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Abstract

We develop a Ruelle-Perron-Frobenius transfer operator approach to
the ergodic theory of a large class of non-uniformly expanding transforma-
tions on compact manifolds. For Holder continuous potentials not too far
from constant, we prove that the transfer operator has a strictly positive
Holder continuous eigenfunction, and use this fact to show that there is
exactly one equilibrium state. Moreover, the equilibrium state is a non-
lacunary Gibbs measure, a non-uniform version of the classical notion of
Gibbs measure that we introduce here.

1 Introduction

The theory of equilibrium states of uniformly hyperbolic (Axiom A) dynamical
systems, developed by Sinai, Ruelle, Bowen in the early seventies, is a major
achievement in ergodic theory, and a spectacular example of ideas from sta-
tistical physics applied in the realm of smooth dynamics. Besides its intrinsic
beauty, this theory yields a surprisingly complete picture of the behavior of
such systems, at the statistical level: finitely many invariant physical (or SRB)
probability measures, which describe the asymptotic time averages of Lebesgue
almost every point.

The strategy, initiated by Sinai [Sin72] in the case of Anosov diffeomor-
phisms, and carried out in full generality by Ruelle and Bowen [Bo75, BR75,
Ru76], may be briefly outlined as follows. Uniformly hyperbolic systems ad-
mit finite generating Markov partitions. Via the itinerary relative to such a
partition, points in phase space are identified with configurations of a one-
dimensional lattice gas. The Gibbs distributions of the gas correspond to the
equilibrium states of the dynamical system.

Extension of this approach and of the conclusions beyond the Axiom A con-
text involves some fundamental difficulties, even restricted to non-uniformly
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hyperbolic systems, that is, such that almost every point admits an asymptoti-
cally hyperbolic splitting of the tangent space (in other words: no zero Lyapunov
exponent). For one thing, generating Markov partitions are not known to exist
in general. Even when they do exist, Markov partitions usually have infinitely
many atoms; this leads to considering gases with infinitely many states, a diffi-
cult subject, not yet well understood.

There has also been substantial recent progress concerning physical mea-
sures. In particular, Alves, Bonatti, Viana [ABV00, BV00] proved existence
and uniqueness of SRB measure for certain large classes of non-uniformly hy-
perbolic maps. One important difficulty in this context lies in the very defini-
tion of non-uniform hyperbolicity: [ABV00] assume that Lebesgue almost every
point has only non-zero Lyapunov exponents, but it is not clear how this kind of
condition could be useful when considering more general potentials, since most
equilibrium states should be singular relative to the Lebesgue measure.

In [O103] the first author overcame such difficulties and proved the existence
of equilibrium states for open sets of non-uniformly expanding maps and of
continuous potentials. Roughly, the map should be expanding on most of phase
space, with possibly contracting behavior on the complement. Concerning the
potential ¢, it is assumed that its oscillation max ¢ —min ¢ is not too large. This
ensures, a priori, that a large set of candidates to equilibrium states accord a
(uniformly) small weight to the possibly contracting regions. Using this fact, we
could find a true equilibrium state within that set of candidates. This approach
was then extended in [AMOO04] to obtain similar results in the context of random
non-uniformly expanding maps.

Important contributions have been given recently by several other authors:
Bruin, Keller [BK98], Denker, Urbanski [DU92, Urb98|, Wang, Young [WYO01]
for interval maps, rational functions of the sphere, and Hénon-like maps; and
Buzzi, Maume, Sarig [Buz99, BMD02, BS02, Sar03] and Yuri [Yur99, Yur00,
Yur03], for countable Markov shifts and for piecewise expanding maps, to men-
tion just a few of the most recent works. Several of these papers, and par-
ticularly [DU92, Sar03, Yur99, Yur00, Yur03], consider systems with neutral
periodic points, a setting of non-hyperbolic dynamics which has attracted a
great deal of attention over the last years.

The results in the present paper are similar in flavor to those of [0103] and
[OV06], but they improve that work in several important ways, even if they do
not supersede it. To begin with, our hypotheses on the dynamical system are
milder and much more natural. In fact, they are quite close to conditions in the
Appendix of [ABV00]. In addition, we develop a powerful approach, based on
the Ruelle-Perron-Frobenius operator, which provides a better understanding
of the equilibrium states: for instance, we are able to prove that they are non-
lacunary Gibbs states, a non-uniform variation of the classical notion, closely
related to the weak Gibbs states in [Yur99]. Most important, this new approach
allows us to prove, for the first time, uniqueness of the equilibrium state for every
Holder continuous potential whose oscillation is not too large; in our previous
work, uniqueness was obtained only in the case of constant potentials (measures
of maximal entropy).



Precise statements of these conditions and conclusions follow.

2 Setting and statements
Let f : M — M be a continuous transformation on a compact space M, and
¢ : M — R be a continuous function.

Definition 2.1. An f-invariant measure is an equilibrium state of f for the
potential ¢ if it maximizes the functional

U'_’hn(f)+/¢d7]

among all f-invariant probabilities 7.

By the variational principle [Wa82], the supremum of this functional over
the invariant probabilities coincides with the pressure P(f, @) of f for ¢.

2.1 The class of maps and potentials

Throughout this paper, we consider f : M — M a C! local diffeomorphism on
a compact Riemannian manifold, satisfying

(H1) There exist pairwise disjoint connected open sets with finite inner diameter
R: {R1 ,...,Rq,Rq+17...,Rq+p}

such that U; R; = M and every f|R; is injective, and there exist constants
do > 0 and o1 > ¢ such that

1. fis expanding at every z € Rgpq U+ U Rgyp ¢ [|[Df(z) 7Y < o7
2. f is never too contracting: ||Df(z)7|| <1+ g for every x € M.

3. R is a transitive Markov partition: the image f(R;) of every atom is a

union of atoms Rj, and there exists N such for every i = 1,...,p+ q we
have fV(R;) = M.

Let us emphasize that this partition is not required to be generating: the
diameters of cylinders of length n need not decrease to zero when n — oco.

We associate to each such transformation a certain positive number co(f).
Since the definition is somewhat technical, we postpone it for a while. But we
advance that ¢y depends only on dg, o1, ¢, p, and it converges to logq when
either dg goes to zero or oy goes to infinity. As f is a local diffeomorphism and
M is a compact connected manifold, the number k£ € N of pre-images is the
same for every point. We assume that & > ¢ and the potential ¢ : M — R
satisfies

(H2) ¢ is Holder continuous and max ¢ — min ¢ < logk — ¢o(f)

The inequality holds, for instance, if the oscillation of ¢ is less than logk
and dp is small enough.



2.2 Non-lacunary Gibbs measures
For each n > 1, let [ig, ..., in,—1] be the cylinder of points admitting ig, ..., i1
as (length-n) itinerary relative to R, that is

[i07---7in—1] :{ythf‘j(y) ERij fOI‘jZO,...,TL—l}-

Let R™ be the partition of M into length-n cylinders, and R™(z) € R" de-
note some atom that contains a given point x € M. We write S,¢(z) =
Z;’;Ol #(f7(x)) for each z € M and n € N.

