentation (OF)
The fermentation ultimately settled into the sustained oscillatory pattern shown in Figure 1.  The period of the oscillation is approximately 58 h, and the estimated memory coefficient β is 0.0366 h-1. The quantity 1/β is 27.32 h, indicating that the ethanol concentration change rate occurring at roughly half the period of the oscillation in the past has the greatest inhibitory effect on the cell growth. The responses in Figure 1 indicate that the model provides a good prediction of the oscillations.

During the experiment, a periodic change in cell morphology, specifically the formation of filamentous cells, was observed. Each sample collected during the experiment was examined under a microscope, and a subjective assessment of the cell morphology was made. The samples examined typically consisted of more than 100 cells. This assessment described the typical nature of the cell population, and the subjective assessment was converted to a quantitative basis using the following scale. A value of 10 was assigned to populations consisting of extremely elongated cells which were 15-20 times as long as normal unicellular forms. A value of 1 was assigned to tiny cells, and normal length cells corresponded to a value of 2. 
In Daugulis et al.(1997),values of the dynamic specific growth rate over the course of the experiment were estimated directly from data by rearranging the biomass dynamic material balance and using a finite difference estimate of the time derivative of biomass concentration. This procedure was repeated for this experiment, and the results are shown in Figure 7 in Appendix. In this figure, the instantaneous specific growth rate provides an upper envelope on the dynamic specific growth rates, which deviate significantly below this envelope with the variations in ethanol concentration change rate experienced in this oscillatory fermentation. The lag between ethanol concentration change rate and growth rate inhibition can be seen by the fact that many of the low dynamic specific growth rate observations occur at low instantaneous ethanol concentrations, having previously experienced large positive change rates in ethanol concentration.
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Figure 2 (a)．Predicted change of dynamic specific growth rate (μ(S P,Z)) with ethanol concentration and upper envelope of instantaneous specific growth rate ( μ(S,P)) for sustained oscillatory fermentation
Figure 2(a) compares the change in dynamic and instantaneous specific growth rates with ethanol concentration and it can be seen instantaneous specific growth rate which provide an upper envelope on the dynamic specific growth rate for any of the instantaneous ethanol concentrations. The limit cycles of the instantaneous specific growth rate can also be seen. The two specific growth rates are compared in figure 2(b) and the limit cycles can also be seen.
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Figure 2 (b)．Showing the limit cycles : Predicted change of dynamic specific growth rate
 (μ(S P,Z)) with instantaneous specific growth rate ( μ(S,P)) for sustained oscillatory fermentation
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Figure 3． Predicted ethanol, glucose and biomass concentrations for sustained oscillatory fermentation

Linearization
The model given can be linearized over any of the steady state points to find the regions of stability and also multiple steady state points. The steady state points can be obtained by solving the model equations for steady state condition. The model equations contain the dynamic equation for the dynamic specific growth rate which gives rise to many steady state points for each condition depending on the term for product and substrate inhibitions. However only one steady state point is selected for linearization by solving the model equations for the condition,  
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For this condition, the equation for instantaneous specific growth rate is given as,  
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At steady state conditions all the time derivatives terms are equated to zero.
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Where
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given by equation (6)

The inhibition function fμ(Z) is given by equation (7):
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Substituting equation 13 in 15 shows us that W is zero at steady state condition and then from equation 14 it can then be concluded that Z is also zero. Solving all the simultaneous algebraic equations (11 – 15) for the parameter values in the table in appendix, the steady state point is obtained to be, 
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Thus the model is now linearized at this point to find all the elements of the jacobian matrix of the linearized model. The Eigen values of this matrix can predict the behavior of the system, i.e., if it reverts to steady state or deviates from it.
Linear Dynamic Model

At the condition of the steady state point, 
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Where,     
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The other equations for the substrate mass balance, ethanol mass balance, ethanol concentration change rate are:
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Simulation

Simulations were performed for the given linear model with the same values of parameters and the same operating point as that of the simulations for non-linear model.
Matlab codes are written and can be seen in the appendix (linear/Dynamic_chemo.m, linear/Dynamic_chemomain.m). The initial values for the integrations were selected such that they satisfy the conditions or limits for the product and substrate concentrations over which the model is built. 

