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Introduction

The objective of the exercise was to do modeling and simulation of a system of two interacting tanks.  Two tanks, labeled tank 1 and tank 2 in the diagram below are supplied with liquid, which is pumped from a holding tank.
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Figure 1. System that is modeled.
A three way valve, labeled V1, directs the flow between both tanks, where a valve setting of α, determines the fraction of liquid going to the lower tank.  Liquid can flow from tank 2, into tank 1, and from tank 1 back into the holding tank.  The two tanks 1 and 2 are identical in diameter, 0.22 m, and the liquid velocity flow out of both tanks is related to the level in the tank by Bernoulli’s equation.
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The speed of the pump can be controlled for varying the flow rate and the tanks are equipped with liquid level measurement devices. 

Given the diameter, 1.25 cm, of the outlet pipes, the tanks, and the pump flow rate, 960 l/h, it was possible to develop a mathematical model for the system and to do simulations for various operating conditions.

The mathematical model of the system yielded two nonlinear first order differential equations.  In order to apply the mathematical methods of Laplace transforms, it was necessary to linearize the system of equations.  Linearization was done around the steady state operating conditions using Taylor expansion.  The transfer functions were then derived for the linearized model and the gains and time constants determined.

From the model equations, linear and nonlinear, a Matlab simulation program was written for system simulation.  Simulations were done for the following conditions:

1) Assuming the three way valve directs the entire liquid to the lower tank, i.e. there is no flow of liquid to the upper tank, in this case, α equals 0.  Then simulate the following,

· A step change of +10%.
· Introduce a pulse by increasing the pump setting with +50% for 30 seconds.

· A sine wave is introduced through the pump setting, with a frequency of 0.01 radian/s and amplitude of 36 liters/hour.

2) The three ways valve directs all the liquid to the upper tank, α equals 1, then simulate for a pulse of 50% increase for 30 seconds.

3) The three way valve directs a fraction, α of the liquid to the lower tank and the simulations as for step and pulse was done.

From the model equations, gains and time constants were determined for the system for a given valve setting.  The gains were calculated from the simulations and compared with the values obtained from the model. Since this was not possible for the time constants a qualitative discussion was made.
The model
When setting up the model for the system it is most convenient to look at each of the two tanks separately. Starting with tank number 2 the following material balance can be set up.


[image: image3.wmf]P

u

T

A

dt

dh

A

×

-

=

×

2

2

2

n

n

                                                                                                                     (2)
The material balance for tank number 1 is seen below.
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By substitution of νui by the Bernoulli equation the 2 material balances becomes as follows.
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Before further modification of the equations above it is necessary to look at the streams ν1 and ν2 and the stream from the holding tank νHT. This is done in the balance below.
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By the definition of α, this can be rewritten into the two equations below.
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By substitution of the volumetric flows into the two differential equations the nonlinear model for the system is set up.
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This model is ready to be programmed into MATLAB. When a Laplace transform is to be found it is necessary to linearize the model above. This is done by Taylor expansion. 
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When the actual symbols are used in the matrix equation above it becomes as shown below.
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At this point it is important to notice two things. First and most important is that because of the Taylor expansion the equations are now held in deviation variables. Second and also important is that the heights in the 2x2 coefficient matrix are steady state heights at the point of linearization, in this case at νHT = 960 l/h and a given value of α. The dependency of α is shown below where the heights are substituted by the steady state heights of equations 8 and 9. 
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This matrix equation is the linear model used in the implementation in MATLAB. Because this is a linear system it can be Laplace transformed as shown below.
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In the following the gains and time constants are found. This is done by normal algebra.
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These equations are the Laplace transforms of the linearized model. The gains and time constants are shown below.
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As it is seen all of the gains and time constants except K1 and τ11 are dependent on α. This means that there are borderline cases for the system. The first case is α equal to 1 and the other case is α equal to 0. For α equal to 0 the original system applies, but it should be noticed that when α takes this value the time constants in the denominator for tank 1 will be identical. This means that s will be a double root. The same time constant will be found for tank 2. Another difference from 0 < α > 1 will be cancellation of some of the terms in the linear matrix equation and therefore cancellation of one of the constants, τa. When α is equal to 1 the linear matrix equation does no longer apply because division by 0 will interfere with the solving of the equations. This means that a new Taylor expansion with α put equal to 1 is needed. This is done below starting with the nonlinear system of equation 1 and 2.
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Since α is put equal to 1 all the water is directed to tank number 1. This means that the steady state height in tank number 2 will be 0 and therefore that the equation describing tank number 2 will equal to 0. This is shown below.
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This system can be Taylor expanded in the same way as the previous system was. The result is shown below.
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This system is also given in deviation variables because of the Taylor expansion. In comparison to the previous matrix system there is a major difference. The expression of the steady state height is now longer dependent on α. This is shown below.
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Next the linear special case system is Laplace transformed and a gain and a time constant are found.
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From this matrix equation a normal algebraic equation can be set up.
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This is the Laplace transform for the special case of α equal to 1. The gain and the time constant are shown below.
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If the system for the special case, α equal to 1, and the normal system are compared it becomes apparent that there are some similarities between the two. Let’s look at the Laplace transform for tank number 1 in the normal case. If α is set to 0 in the expressions for gain and time constant the special case equation appears. This is shown below.
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In the expressions for τa and τ12 it is apparent that these cancels out when α equals 1. This feature is quite obvious since τ12 comes from the substitution of h2 and therefore will be cancelled when no liquid enters tank number 2. τa is a time constant owing to the buffer effect caused by the capacity of tank 2 when the pump flow is divided which again means that when no liquid enters tank number 2 the value will be 0.     