Definition 2.2. A probability 7 (not necessarily invariant) is a Gibbs measure
of f for ¢ if there exist P € R and K > 0 such that

o n(BM@)
= exp (Spd(z) —nP) ~

(1)

for every x € M and n > 1. More generally, 1 is a non-lacunary Gibbs measure
of f for ¢ if for n-almost every x there exists a non-lacunary sequence of values
of n > 1 for which (1) is satisfied.

An integer sequence n; € N is called non-lacunary if it is increasing and
njy1/mn; converges to 1. In the proofs, this will correspond to the sequence of
hyperbolic times [Alv00, ABV00]:

Definition 2.3. We say that n € N is a hyperbolic time for x € M if
Jj—1
H IDf(f" " (@) | < e 29 for every 1 < j <n.
k=0

We say that n is a hyperbolic time for a cylinder R™ € R"™ if n is a hyperbolic
time for every x € R". We denote by R} the set of the cylinders R" € R" for
which n is a hyperbolic time.

For the definition the constant c is arbitrary (we should speak of ¢-hyperbolic
times), but we shall fixed once and for all, as indicated in relation (6) below.
We denote by H the set of x € M with infinitely many hyperbolic times, that
is, such that R"(x) € R} for infinitely many values ny < --- <n; <--- of n.

Remark 2.4. If 5 is a non-lacunary Gibbs measure then for n-almost every
point x € M there exists a sequence K,, = K, (z) such that lim % logK, =0

and
exp (Spé(z) — nP)
for every x € M and n > 1. A proof is given at the end of this section. This

property is close to the notion of weak Gibbs measure in [Yur99]: Yuri requires
condition (2) at all points and K,, independent of x.

Kn (2)



Theorem A. Assume f and ¢ satisfy hypotheses (H1) and (H2). Then f has
some non-lacunary Gibbs measure v for ¢, with v(H) =1 and suppv = H.

Observe that the measure v is usually not invariant. For instance, when
¢ = —log |det D f] our construction yields v = Lebesgue measure.

Theorem B. Assume f and ¢ satisfy hypotheses (H1) and (H2). Then f ad-
mits some invariant non-lacunary Gibbs measure u for ¢, absolutely continuous
relative to v with density bounded from zero and infinity. Moreover, u is ergodic,
w(OR) =0 and all its Lyapunov exponents are positive.

The Ruelle-Perron-Frobenius operator Ly : C(M) — C(M) of f: M — M
is defined on the space C'(M) of continuous functions g : M — R by

Log(z)= > *Wy(y).

fy)=z

The next result provides another construction of invariant non-lacunary Gibbs
measures, with additional information on the regularity of the density.

Theorem C. Assume [ and ¢ satisfy hypotheses (H1) and (H2). Then, there
exists a constant P and a Hélder continuous function h : M — (0,00) such
that Lsh = eP’h and so p = hv is an invariant non-lacunary Gibbs measure.
Moreover, The constant P is uniquely determined and coincides with the spectral
radius of L.

2.3 Equilibrium states

Finally, from the previous conclusions we deduce our main result:

Theorem D. Assume [ and ¢ satisfy hypotheses (H1) and (H2). Then, P =
P(¢, f) in Theorem C, and the corresponding measure p is the unique equilib-
rium state of f for ¢.

A few comments are in order concerning the hypothesis (H1) and (H2) and
the its relation with the support of the measure v. Firstly, supp v needs not
coincide with the whole M. For instance, it is easy to see that our hypotheses
are compatible with the presence of periodic attractors:

Example 2.5. Let fy : T — T? be a linear expanding map. Fix some Markov
partition R for fy and some R; € R containing a fixed (or periodic) point p.
Then deform fy on a small neighborhood of p inside R; in such a way that p
becomes an attractor for the new transformation f. By construction, outside
Ry we have f = fy and so f is uniformly expanding. Clearly, R remains a
Markov partition for f. It is also clear that we may take the deformation in
such a way that f is never too contracting in Ry . This means that (H1) holds in
this case. Taking ¢ = 0 we also have condition (H2), so that our results apply:
we obtain an ergodic invariant measure p that p maximizes the entropy of f on
its support. Clearly, H and supp p are disjoint from the basin of the periodic
attractor.



However, the basin of a periodic attractor carries no entropy and it is prob-
ably the case that the measure y maximizes entropy of f on the whole ambient
space M. Thus, it remains open whether Theorem D would be false without
the additional assumption.

On the other hand, robust classes of systems for which v is supported on
the whole ambient space do exist. For instance, if ¢ = —log|det D f| satisfies
(H2) then there can be no periodic attractors: as we shall see in relation (5),
the Jacobian of f must be larger than 1 at every point. In fact, in this case
v is the Lebesgue measure and H has full Lebesgue measure. Here is one case
where ¢ = —log | det D f| does satisfy (H2):

Example 2.6. Let fy : T2 — T? be a linear expanding map with real eigen-
values 01 ,05. Notice that k = o109 is the number of pre-images of any point
y € T2, Assume that fo(r1,22) = (0121, 0272) in appropriate local coordinates
(21 ,22) close to the fixed point 0. Let n : R — R be a C*° even function such
that 7(0) = 1, n is non-increasing on (0,00), and n(z) = 0 for > 1. Let € > 0
be some small number and s; € [0, 0;] for i = 1,2. Define

f(@1,22) = ([o1 — sin(z1/e)n(ze/e)|zy , [o2 — san(z1/e)n(x2/e)]xs).

Assume ¢ has been chosen small enough so that f = fy outside some Markov
rectangle Ry of fy containing the fixed point p = 0 in its interior. The Jacobian
of f is given by

det Df(x1,22) = (01 — sin(w1/e)n(xa/e)) (o2 — san(ax1/e)n(x2/e))
— (o1 = sin(z1/e)n(a/e)) sam(ar /) (x2/2) (22 /)
— (02 — san(@1/e)n(x2/e)) s (w1/€) (w1 /e)n(w2/€).

We consider 0 < s; < g for i = 1,2. Recall that |n(z)| <1 and 7'(z)z <0, and
the equalities hold at z = 0. It follows that det Df > (o1 — s1)(02 — s2) and
the equality holds at the fixed point 0. Thus, condition (H2) for the function
¢ = —log |det D f| may be re-written as

log(o102) — log(o1 — s1)(02 — s2) < logk — co(f) < logdet Df(0) > co(f).

Therefore, our assumptions hold for ¢ as long as we choose s; and s such that
det Df(0) > 1, and then take dp small enough in (HI).