The Jacobian matrix has been written for the linear model and eigen values of the matrix gives us the capability to predict the model behavior which can further be compared with the results of simulations. 
The Jacobian Matrix for the given linearized model at the given steady state point is found to be 
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The Eigen values for this matrix have been found to be,
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Thus it can be seen that one of these Eigen values is a negative real number and the others are pairs of complex conjugates. All the real parts of all the Eigen values are negative. The Eigen values are complex pairs indicating that the solutions will oscillate around the equilibrium point. 
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      Figure 4(a)． Predicted ethanol and glucose concentrations for the linearized model

[image: image55.emf]0 50 100 150 200 250 300 350 400 450 500

0

10

20

30

40

50

60

70

80

90

100

Time(hrs)

10*Biomass:Product concentration

Biomass

Product

Figure 4(b)． Predicted Biomass and ethanol concentrations for the linearized model
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Figure 4(c)． Predicted ethanol, glucose and biomass concentrations for the linearized model
The results show that even the linear model retains the same oscillatory behavior as that of the non-linear model. The period of oscillation is seen to be constant all through the oscillations. The oscillations are found to be around the steady state point at which the linearization is done. This confirms the prediction of the solutions from the Eigen values. 

It can be inferred from this behavior of the model that the oscillations arise from the functional form of the memory component which further affects the dynamic specific growth rate. 
Comparison with oscillating continuous yeast cultures
It can be inferred that oscillatory behavior in Zymomonas mobilis arises from interactions between cell growth and ethanol production rates. This behavior is mainly observed during stress conditions at a critical substrate feed concentration. Thus the oscillations are the result of the effect memory component, the product and substrate inhibition on the specific growth rate.
In case of Saccharomyces cerevisiae, the oscillations are the result of repression of oxidative metabolism at higher ethanol concentrations (Ref 8), i.e. the effect of product inhibition on the dynamic specific growth rate which also results in multiple steady states near critical dilution rates. The effect of substrate inhibition is not so significant in the S. cerevisiae cultures (Ref 4).
Several Population balance models have been proposed before for oscillating yeast cultures (Ref 7). But from this study of oscillations in bacterial cultures it can be inferred that a suitable morphological function for the dynamic specific growth rate should also be able to model the oscillations in yeast cultures which can further be compared to the experimental results for further model modifications. A good morphological model thus made might also have good capabilities of predicting the multiple steady states at critical dilution rates which are known to exist (Ref 8).  
Conclusion

Thus the simulations of the non-linear model gave a clear representation of the oscillations in steady state prokaryote cultures which were confirmed during the experiments. The model also seemed to fit to the experimental data, confirming a good functional representation of the morphological behavior of the cells. Thus this model also confirms that the morphological behavior can be modeled with a morphological function and also that such a model would give a better representation to reality.

The model is linearized to find the steady state regions and also to find multiple steady state points. The system has multiple steady state points at each condition that defines the equation for the dynamic specific growth rate. The model thus linearized for one particular steady state point is also found to oscillate around this steady state point thus indicating the oscillatory behavior of the model which arises from the functional form of the memory component and so in need of some control action to some biomass or product set point by manipulating the substrate feed rate or so for a smooth operation. 
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Appendix 
Table 1. Literature values of parameters used in the modeling of oscillatory behavior from the article Ref 2
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          Figure 6. Showing the oscillations in the cultures from the article Ref 1. 
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[image: image60.png]Experimentally determined dynamic specific growth rate and predicted instantaneous specific growth rate
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[image: image62.png]ethanol concentration for the sustained oscillation fermentation.



  

Figure 7. Showing the upper envelope of instantaneous specific growth rate from the article Ref1
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