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Microresonators

• Two dielectric waveguides, coupled to cylindrical /disc/ring shaped cavity

Straight Waveguide Ring/Disk

Gap

Drop Add

ThroughIn

• Interested in the modeling, simulation and analysis of 2D integrated optical

microresonators as a channel dropping filter.
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Microresonator Model

• Functional decomposition:

L/2

L/2

x

CD

ba

A B

d c

( I )

( II )

z

• Advantage: Modeling of the microresonator reduces to the modeling of a bent

waveguide and the modeling of the bent coupler.

• Approach: Spatial Coupled Mode Theory

• Requisite: Essential to know bent modes.
3



Modeling of a Bent Waveguide

n n ns cf
r

θ R−d

Z

Xd
R

• Field ansatz: No field variation in y-direction

E = (E0
r (r), E0

y(r), E0
θ(r))ei(ωt−γRθ)

H = (H0
r (r), H0

y(r), H0
θ (r))ei(ωt−γRθ)

• Propagation constant (γ) is complex. γ = β − iα

• Enough to know E0
y (TE) and H0

y (TM)

• Bessel equation: (φ = E0
y or H0

y )

r2 d2φ

dr2
+ r

dφ

dr
+ (n2k2

0r
2 − γ2R2)φ = 0

• Piecewise field ansatz + Interface conditions ⇒ Dispersion equation

• Dispersion equation + Complex order Bessel functions ⇒ Analytic Bend Modes
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Bent Mode Profile
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Bent Mode Profile
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Bent Mode Profile

−2 0 2 4 6
0

0.2

0.4

0.6

0.8

1

r − R [µm]

|E
y0 | [

a.
u.

]

R= ∞
R=200 µm
R=50 µm

−2 0 2 4 6
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

r − R [µm]
ar

g(
E

y0 )/
 π

R= ∞
R=200 µm
R=50 µm

Absolute value and phase plot for E0

y . (ns, nf , nc) = (1.6, 1.7, 1.6), d = 1, λ = 1.3.

7



Bent Mode Profile

−2 0 2 4 6
0

0.2

0.4

0.6

0.8

1

r − R [µm]

|E
y0 | [

a.
u.

] R= ∞
R=200 µm
R=50 µm
R=10 µm

−2 0 2 4 6
−3

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

r − R [µm]
ar

g(
E

y0 )/
 π

R= ∞
R=200 µm
R=50 µm
R=10 µm

Absolute value and phase plot for E0

y . (ns, nf , nc) = (1.6, 1.7, 1.6), d = 1, λ = 1.3.

8



Modeling of a Bent Coupler

• Forward propagating modes, no back reflections, all elements are linear

θ d1 d0 d2

Z

X

R

(E,H, ε) (Es,Hs, εs)

nb nc nsnc

r

Straight waveguide

nc

Coupled structure

(Eb,Hb, εb)

Bent waveguide

Coupled field Ansatz:







E(x, z) = Cb(z)Eb(x, z) + Cs(z)Es(x, z)

H(x, z) = Cb(z)Hb(x, z) + Cs(z)Hs(x, z)

where Cb(z) and Cs(z) are unknown amplitudes.
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Coupled Mode Equations

• Lorentz Reciprocity Theorem (LRT):
∫

∇ · (Ep ×H
∗

q + E
∗

q × Hp) dx = −iωε0

∫

(εp − εq)Ep ·E∗

q dx

• Coupled Mode Equations (CMEs):



〈Eb,Hb|Eb,Hb〉 〈Es,Hs|Eb,Hb〉
〈Eb,Hb|Es,Hs〉 〈Es,Hs|Es,Hs〉








dzCb

dzCs



= −iωε0





∫
δεbEb·E∗

bdx
∫

δεsEs·E∗

bdx
∫

δεbEb·E∗

sdx
∫

δεsEs·E∗

sdx








Cb

Cs





where 〈Ep,Hp|Eq,Hq〉 :=
∫

az · (Ep ×H
∗

q + E
∗

q ×Hp)dx, δεi := ε − εi

• Solve it using Runge Kutta method of order 4.
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Scattering Matrix

X

z = zin

z = zout

Z

θin

θout

aE0
b,y

(x, z)e−iγbR(θ−θin), θ ≤ θin
AE0

s,y(x)e−iβs(z−zin), z ≤ zin

bE0
b,y

(x, z)e−iγbR(θ−θout), θ ≥ θout
BE0

s,y(x)e−iβs(z−zout), z ≥ zout




b

B



 =




ρ χ

κ τ





︸ ︷︷ ︸

scattering matrix




a

A




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Comparison with FDTD

• Plots of absolute value of E.

CMT FDTD

nb = ns = 1.6, nc = 1.45, d1 = d2 = 1 µm, λ = 1.55 µm, d0 = 0.5 µm and R = 30 µm
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Oscillating Straight Waveguide Amplitude

• Beyond bent waveguide region, amplitude of the straight waveguide field oscillates.
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Projection

• Amplitude of the projection of coupled field on the straight waveguide field is stable.

G(z)|proj = Cb(z)
〈Eb,Hb|Es,Hs〉
〈Es,Hs|Es,Hs〉

e−iβz + Cs(z)e−iβz

−50 −40 −30 −20 −10 0 10 20 30 40 50
0.75

0.8

0.85

0.9

0.95

1

1.05

Propagation direction

 |S
tr

ai
gh

t w
av

eg
ui

de
 a

m
pl

itu
de

| Without projection
With projection

nb = ns = 1.6, nc = 1.45, d1 = d2 = 1 µm, λ = 1.55 µm, d0 = 0.5 µm, R = 30µm

Projection operations are incorporated in the scattering matrix.
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Separation distance = 1.0 µm Separation distance = 0.8 µm

Separation distance = 0.6 µm Separation distance = 0.4 µm

nb = ns= 1.6, nc=1.45, λ= 1.55 µm, d1 = d2 = 1 µm, R = 50µm.
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Separation distance = 1.0 µm Separation distance = 0.8 µm

Separation distance = 0.6 µm Separation distance = 0.4 µm

nb = ns= 1.6, nc=1.45, λ= 1.55 µm, d1 = d2 = 1 µm, R = 50µm.
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Separation distance = 1.0 µm Separation distance = 0.8 µm

Separation distance = 0.6 µm Separation distance = 0.4 µm
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Separation distance = 1.0 µm Separation distance = 0.8 µm

Separation distance = 0.6 µm Separation distance = 0.4 µm

nb = ns= 1.6, nc=1.45, λ= 1.55 µm, d1 = d2 = 1 µm, R = 50µm.
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Modeling of Microresonators

• Negligible back reflections, negligible interaction outside coupler.

• A, B, C, D, a, b, c, d denote the amplitudes of the guided modes

L/2

L/2

x

CD

ba

A B

d c

( I )

( II )

z

• Port Eqs:



B

b



=




ρ χ

κ τ








A

a








D

d



=




ρ χ

κ τ








C

c





a = d exp (−iγL/2) c = b exp (−iγL/2)

• A =
√

Pin, C = 0, solve above eqs. for PT =

|B|2 and PD = |D|2
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Microresonator Simulations
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• Absolute value of E field:

x

z
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Conclusions

√
Here we presented spatial coupled mode theory modeling of 2D microresonator.

√
For this approach, it is essential to have access to the analytical representation of

the bent modes. We had developed semi-analytical bent mode solver.

√
Then we modeled a Bent -Straight waveguide coupler using a spatial coupled

mode theory. The results of this model agree very well with the FDTD results.

√
Using the scattering matrix of a Bent -Straight waveguide coupler a

microresonator is modeled.
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