In [O103], the author construct open classes of maps in a very related set-
ting such potentials satisfying (H2) have equilibrium measures. Moreover, he
proved that all equilibrium measures have only positive Lyapounov exponents.
See [0103] for details. In [OV06], the authors extends this approach under topo-
logically mixing condition and a clear assumption about the derivative of f, and
prove uniqueness, at least for the maximal entropy measure and caracterize this
measure as a Gibbs state

Another importante remark concern the necessity of some control on the
potential ¢. In absence of the hypothesis (H2), the uniqueness may fail either



if we assume (H1). In fact, we may construct an example of a transformation
f:10,1] — [0,1] of the interval with a neutral fixed point 2 in (1, ) performing
a deformation of the map x — 3z mod1 close to zg = % If we procede carefully,
we may get all conditions in (H1) with 6g =0, p=2¢g=1, R; = (%, %), Ry =
(0,%) and Ry = (2,1). If the angle that f meets the diagonal is carefully choose,
that there exists a invariant measure p absolutely continuous with respect to
the Lebesgue measure. It is not difficult to see using by Pesin formula and
Ruelle inequality, that p is an equilibrium measure for the potential ¢(z) =
—log|Df(z)|. On the other hand, since hs, (f) = 0 and Df(zo) = 1, dy, is
another equilibrium measure for ¢.

To complete our statements, we are left to define co(f). We begin with
the following combinatorial lemma, that counts the number of itineraries with
frequent visits to the region B = Ry U---U R, where condition (H1) allows the

map to be non-expanding.
Lemma 2.7. Given vy € (0,1), let I, ,, be the
{(i0,- - yin—1) €{1l,...,q,q+1,...,q+p}"; #{0<j<n; i; <q}>~yn} (3)
and define cy = limsup,,_, o, %log #1, . Then cy goes to logq when v — 1.
Proof. This is an easy consequence of Stirling’s formula. In fact,
#thEI(Z)W”¢
r>an
By Stirling’s formula, there exists a universal constant B > 0 such that

. kn
~—k+1

( ’Z ) < B((1+%)(1+k)%)’” < B((1+%)(1+’€)%)"-

.. . . k
This implies that if v > 777 then

1 1 1
¢y < log [(1+ 1)(1+k)Fpmrq].

Now just note that the term on the right goes to log ¢ when k — oco. O

Note that c, depends only on v and p,¢. Fix 0 <y < 1 such that
(146070, <1 (4)

and then take any co(f) > ¢,. As we announced, co(f) depends only on &y, o1,
p, g and can be choose arbitrarily close to log ¢ when either §o — 0 or o7 — oc.

To conclude this introduction, let us give the



Proof of Remark 2.4. By assumption, for almost every x € M there exists an
increasing sequence n; € N such that €; = (n;41 — n;)/n; converges to zero and
R™(x
exp (S”qb(a:) - nP)

whenever n = n;. Given n > 1 (it is no restriction to suppose n larger than the
first hyperbolic time), let ¢ = 4(n) be such that n;, <n < n;4;. Then

n(R"+ () < n(R"(x)) < n(R™ (x)).

Moreover,
1906(2) — Sn,d(@)] < (0 — i) max|g| < =i max |6
and analogously for |S,¢(x) — Sy, ¢(x)|. It follows that

K*lefain(max|¢|+P) < n(Rn(l‘)) < Kesin(max\d)\JrP).
= exp (Sno(z) —nP) ~

Define K,, = K exp [g;n(max |¢| + P)|. Then

1 1
lim —log K, = lim —log K + () (max [¢| + P) = 0,

n—oo N n—oo N

and so the proof is complete. O

Acknowledgements: The authors are grateful to J. Bochi, C. Matheus, V.
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3 An expanding reference measure

As a first step in our arguments we are going to construct a, not necessarily in-
variant, reference probability v which is expanding, meaning that almost every
point has infinitely many hyperbolic times, and is a non-lacunary Gibbs mea-
sure. This probability is found as an eigenvector of the dual transfer operator
L7 defined in the cone M of finite positive Borel measures of M by

/gd(ﬁgn) = /(£¢g) dn, for every continuous g : M — R.

3.1 Eigenvectors of the dual transfer operator

The Jacobian of a measure p with respect to f is the (essentially unique) function
Juf satisfying

n(f(A) = /AJufdu-

for any measurable set A such that f|4 is injective. In other words, the Jacobian
is defined by J, f = d(f«p)/dp. Jacobians need not exist, in general.



Lemma 3.1. Suppose v is any Borel probability which is an eigenvector for LF:
there exists A > 0 such that LZv = Av. Then, the Jacobian of v with respect to

fisJ,f=Xe?

Proof. Let A be any measurable set such that f|4 is injective. Take a sequence
{gn} € C(M) such that g, — xa at v-almost every point and sup |g,| < 2 for
all n. Then,

Ly(e® = > WUy (y) = D galy).
fy)==z fy)=z

The last expression converges to X f(4)(z) at v-almost every point. Hence, by
the dominated convergence theorem,

/)\e’¢gn dv = /e*fﬁgn d(Lyy) = /£¢(e*¢gn)du — v(f(A)).

Since the left hand side also converges to [ A Xe~?dv, we conclude that

v($) = [ Kb,
A
which proves the lemma. O

Lemma 3.2. The spectral radius A of the operator Ly is an eigenvalue for L
and X is bigger than e™ax®+co(f),

Proof. Observing that the spectral radius of L4 is equal to the spectral radius
of E;, and the dual cone of the positive functions is the cone of positive Borel
measures, the first part is a quite standard fact from functional analysis and we
just cite [DE] for the interested reader. For the inequality, we have

Lol(@) = 37 €¥(y) = dog(f) emin? = loghiming , gmaxitanl),
fly)=

by hypothesis (H2). Tt follows that the eigenvalue A = [ Lyldy > emaxé+eo(f)
as claimed. 0

In all that follows, we consider v an eigenmeasure of £ as in Lemma 3.2.

Combining lemmas 3.1 and 3.2, we get J,, f = Ae=? > e® (), Hence, we may
find k > ¢o(f) such that
Juf >e" >q. (5)

This property allow us to prove that r-almost every point spends at most a
fraction ~ of time inside B:

Proposition 3.3.

({:cGMhmsup #{0<j<n—1;f(x )eB}gy}):

n—oo



Proof. Consider any cylinder R™ € R™. Since f is injective on each element of
R, we have that f" is injective on R™ and by the definition of Jacobian and the
inequality (5)

n—1 )
1> v(f"(R")) = /R J,frdy = / L1 fo f)dv > e v(R™M).
/ s

This proves that v(R") < e *". Now let A(n) be the union of all R" € I, ,,
that is, all length-n cylinders R™ = [ig, ..., %,—1] such that

1
—#0<j<n-Li;<q) > 7.

We are using the terminology of Lemma 2.7. The cardinality of I, grows at
exponential rate ¢, with n. Recall that co(f) = ¢y and we have taken & > co(f).
So, this implies that, for some C > 0,

v(A(n)) = Y w(R") < Ceme™
Rrely .,

decays exponentially fast with n. Then, by Borel-Cantelli lemma, for every x in
a full v-measure set and for every sufficiently large n, we have that = ¢ A(n).
In other words, the cylinder R™(x) = [ig,...,in—1] has

1
S#{0<jsn-Lij<qb <7,

for all sufficiently large n. As i; < ¢ means, precisely, that f/(z) € B, this
proves the proposition. O

3.2 Hyperbolic times

This notion was introduced by Alves [Alv00] and further developed in [ABV00].
In principle, the exponent ¢ in Definition 2.3 is arbitrary, but for our applications
we always consider it to be such that

(1+60)0; 77 < e < 0. (6)
Compare (4). The following simple property will be useful in the sequel:

Remark 3.4. If n is a hyperbolic time for x and m is a hyperbolic time for
f™(x) then m + n is a hyperbolic time for x.