The simulation

The linear and nonlinear models of the system have been implemented in Matlab. In the script file system.m (Appendix), the linearized model differential equations and also the variables in the equations have been defined. The script file Call_system.m (Appendix) simulates the system for the given value of α and plots the figures of the responses with respect to time. The non-linear script files, systemnonlinear.m (Appendix) and Call_systemnonlinear.m (Appendix), have been used to generate the responses for the nonlinearized model in the same way. 

i) System A (α=0): In the first case the flow from the pump enters only into the top tank; the system is a two tank system with an internal flow from tank 2 to tank 1. The model has been setup for this system (Model). The models have been implemented in Matlab for three different types of inputs: step, sine wave and a pulse input. 

a) Step input: A step input is given to the system with a 10% increase in the pump flow rate. Script files system.m (Appendix), Call_system.m (Appendix), systemnonlinear.m (Appendix), Call_systemnonlinear.m (Appendix) has been used to do the Matlab simulations for both the linear and nonlinear models. The responses with respect to time have been plotted in the figures below.
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Figure 2. The graphs show the response curves for a step change in case A.
It could be inferred from the response curves that tank 1 which is lower tank takes longer time to attain a new steady state. The actual heights in the tanks at both steady states can be obtained from the response curves for the non-linearized model. From the non-linearized model response curves it can be seen that the change in the height of tank 1, the lower tank, is quite radical or in other words has greater amplitude than that of tank 2, the upper tank. It can also be visualized from practical sense as there is an inflow from tank 2 to tank 1. 

It can also be seen from the curves for the nonlinear model that the new steady state is not a perfect straight line, there are very little variations from a straight line. These variations can be attributed to computational inaccuracies.

The model describes the system quiet efficiently.

b) Sine-wave input: A sine wave input is given to the system with a frequency of 0.01 rad/s and the amplitude of 36 lit/hr. Script files system.m (Appendix), Call_system.m (Appendix), systemnonlinear.m (Appendix), Call_systemnonlinear.m (Appendix) have been used to do the Matlab simulations for both the linear and nonlinear models. The responses with respect to time have been plotted in the figures below.
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         Response of the level in tank 1 for the linearized model                 Response of the level in tank 2 for the linearized model
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      Response of the level in tank 1 for the non-linearized model             Response of the level in tank 2 for the non-linearized model
Figure 3. The response curves for sine wave input.
The response curves indicate a clear sine-wave steady state output for the sine wave input to the system. It can also be seen from the response curves for the non-linearized model that the change in the height of the tank 1, measured by the amplitude of output sine wave, is quite radical i.e., of greater amplitude, compared to that of the tank 2, the upper tank. This was the same trend observed with the step input and can also be visualized practically. 
b) Pulse input: A pulse input is given to the system with a 50% increase in the pump flow rate for 30 seconds. Script files system.m (Appendix), Call_system.m (Appendix), systemnonlinear.m (Appendix), Call_systemnonlinear.m (Appendix) have been used to do the Matlab simulations for both the linear and nonlinear models. The responses with respect to time have been plotted in the figures below.
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         Response of the level in tank 1 for the linearized model                 Response of the level in tank 2 for the linearized model
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Response of the level in tank 1 for the non-linearized model              Response of the level in tank 2 for the non-linearized model
Figure 4. The response curves for pulse input.
For a pulse input we can see a clear output pulse response for both the tanks. The pulse input has a direct and sharp pulse output response on the level in tank 2.  This can be attributed to the fact that the pump flow enters directly into the tank and causes a quick pulse response. In contrast to this we can see a bit lag pulse response in tank 1. This can be attributed to the fact that tank 2 has a buffer capacity with respect to tank 2.