The following is a key property of hyperbolic times, proved in [ABV00]:

Lemma 3.5. There exists § > 0 depending only on f and c, such that given
any hyperbolic time n > 1 for a point x € M, and given any 1 < j < n, the
inverse branch . of f7 that sends f"(x) to f*~I(x) is defined on the whole
ball of radius § around f™(x), and satisfies

d(foa(2), foa(w)) < e77¢d(z,w)
for every z, w in the ball B(f™(x),0).

10



The same arguments, together with the observation that we may cover every
atom R; by finitely many balls of radius

Lemma 3.6. There exists C' > 0 depending of R and ¢ such if R" € R} for
every x,y € R"™ then

d(f" (@), " (y)) < Ce™%d(f"(2), f"(y))

Proof. 1t is clear using that we may cover any element Ry,..., R,, by a finite
number of balls with radius §, observing that any point of R™ have hyperbolic
time n and the inner diameter of the rectangles of R is finite. O

Corollary 3.7. Given any a-Holder continuous function ¢ : M — R, there
exists a constant A such that for every R™ € R} and for every x,y € R™ then

|Snd(@) — Snod(y)| < Ad(f"(2), " (y))*.

Proof. Since ¢ is a-Holder continuous we have that

1806(2) — Sa)] < 3160 @) — S W) < A, Fil))e
1=0 =0

By Lemma 3.6 we have that d(f"~7(z), " (y)) < Ce~9¢d(f™(x), f*(y)) for
every j =0,...,n — 1. Putting these together:

n—1

|Sne(x) = Sna(y)] < D Ce™ ™ d(f™(x), ()™ < Ad(f™(x), " (y)*
i=0
This completes the proof. O

Corollary 3.8. There exists K such if R" € R} and x,y € R" then

< M)

— Ly~

Proof. Observe that J, f*(x) = A"e=5»¢()_ By Corollary 3.7 we have that

Tl ™(E) _ 5.6)-500(2) < A @).0" (W)

T f™(y)

Then we just need to choose K = e
diameter of the rectangles of R.

AD wwhere D is the supremum of the inner

O

11



3.3 Expanding measures

Recall that H denotes the set of points x € M with infinitely many hyperbolic
times. We call a probability n an ezpanding measure if n(H) = 1.

Our next goal is to prove that if v is as in Section 3.1, then it is an expanding
measure and the first hyperbolic time is v-integrable. This will follow from the
recurrence property in Proposition 3.3. The first step is

Lemma 3.9. Denote ap = logsup,cp, |Df(x)~t|| for each k = 1,....,p+q.

Then, for v-almost every point x € M there exists an itinerary iog,...,4,... of
x such
1 n—1
lim sup - Z a;;, < —4c < 0.
j=0

Proof. This is a direct consequence of the choice of v. Indeed, observe that
ap < oy for every k = ¢+ 1,....,p+qand a; < (1+ &) fori = 1,...,4q.
Besides, by Lemma 3.3 we have that almost every point = spends at most a
proportion v of the total time in B. On the other hand, by equation (4) we have
that

log (1 4+ 50)701_(1_7) < —4c

Then, using the inequalities above

n—1

. 1 (-

lim sup - E > a;; <log(1+dp)"o, (1= < —4c¢<0
J:

as claimed. 0
We use the following result of Pliss; see for instance [ABV00] for a proof.

Lemma 3.10. Given A > ¢y > ¢1 > 0, let dy = ﬁ. If ay,...,b, are real
numbers such that b; < A and

n
Z bl Z Ccomn
i=1

then there are integer numbers | > dogn and 1 < ni < --- < n; < n so that, for
every 0 <k <n;andi=1,...,1:

n;
Z bj 2 cl(ni — TL)
j=k+1

We denote by H,, the set of points x € M whose first hyperbolic time nj(x)
is exactly n.

Proposition 3.11. If v is a probability satisfying the conclusion of Proposi-
tion 3.3 then v is an expanding measure. Moreover, [ni(z)dv(z) < oo and the

12



sequence of hyperbolic times has positive density at infinity: there exists 6 > 0
such that

1 . . ,
S#0<jsn-LR(z) e Ry} =9,
for every large enough n and v-almost every x € M.

Proof. Denote by A(n) the union of all cylinders R™ = [ig, ..., %,_1] such that

1
E#{Oéjén—l;ijéq}>w

n—1
and let L(n) = () (H;)°. By Lemma 3.3 we have that the sequence v(A(n))

i=1
decreases exponentially with n. Take any « € A(n)°. Then, if (ig,...,in-1)
denotes the itinerary of z,

n—1
Z a;; <log(1+ 50)701_(1_7) < —4¢ < 0.
j=0

1
n

s

Taking A = sup —log | Df(x) c1 = 2¢, ¢cg = 3c and b; = —ay; in the
reM

previous lemma, we may conclude that there exists n; < --- <n; <n — 1 such
that R™ (x) € R,,* and [ > 0, for 0 = ¢/(A — 2¢). It follows that L(n) C A(n)
and that v(L(n)) decreases exponentially with n, since the same occurs with

o0
v(A(n)). This proves the lemma, since [nidv =Y v(L(n)) < +o0.
i=0

O

It follows from the proposition above that {Hy, },en is a partition of M mod

0, and
/’I’lel/ = Z nv(H,).
n=1

3.4 Proof of Theorem A
Recall that we write P = log \.

Lemma 3.12. There exists K > 0 such that for every n and x € R" € R},

-1 v(R")
= exp(S0() Py =

Proof. By Lemma 3.1, the Jacobian of f™ is given by J, f* = e"’~5»¢ Hence,
if R™ = [igy...,0n-1],

VR ) = A B = [ dufrde= [ S i),

13



By Corollary 3.8, there exists K7 not depending on n such for every z,y € R™
KM (y) < Juf*(x) < Kido ' (y).-

It follows that

Rn
KT v (B ) < i) < Ka(f (R, )

for any © € R™. We now observe that v(f(R;)) > 0 for every i = 1,...,p+q.
Indeed, consider any i fixed. By the third condition in hypothesis (H1), there
exists N € N such that f¥(R;) = M and, consequently, has total v-measure.
Now, we may decompose f(R;) into finitely many subsets such that f"~! is
injective on each one of them. So, using the fact that v has a Jacobian, it
follows that v(f(R;)) > 0 is also positive, as claimed. To finish the proof, just
take K = max{K; supv(f(R;)), Kisupv(f(R;))~'}. O

Now, to prove that v is a non-lacunary Gibbs measure, we only have to show
that the sequence of hyperbolic times is non-lacunary for v-almost every point.
We postpone the proof to Section 4, see Remark 4.8. Apart from that, the proof
of Theorem A is completed by

Lemma 3.13. The support of v coincides with the closure of H.

Proof. Observe that by lemma 3.11 we have that v(H) = 1 and this immediately
imply that the support of v is contained in H. Conversely, take any z € H
and observe that by the definition of H, there exists a sequence n; = n;(z) €
N such the cylinders R™ are hyperbolic. By previous lemma, v(R" (z)) >
exp(S,o(xr) — Pn)K~1 > 0. Since the diameters of R" (z) converge to zero,
we have that any neighborhood of x has positive v measure and, thus, H is
contained in support of v. O

4 Proof of Theorem B

The main tool to prove Theorem B is a uniformly expanding map F : H — H,
defined as the first hyperbolic time iterate of f. We prove that F' admits an in-
variant probability ur absolutely continuous with respect to v and with density
bounded from zero and from infinity. Using the fact that the first hyperbolic
time ny is v-integrable, we produce from pp an f-invariant probability p. Using
also the property of v in Lemma 3.12 we deduce that y is a non-lacunary Gibbs
measure, and an equilibrium state of f for ¢. Let us detail this outline of the
proof.

4.1 An induced map

Recall that H is the set of points x € M with infinitely many hyperbolic times:
there are ni(x) < --- < nj(z) < --- such that each n;(z) is a hyperbolic time

14



for every point in the cylinder R™(*)(x). The precise definition of the induced
map F is
F:H— H, F(z) = fm@(z), (7)

Note that F sends each cylinder R"™(*) () injectively onto its image. More
generally, for each & > 1 and x € H there is a largest cylinder containing x
such that F* is injective on that cylinder. We denote by F* the corresponding
inverse branch of F*.

The next lemma is a reformulation of Lemma 3.5, and shows that F' is a
uniformly expanding map:

Lemma 4.1. Given any inverse branch F; 1 of F, we have
d(F; (), Fy ' (2) < e d(y, z)
for every y, z in the domain of F, .

Proof. Let us write G = F;*. Observe that, since n(z) is a hyperbolic time
for G(y) and G(z), this lemma follows directly from Lemma 3.6. O

Lemma 4.2. There exists K > 0 depending only on f such for every k > 1,
every inverse branch F;*, and every measurable subsets A, B of the domain of

L

VHA) _ v(FSEA) _ v(A)
v(B) ~ v(F;"(B)) ~  v(B)

(8)
Proof. As in the previous lemma, let us write G = F,; . Observe that

v(A) fG(A) J,F*kdy
v(B) fG(B) J,Fkdy

By Corollary 3.8, there is K > 0 such that

K71 < JVFk(y)

= V<K
= JFR(z) T

for every y, z on the image of G = F,*. The conclusion of the lemma is an
immediate consequence. O

Corollary 4.3. Every accumulation point pur of the sequence

1n71 )
I E;F*I/

18 an F'-invariant probability absolutely continuous with respect to v, with density
h = dur/dv bounded from zero and from infinity.

15



Proof. Tt follows from (8) that C~1v(A) < FFu(A) < Cv(A), for some constant
C. Indeed, observe that v(F~*(A)) is the sum of the terms v(G(A)) over all
inverse branches G = Gy : Ry, _, — lio, ..., in,—1] of F* and the same for B =
Rink—l’ As in the proof of Lemma 3.12, considering C3 = inf;—1, _ p4q V(R;) > 0,
summing over all inverse branches and observing the inequalities 8:

1 v(F~*(4)) 1
K v(A4) < V(FF(B)) < KC5; v(A),
which implies that C~'v(A) < v(F~F(A)) < Cv(A), for C = KC3'. From this
fact, follows immediately that C~'v(A) < p,(A) < Cv(A) and from a well-
known fact from measure theory follows that any accumulation point pp of p,
satisfy same inequalities. These implies that pp is absolutely continuous with
respect to v and its density h = dg‘F is bounded from below and above in H by
uniform constants.

O

Lemma 4.4. For every probability pur as in Corollary 4.3, there exists K1 > 0
such that for every n and every x € R" € R},

-1 pr(R")
Ry s exp(Sno(z) — Pn) < K

Proof. This is a direct consequence of Lemma 3.12 and the fact that the density
h is bounded from zero and from infinity. O

4.2 Invariant non-lacunary Gibbs measures

Recall that H,, is the set of points whose first hyperbolic time is equal to n and
Hy = M. We define a measure p¢ in M by

NS () ) )

n=0i>n

for every measurable set A C M. To finish the Theorem B we need to prove
that

Lemma 4.5. The measure py is finite, f-invariant, absolutely continuous with
respect to v, with density bounded from zero and infinity. In particular, p is
expanding with integrable first hyperbolic time and there exists Ko > 0 such that
for every n and every x € R" € R},

1 Hf(Rn)
R T S ) s

Proof. Invariance: if A is any Borel set, by the definition of s

iy ( ZZH (f~ (A ZZMF A) N H;).

n=0i>n n=1i>n
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We may write the above expression as

Y S e A ) + 3 (AN ).

n=1i>n n=1

Observe that since {H;} is a partition mod 0 of M:

pr(A) =Y nr(ANH,)

i>1
and using that pp is F-invariant:
pr(A) = pr(F~HA) =Y pe(f 7 (A) N Hy)
n=1

Then,

ZZW A)N H)) +ZuFAﬂH) 1 (A).

n=1i>n i=1

and this proves that s is f-invariant.

Absolute continuity: Observe that if v(A) = 0 then v(f~*(A)) = 0, for
every k > 0. Indeed, if v(f~%(A)) > 0 we can choose a subset B C f~*(A) such
f¥ restrict to B is injective and v(B) > 0. Follows from the jacobian formula
that v(f*(B)) = [ Juf¥dv > 0, which is a contradiction, since f*(B) C A.
Hence, if v(A) = 0 we have that ur(f~*(A)) = 0 for every k& > 0 and it
imply that pu(A) = 0, as we want to show. This proves that py is absolutely
continuous with respect to v.

Bounds for the density: In order to bound the density of uy, observe
that it follows from the definition of uy that

pr(A) Zup A)NLy,),

where L, = Ul>n H;. Observe that the number of the cylinders B of length
n such B C L, is less then e™ by Lemma 2.7. Besides, given any of these
B C L,, we have that:

v(A) Zv(f"(fT"(A)NB)) = e""v(f"(A)N B)
Summing over all B C L,,:
v(f(A) N Ly,) < elrteony,(A).

Observing that x > ¢y and that urp = hr with h bounded from below and from
above, we have for some constant K that

Kﬁll/( Z/LF an) < KV(A)
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Finiteness: Observe, by Lemma 3.11, that [ ni;dv < co. Since the density
of puy with respect to v is bounded from above and pf(M) = [ nq(x)dps(z), we
have that pr(M) < +oo.