The response curves for the linearized and the non-linearized models predict the same time values for the tanks to attain steady state. We can also see that tank 1 has a large lag phase before it attains a steady state compared to tank 2. This can be attributed to the inflow from tank 2 to tank 1. The steady state height can be obtained from the non-linearized model response curves.

ii) System B (α=1): In this case the flow from the pump enters only into the bottom tank, the system is just a one tank system. The model has been setup for this system (Appendix). In this case we have a single differential equation which defines the system. Script files systemspecaillin.m (Appendix), Call_systemspeciallin.m (Appendix), systemspecialnon.m (Appendix), Call_systemspecailnon.m (Appendix) has been used to do the Matlab simulations for both the linear and nonlinear models. The models have been implemented for a pulse input of 50% increase in the pump flow rate for 30 seconds. The responses with respect to time have been plotted in the figures below.
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Response of the level in tank 1 for the linearized model for a pulse input
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Response of the level in tank 1 for the non-linearized model for a pulse input

Figure 5. The response curves for pulse input.
As it can be seen from the response curves, a pulse input resulted in pulse output of the response before the system goes back to its initial steady state. The linear model describes the system efficiently seen as the response curves are identical. The steady state height can be obtained from the non-linearized model response curve which is seen to be 0.24m.   

iii) System C(α=0.5): In this case half of the flow from the pump enters into the bottom tank and the other half enters the top, the system is a generalized two tank system with a internal flow from tank 2 to tank 1. The model has been setup for this system (Appendix). Script files system.m (Appendix), Call_system.m (Appendix), systemnonlinear.m (Appendix), Call_systemnonlinear.m (Appendix) have been used to do the Matlab simulations for both the linear and nonlinear models. The models have been implemented for a pulse input of 50% increase in the pump flow rate for 30 seconds and also a step change of 10% (the latter can be seen in the appendix). The responses with respect to time have been plotted in the figures below.
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Figure 6. The response curves for pulse input.

For this system for a pulse input we can see a quick pulse response for tank 2. We can see a bit lag pulse response in tank 1. This can also be attributed to the fact that tank 1 has two inflows, from the pump and also from tank 2. 
As before tank 2 is reaching steady state faster than tank 1.

Gains and Time Constants
The gains in each case for various α values is obtained from the response curves and is compared to the ones obtained from the linear model. In order to calculate the gains, we have plotted the response curves for a step input. The gains were calculated using the formula:
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 was obtained from the response curves for the step input and divided by the increase in flow rate. 

Table 1. In this the different gains are compared.

	α =0
	Gains (from simulations)
	Gains (calculated)

	Tank 1

	1800
	1807

	Tank 2
	1800
	1807

	α =0.5
	
	

	Tank1
	180
	181

	Tank2
	450
	451


Based on the linearized model the time constants can be calculated.
Table 2. The different time constants found from the model.
	
	τ11
	τ21
	τ12
	τ31

	α = 0
	68
	68
	68
	Not defined

	α = 1
	68
	0
	0
	68


From the algebraic expressions for the time-constants given for the generalised linear model equations it can be argued that for α = 0, we can see from the equations for transfer functions that the characteristic equation in the denominator for tank1 becomes second order equation with equal roots and therefore equal τ’s. For values of α between 0 and 1, it is not possible to determine the specific time-constants from the simulations. The response curves only make it possible to calculate the overall system time-constants. Therefore the time-constants can only be calculated from the model equations. It is however possible to find the τ11 and τ31 by the response curves when α =1. 
PID – Control simulations
A further model of the system with a PID controller was provided where the level in tank 1 was adjusted by manipulating the pump flow rate using the PID controller.  With this model, simulations were done for a step change in disturbance, as well as for random disturbance, with different controller settings to determine which is best.

Plots of levels in meters versus time in seconds were done, and from these plots, it was possible to select the best simulation output.  These plots are shown in the (Appendix).
  Open Loop Random and Step Disturbances
It was seen that for a step disturbance, a new steady state height was reached after some time.  For the random disturbance, although the system approached a new steady state value, there were large oscillations around this new steady state.  The figures are shown below.  No control action was taken therefore the offset from the original steady state to the new steady state was rather large.
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Figure 7. Open Loop with Random Disturbance.
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Figure 8. Open Loop with Step Disturbances.
Proportional Controller Random and Step Disturbances
With a random disturbance it is seen in figure 9, that the optimum Kc setting for proportional control only has a value of 1E-4.  With a step disturbance, seen in figure 10, the optimum Kc setting is 1E-5.  The figures generated using different Kc values are shown in the appendix for comparison.