Ergodicity: Let A be a f-invariant set with positive p ¢ measure. Since H
is a full measure set for 1y, we may consider the invariant set A = ANH. Since
pr(A) > 0, we may pick up a point = € A of density for the measure py. Thus,
given € > 0, there exists r > 0 such for every open set B containing x with
diameter less than r, then

pp(BNA)
pr(B)

In particular, since « € H, there exists ni,ng, -+ — oo hyperbolic times for x.
Observe that by Lemma 3.6 the diameter of the cylinders R™ (x) converge to
zero. Thus, for n; bigger enough, the diameter of R™i(x) is less than r and

pr(R™(x) N A)

>1—e.

>1—e
p (R ()
If R, = f™(R"™ (z)), applying f™ and Corollary 3.8:
nNA
71”(]%]% n4) >1—e
As € is arbitrary and {Ri,...,Rpiq} is a finite set, then making e goes to

zero, there exists some k such pr(A N Ry) = pp(Ri). By hypothesis (H1),
fN(Ry) = M which imply by the invariance of A that

pp(A) > pp(fNANRE)) = (AN fN(Ry)) = (M),

as we want to prove.
Now let 1 be the normalization of uy, that is,

(A) = pe(4)
g (M)
We prove now that y(0R) = 0. In fact, consider the f-invariant set A defined
by:

(10)

“+o0
A= f(0R),
=0

and suppose by contradiction that u(A) = 1. Observe that f(OR) C IR and if
x € A then there exists some n = n(x) such that f*(z) € OR. Thus, if z is a
recurrent point for f then x must belongs to IR.

Using the recurrence theorem, follows that u(0R) = 1, since p is f-invariant
and almost every point with respect to p is recurrent. Now, observe that for
every i = 1,...,p+q we have that u(R;) > 0, since by hypothesis (H1) we have
fY(R;) = M for some N. Thus, it is a contradiction with u(OR) = 1, since
OR N R; = 0. This prove the lemma.

O
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To complete the proof of Theorem B, we only need to show that p is a
non-lacunary Gibbs measure for f. Now, the statements in Lemma 4.5 remain
true for p, up to changing the constant Ky. Moreover, in view of Lemma 4.5,
it suffices to check that the sequences of hyperbolic times are non-lacunary at
p-almost every point. We use the following general fact:

Lemma 4.6. If n is an invariant expanding measure with integrable first hy-
perbolic time then the sequence of hyperbolic points is non-lacunary at n-almost
every point.

Proof. Let D be the set of points for which the sequence of hyperbolic times is
non-lacunary. For each 6 > 0, define Ly(n) = {& € M;nq1(z) > 6n}. On the
one hand,

0> n(Lo) =03 3 0lHn) < 3 mn(Ha) = [ mdy <+
n=1 nlzlngnl/e ni=1

On the other hand, if x ¢ D then there exists a rational number § > 0, and
there are infinitely values of ¢ such that n,11 > (1 4 6)n;. By Remark 3.4, the
latter implies that nq(f™(x)) > n;41 — n; > On;. Hence, x belongs to the set

L=U N Ur &)

0€Q k=0 n>k

7 is invariant, n(f~"(Lg¢(n))) = n(Lg(n)) for all n. We have already seen that
>0 n(Le(n)) is finite. Then, by the Borel-Cantelli lemma, n(L) = 0. Since
we have shown that D¢ C H, this completes the proof. O

Corollary 4.7. Any probability u as in (9)-(10) is an f-invariant non-lacunary
Gibbs measure.

Proof. In Lemma 4.5 we proved the defining inequality at hyperbolic times and
in Corollary 4.6 we checked that these constitute non-lacunary sequences u-
almost everywhere. O

Remark 4.8. Since p and v are equivalent measures, we also get that hyperbolic
times are non-lacunary v-almost everywhere. In view of Lemma 3.12, it follows
that v is a non-lacunary Gibbs measure.

We have completed the proofs of Theorems A and B.

5 Proof of Theorem C

The strategy to prove Theorem C is to consider a sequence of linear operators
T4,» which take into account only “good” pre-images, namely, those for which
n is a hyperbolic time. This ensures equicontinuity of the sequence 7 1, and
that allows us to find the function h as a Cesaro accumulation point of that
sequence.
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5.1 Constructing an eigenfunction
Note that nth iterate of the transfer operator L, is given by
pg(x) = Y e?Wg(y).
my)==
We define 7y ,, : C(M) — C(M) by
Tyng(z) = > e Wg(y).
I (y)==,R™(y)ERY

That is, the sum is restricted to those y € f~"(x) such that n is a hyperbolic
time for the atom R™(y). In what follows we denote

T(x) = Tynl(z) = > e ?W) and 7, = Y eS0T,
fr(y)=z,R"(y)eR} RMERD

where Sp¢(R™) = max{S,¢(y) : y € R"}. It is clear that T, (z) < Z,. There
are two reasons why the inequality may be strict. One is that the definition
of Z, is in terms of the maximum of ¢. The other is that x needs not have
pre-images in all atoms R" € R}.

Lemma 5.1. There exists a constant K3 > 0 such that for everyn > 1

n—1
A""Z, < K. d K'<=Y \N7Z.<K;.
<Ko ond K§'< O3 00% <K

Proof. Let p be the non-lacunary Gibbs state constructed in Theorem B. We

have (")
K1l< a <K
~ exp(Sné(y) —nP) ~
or, equivalently,
K~ p(R™) < A7) < Kp(R™) (11)

for every y € R" € Ry. Taking the maximum and then summing over all
R" € Ry we get

Kﬁlﬂ(Bn) <AN"Zn, < Kp(By) < K,

where B,, is the union of all R™ € R}}. The upper inequalities in the statement
are immediate consequences, taking K3 > K. We also get that

n—1 n—1
1 1 ;
K 1E§ M(Bj)gﬁ§ NT'Z;. (12)
Jj=0 Jj=0

So, to prove the lower inequality and finish the proof of the lemma, we should
verify that n=! Z;:Ol w(Bj) is uniformly bounded away from zero.
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For that purpose, write

n—1
1 .
o> nB) = [ [ X, (@) dutz) dma()
=0
where m,, is the normalized counting measure on the set {1,...,n}. Since the

hyperbolic times have density > 6 > 0 at infinity, we have
n—1
Z Xp;(x) > On
§=0

for p-almost every = and every large n = n(x). Then, if n is large, the set X
of points which satisfy the above inequality has measure p bigger than % By
Fubini’s theorem, it follows that

. w(B;) ://XBj(x)dmn(j)du(x) E/X@du(a:) > g > 0.

n =
The lower inequality follows from this inequality and (12), taking K5 > K /20
in the statement. O
Corollary 5.2. The sequence \™"T,, is uniformly bounded.
Proof. Just note that A™"T,,(z) < A™"Z,, < K3. O
Lemma 5.3. There exists a constant K4 > 0 such

‘ T (1)
T (2)

— 1‘ S K4d($1,$2)a

for every x1 and xo in the image f(R;) of the same atom of R.

Proof. Let R"™ be any atom in R} such that f"~!(R") = R;. Then both z; and
x9 have (unique) pre-images under f" inside R™, which we denote y; and ys.
By Corollary 3.7, there is a uniform constant A such that

1Snd(y1) — Snd(y2)| < Ad(z1,22)".

Then,

Sné(y1)
e—Ad(rl,rz)o‘ < T’ﬂ(xl) ZRTL € ' eAd(zl,mg)o‘

= <
= Ta(wa) L, 5000 =

Now it suffices to observe that, for all z; and x5,

|eiAd(w1,w2)o‘ _ 1| < K4d($171'2)a
if K4 is chosen sufficiently large with respect to A and the diameter of M. [

Corollary 5.4. The sequence A\~"T,, is equicontinuous on M.
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Proof. By lemmas 5.1 and 5.3, given x; and x5 in the same f(R;),
|/\7nTn(£E1) - AinTn(ig)‘ S >\7n|Tn(I2)|K4d(I1, Jig)a S K3K4d(l’1,$2)a.

To conclude the equicontinuity, it suffices to take § as the Lebesgue number of
the cover {f(R;)} and observe that given x,y € M such d(z,y) < § then x,y
lies in some f(R;), R; € R. O

Observe that, by Lemma 5.3 and Corollary 5.2 we have that |A\™"T,(z) —
AT, (y)| < K for every x,y € R;. Thus, the value of A™"T,,(z) is comparable
with A™"Z,,. More precisely:

Remark 5.5. There exists K5 > 0 such that KzA™"Z,(¢) < A "T,(x) for
every n > 1.

By Corollaries 5.2 and 5.4, we may apply the theorem of Ascoli-Arzela to
conclude that
1 n—1 )
L2 AT
i=0

has some subsequence converging uniformly on M to a Holder continuous func-
tion h. Moreover

Lemma 5.6. Any accumulation function h of the sequence n~! Z?:_ol AT
18 bounded from zero and infinity, and an eigenvector of the transfer operator:
Loh = Ah.

Proof. By Corollary 5.2, h is bounded from above. For a bound from below,
observe that by Lemma 5.1 and Remark 5.5, we get that h > K5K§1 > 0,
since % EL_OI A‘iTl > K5K3_1. In order to prove that L4h = Ah, first we prove
that % E?:_Ol AT LyT; — AT 41 converges uniformly to zero. Denote by E;, the
collection of cylinders

Epi1 = {lio, - in] € R" Y fig, ... in) ¢ R and [iy, ..., i,] € Ry}
Observe that #E, 11 < #{[io, .- .,in] € R"; #{;Jfflq} > 7} < e+ Hence,

||)\fi£¢Ti N || < i Z eSid(R) < geolitl) \~igimaxé,
REFE; 11
Recalling that A > emax¢+co,
AT LTy — A" Tyq|| < el P(@)+max(@)+eo)i < geopi,
for some constant e(—F(#)+max(@)+logco) n < 1. To finish the proof observe

that

1t , PR A AT,
Loh=lim— 3 A TLT - ATy +— 3 AT - S e
oh = lim —— ; o it ; o o

Since A" T, /ny, and (1/ng) S0 ALy Ty — AiTh4y converge to zero, the
argument is complete. O
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Consider an invariant set L and let us define an auxiliary quantity P (¢)
called pressure of ¢ with respect to L. For L = H, this quantity is related
with the spectral radius of L4, as we will see in Lemma 5.9. We also prove in
Lemma 5.10 that under the assumption (H2), we have that Py (¢) = P(phi).

Fixed a cover U = U of H we define the number

M(a, N,U) = irglf Z exp(—an(U) + Sy @) (U))
veg

where the infimum is taken over all finite or countable collections of cylinders G
of U such that n(U) = length of U > N for all U € G and G covers L. We also
define

AIC(aaL” ::leﬂm)ﬂl(a,AﬂZIL

and
Pr(¢,U) = inf{a; Mc(a) = 0}.

With these definitions, we are able to give the dimensional definition of the
pressure of H:

Definition 5.7. The pressure of L is Pr(¢) = %ir% sup Py (¢, U) where the sup
above is taken over the set of covers U of L with diameter less then 0.
One can see that for L = H we have that Py (¢) = lirf Py (¢,Uy,) where

U, is the cover of H by cylinders U € R} for i > n. This is a consequence of
Theorem 11.1 in [Pe97] and we refer there for further information.

Remark 5.8. Some properties of the pressure still are verified for Py. However,
the variational principle it is not true: we only can prove an inequality in general.
If Ty denote the set of the invariant measures p such u(H) = 1, then

Pu(d) > sup {hy(f) + / s

nEIl

In particular, if some equilibrium measure belongs to the set Zy, then Py (¢) =
P(¢) and the equality above is attained. For additional comments and proper-
ties we suggest [Pe97] and [Wa82].

Lemma 5.9. The spectral radius of Ly is equal to ePn(£:9) and is the unique
real eigenvalue of Ly bigger than eco(f)+maxg

Proof. Let A be any eigenvalue of L} bigger than ecolN+maxe - Consider v an
eigenmeasure associated to A and p constructed as in Lemma 4.5.
By Lemma 4.5, we have that for each U € R}

K5 s (U) < exp(Sn¢(U) — Pn) < puy(U)Ka.

By Remark 3.4, if U € R}, and V € R}, the concatenation W = Unf~*(V') of
U and V belong to Rzﬂ. Using that G covers H, it is not difficult conclude that
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if P =log\ then M¢(a,U) = +o0 for a < P and Mc(a,U) = 0 for o > P.
It is proves that Py (¢,U,) = logA and finish the proof of Lemma 5.9, since
P(¢) = Py(9) = hIJIrl Py (¢,U,) = logA. In particular, since the spectral

radius of L4 is an eigenvalue of £* bigger than e™** ¢+co(f) | we finish the prove
of the lemma.
O

Lemma 5.10. If ¢ satisfy (H2), then Py (¢p) = P(¢).

Proof. By the Theorem 11.2 of [Pe97], P(¢) = sup{Py(¢), Pap\r(¢)}. Thus,
it is sufficient to show that Py g(¢) < Pu(#). In fact, observe that by the
definition of M \ H, it is possible to take a cover U* of M \ H with diameter
less than or equal to 1/k such that any element of U € U* is a subset of an
cylinder of R(U) = [, . .., pn—1] for some n > k and (o, ..., an—1) satisfying
condition (3).

Thus, if we denote by C,, the set of m-cylinders satisfying condition (3)

Mo (M\ H, LU <> )" exp(—an(R) + Sy(r)(R)),
m>l ReECyy,

Observe that for every R € C,, we have that for & > Py(¢$) close enough
to Py (¢) we have by condition (H2) that exp(—am + S,,(R)) < e ™, for
some ¢o(f) < 8 < k. On the other hand, #C,, < e®™ for m bigger enough.
Considering all together, for [ big enough:

Mo(M\ H,1LU*) <3 el=FFeom < o0

m>1

Taking [ — oo and k& — 0, this proves that Pyp g (¢) < Pu(®).