In feed back control, the objective is to reduce the error signal to zero.  With proportional control, the controller output is proportional to the error signal.  Adjusting the controller gain can make the controller output changes as sensitive to deviations between set point and the control variable.  A point to note, however, is that the system never returns to the original steady state value for either types of disturbances, but a new steady state value is reached.  This is known as the steady state error or offset and this occurs regardless of the value of Kc that is chosen.  The system with proportional control reaches steady state much faster than for the open loop system.
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Figure 9. Proportional Controller with optimum proportional value for random disturbance.
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Figure 10. Proportional Controller with optimum proportional value for step disturbance.
Proportional Integral Controller with Random and Step Disturbances
With a step disturbance and an initial integral term in the controller of 20, instead of reaching back to steady state, there was an oscillatory response where the amplitude increased with time.  It was found that the optimum controller setting for the integral term in the range provided was 100.  Here, although there was an initial overshoot, the system returned to the original steady state value much faster than for any other integral term value, where the system did approach the original steady state value.

The same argument was true for the random disturbance, but here the optimum integral control term was found to be 63.

Since the transfer function for the proportional integral controller is given by the following relationship,

P’(s)/E(s) = Kc (1 + 1/τ1s)

When the time equals τ1, the integral term would have contributed the same amount to the controller output as the proportional output; then the value of the time constant for the system will determine the optimum integral controller setting.

The figures are shown below for the optimum integral term settings for random and step disturbance.
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Figure 11. Proportional Integral Control with optimal Integral term for random disturbances.
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Figure 12. Proportional Integral Control with optimal Integral term for random disturbances.
Proportional Integral Derivative Control with Random and Step Disturbances
Here Kc and the integral controller terms are fixed, while the derivative term is varied between 0 and 100.  For the random disturbance, a derivative value of 50, gave the optimum response to the disturbance.  The optimum derivative value was found to be 100 for the step disturbance.  The figures are shown below for the optimum settings for the derivative term.
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Figure 13. PID Control with optimal derivative setting for random disturbance.
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Figure 14. PID Control with optimal derivative setting for step disturbance.
Selecting the best Controller Setting

The objective of feed back control is to reduce the error signal to zero, so if there are disturbances the system can quickly return to steady state.  For products, etc. where a uniform output is required, then it is necessary, to return to the original steady state value or set point, after the control action.

If feed back control is not used the process may never reach a new steady state. Using proportional feed back control alone, it can be hard to tune the system to respond in a satisfactory way. If a large value of Kc is used the system will be conservative or give a offset, but if a small value of Kc is used the respond will be slow. The addition of integral control reduces the offset but generate oscillations, the system returns to the same steady state value as before the disturbance, and if it does not, then the difference is quite small.  Adding the derivative term makes the response even quicker and reduces the oscillations of the PI-controller. However, the nature of the response depends on the controller settings and the process dynamics and to get optimum control, values of Kc, τI and τD has to be selected so that they, combined, provides the best response. In general if the process is noisy a derivative filter can be applied to the model.
From the optimum values of controller settings, based on the simulation results, it seems that the PID controller is better in handling the random disturbance, which is typical in most operating chemical plants.  The overshoot seems much smaller and further oscillations around steady state appeared much smaller than for the PI control. With a step disturbance, there was a smaller overshoot for PID control, but the integral controller returned to steady state much faster.  

However, based on the fact that a real operating system will be subjected to both step and random disturbances, the PID controller seemed more robust.  Generally, the derivative control action provided by the derivative term tends to improve the dynamic response of the controlled variable by decreasing the time it takes for the process to reach steady state.  As a result, a typical controller will combine all three controller actions, PID controller, where all three controller elements operate in parallel.
Conclusion

The Taylor approximation of the nonlinear differential equations turned out to be a good approximation. This is seen by comparison of the graphs obtained for the different simulations of the linearized and nonlinearized models.

By the model setup it is apparent that mathematical modeling of systems provides a good starting point for tuning controllers. 

MATLAB has proven to be a efficient programming platform for system simulation. This is also valid for controller tuning as was proven in the last question.
In an industrial situation the valve would have been the actuator instead of the pump. It would have been easier to control the valve by adjusting the value of α rather than the pump.
Appendix
There are 4 different versions of the tank system that are used in the MATLAB simulations on the CD-ROM. These equations and there names in MATLAB are shown below.

System:
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Systemspeciallin:
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Systemnonlinear:
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Systemspecialnon:
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In the MATLAB files on the CD-ROM different terms are added to the different system names indicating special simulation situations i.e. SystemStep means that a step change to the system model has been simulated.

In finding around in the CD-ROM the schema on the next page can be used. The top folder contains 4 sub folders which again contain some sub folders. The name on the first sub folders correspond to the different scenarios that were to be simulated in question 2.4 and 2.5.
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For further examination of the different script used in this paper the CD-ROM and the guidelines given above must be used. 
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