6 Proof of Theorem D

In this section, we apply Theorems B and C to prove the existence and unique-
ness of equilibrium states for any Holder potential satisfying (H2). The equi-
librium state is absolutely continuous with respect to the eigenmeasure of Cg
associated to the eigenvalue P = P(¢, f). Its density is the function h obtained
in Theorem C.

We start with the following

Lemma 6.1. Choose h as in Lemma 5.6 with [ hdv = 1. Then p = hv is an
invariant non-lacunary Gibbs probability measure.

Proof. The non-lacunary Gibbs property is a direct consequence of this property
for v and the fact that A > 0. The invariance is quite standard and may be
found in [Bo75]. O
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Lemma 6.2. Given any expanding measure 1, any measurable set E C M, and
any € > 0, there exist hyperbolic cylinders C1, ..., Cy such that

k
n(EAJG) <e
i=1
Proof. Let K1 C E and Ko C E° be compact sets such n(FAK;) < £ and
n(E°AK3) < £ and consider r = dist (K1, K3). Observe that if n is a hyperbolic
time for C' then diam(C) < Ke °*. Then, if C € R} and n > ng is big
enough we have that diam(C) < Ke™®" < r. Since n(H) = 1, we can choose

C; € Ry, i=1,...,k such every n; > ng and
F €
n(K; —i:LJlCi) < 3

Observing that C; N Ky = () for every i = 1,..., k, we have

k
n(BEA|JCi) <n(E - Ky) + g F (B — K) < e
i=1
This completes the proof. O

Corollary 6.3. Any two non-lacunary Gibbs measures associated to a constant
P which the non-lacunar sequence is the sequence of hyperbolic times are equiv-
alent.

Proof. Consider two non-lacunary Gibbs measures v and v5. Observe that for
each R € R} we have that

KfleS,,Lzﬁ(z)fnP S VZ(R) S Keanb(z)fnP’

for i = 1,2. This imply that K 25(R) < 1v1(R) < K?v3(R). By Lemma 6.2,
we have the above inequality for every Borel set. O

The proof of Theorem D has two main steps: first we prove that any equi-
librium state is a non-lacunary Gibbs measure; then we show that there exists
a unique invariant non-lacunary Gibbs measure.

Let v be the eigenmeasure of £ and h be the eigenfunction of L4 associated
to eigenvalue A > max ¢ + ¢o(f) that we constructed in the previous sections.

Define
h(z)

h(f(z))
Recall that h > 0. In what follows we write h~! = 1/h. Observe also that, for
every x € M,

g: M= (0,00), g(a)=A"1e?®)

_ etwp, z
Zg@=ZW;w @zﬁﬁ}ﬂ (13)
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The next proposition is a variation of a result in [BS02]. In the proof we use
the following elementary fact from Calculus:

Lemma 6.4. Let p;,z;(i = 1,2,...,n) be real numbers such p; > 0, xz; > 0,
and Y i p; = 1. Then Y1 p;logz; <log(> !, pix;) and the equality holds
if and only if the x; are all equal.

Proposition 6.5. Any probability p as in (9)-(10) is u is an equilibrium state
for ¢, and P =log A is the pressure P(f,¢). Also, let n be any ergodic equilib-
rium state for ¢. Then

1. hy(f)+ [loggdn =0;
2. Jof(y) =1/g(y) for n-almost every y € M.

Proof. Since p is expanding, we have that R is a generating partition for p, by
Lemma 6.2. From Kolmogorov-Sinais theorem, we have that h,(f) = h,(f, R).
The conclusion that h,(f) + [ ¢pdp = log A = P follows, straightforwardly, from
Lemma 3.12.

Now, lets prove the second part and that P(f,¢) = logA. Consider any
probability n such hy,(f) + | ¢dn > log \. Then,

hy(f) + /loggdn = hy(f) — log A + /(¢+logh— logho f)dn > 0.
Using Rokhlin’s formula

ho(f) = / log J, .

For simplicity, let us write g, = 1/(J,f). Combining the formula with the
inequality above, we find

O</1og—d77—/ Z gn(y) log (())d

fy)==z

where the second equality follows from g, = 1/J, f. In view of (13), the first
statement in Lemma 6.4 gives

0< Y gyy)log (y)) <log( > g4(v) g(y)))=log( > gy) =0

Fly)=z Fly)=c (Y Fl)=e

at m-almost every point. Since the expression on the left is non-negative, the
equality must hold. Thus, we have that h,(f) + [ ¢dn —log A = 0, wick imply
that log A = P(f, ¢). Hence, using the second claim in Lemma 6.4, the values of
log g(y)/gn(y) must be the same for all y € f~1(z). In other words, for n-almost
every € M there exists a number ¢(x) such that

9(y)
9n (y) C(x)

for every y € f~!(x).
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The assumption that 7 is invariant means that
Z gy(z) =1
fy)==

for n-almost every x € M. Combining this (13), we conclude that

Zf (y)= +9(y)
Zf(y) +9n(Y)

at n-almost every point. This shows that g(y) = ¢, (y) for every y on the pre-
image of a full n-measure set. By invariance, this also has full n-measure, so the
proof is complete. O

c(z) = =1

Lemma 6.6. Let n be any equilibrium measure for ¢. Then Ly(h~'n) =
A(h™1n).

Proof. Given any continuous function &

/ Ed(Lyh"n) = / (o) (@)h(x) dn(z) / S (1 (y) () dn(a).
fly)==

Using the definition of g and part 2 of Lemma 6.5, we
?Wh(f(y) ™ = A ()h(y) ™" = Agy(y)h(y) "

Replacing this in the previous formula,
[eawsot =x [ (3 awewhto) ) dn@) = [ entan
fly)==

Since £ is arbitrary, this implies £ (h~ In) = A(h~1n), as claimed O

Corollary 6.7. Any equilibrium state ) of ¢ is a non-lacunary Gibbs measure.

Proof. Let v, = h™'n. We have just seen that v, is an eigenmeasure of L%,
with eigenvalue A. So, by the arguments in Section 3, v, is a non-lacunary
Gibbs measure. Since n = hv, and h is bounded from below and above, 7 is a
non-lacunary Gibbs measure too. O

Proof of Theorem D. Suppose that 1 is an ergodic equilibrium state for ¢ and
let 1 be a invariant non-lacunary Gibbs measure as constructed in section 4.
By Corollary 6.7 we have that 7 is non-lacunary Gibbs. By Corollary 6.3 we
also have that p and n are equivalent: 1 = £u, for some p-integrable function &.
Since n and p are invariant measures,

n=[fn=Eof)f'n="_(Ef)n
Since the Radon-Nikodym derivative is essentially unique, we get that £ = o f
at p-almost every point. Since 7 is ergodic, it follows that £ is constant. Using
that 1 = n(M) = [dn = ¢ [dp = ¢, we get that n = p. Observe that this
finishes the proof, since any ergodic component of an equilibrium measure is

also an equilibrium measure.
O
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