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Abstract

In this paper, we introduce a method for finding a tight forimrabf unmanned air vehicles (UAVS)
via the classical sphere packing scheme. We first trandtate¢ight formation finding problem to the
problem of maximizing the second smallest eigenvalyé’) of the graph Laplaciarls. We then
show how close the formatio@, obtained from the sphere packing scheme is to the optimaidtion
G* that maximizes\2(G). We show that\o(G*)/A\2(G;) is relatively small when the communication
strength between two UAVs decays slowly with the distandeveen the two UAVs. This result implies
that G, can serve as a certificate that allows every graph to be dqatweily compared ta=*. In the
light of this tight formation result, a modelling technigisegiven for the optimal airborne refuelling of
multiple UAVs.
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I. INTRODUCTION

In this paper, we are interested in thightest formation of a group of multiple UAVSs.
Mathematically, we look for a formatio&* which maximizes the second smallest eigenvalue of
the Laplacian matrix associated with. It is well known that tight formation flying is practically
advantageous in terms of reducing drag on UAVS, facilitatinter-vehicle communication,
avoiding military radars, etc. In the last decade, manyaes$eers have quantified tight formations

through mathematical graph theory, e.g. [15]. The main iséa consider each UAY; as a node
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v; and to assign a number;; on the undirected edge; between two nodes){ andwv;) based
on their communication (connection) strength. This sintpdaslation forms a graptv(V, £),
wherev; € V ande;; € £. Interestingly, it is observed that the second smallesireiglue), (L)

of the graph Laplaciarl; offers a good measure of tightness of a formation (graph)his
observation is due to several facts thatXiG) is a classical connectivity measure of a graph
G [3], [5], [14]; (i) A2(G) provides a sharp bound on both ttiameter (denoted bydiam/(G))
and the minimumdegree (denoted byj(G) © min, 3;(@)) of a graphG, wherediam(G) is
the farthest distance between two UAVsGhandé;(G) is the sum of communication strengths
between theth UAV and all the other UAVs [14], [16]; (iii)\2(G) is a measure of stability and
robustness of networked dynamical systems [6], [17], [22].

In particular, when\y(G) is considered in a state-dependent setting as proposedlintiie
characterization of distributed system states that madrhi(G) emerges as a natural problem.
In this direction, as noticed in [11], there is only a handddl studies in the graph theory
literature that are related to our eigenvalue maximizagiooblem, e.g. [2]. Recently, numerical
methods have been proposed to find a locally optimal formatia convex programming [7],
[11]. However, these numerical approaches become conmmdly problematic as the number
of nodes inG grows. For this reason, we are led in this paper to find a stiprapformation
G and a positive constant (> 1) such that

- Ao (GF)

1< == <,
A2(G)

where G* is the optimal formation. In other words, we are interestedinding a sub-optimal

formation which is provably close to the optimal formatitie claim that a promising: can be
found by solving the well-known sphere packing problem:imige the radius of a sphere that
containsn spheres each with radiys In the context of our study, the centre of each sphere could
represent the position of a UAV aritp is the minimal required distance between two UAVS to
avoid collision. The paper is structured as follows. We deva precise problem statement in
81l and then propose an upper bound-pm 8lll. This result is applied to the optimal airborne

refuelling problem in 81V for multiple UAVs and a single tagik Conclusions are given in 8V.

[I. PROBLEM STATEMENT

As stated earlier, we are interested in finding a graph (tighthation) which maximizes

the second smallest eigenvalue of the associated grapladiapl A graphGG(z) (G, for short)



represents a UAV formatiots(V, ) in which each UAV’s positiont; corresponds to a node
v; (¢ V) and the strength of communication between two UAV¥s gnd v;) corresponds to
the undirected edge weight;; (€ £). The matrix L is a weighted graph Laplacian defined
element-wise as

—Wij it i # 7,
D ez Wis 1 i =7,

and \,(G) denotes the second smallest eigenvalue of the state-depebaplacian matrixl.¢

[Lg]ij = (21)

with its spectrum ordered as

M(G) < (G) < ... < \(G).

Given these definitions, we consider the configuration bl

A max A\(G), (2.2)
Gegk
wherez := [T 2L ... 271" ¢ R* or R* is the vector of positions fon UAVs and G* is

the set of all feasible UAV configuratior@ in R* (k € {2,3}) with n nodes. We note that any

configurationG € G* satisfies the proximity constraint
dij = ||ZL‘Z — l‘j”2 > 2p, for all 4 7é 75 (23)

preventing the elements from getting arbitrarily close &leother in their desire to maximize
Xo(G) in (2.2).
From several well-known properties of the Laplacian mafi8ix \,(G) can be written as

n—1 n
2(G) = mymyTLGy - H%}“Z > wy(y"Eyy)
i=1 j=i+1
def .
= mym Z wi; (y" Eijy), (2.4)

ij
wherey € Yy & {yly e R", |ly| =1, y"1 =0}, 1 =[1,1,...,1]7 € R" and E;; denotes the
A in (2.2) reads
max Ao (G) = max minz wi; (y" Eyjy) & Ao (G™). (2.5)

Gegk wij Y r



For practical situations [19], we assume that the edge weighis a function of the distance
d;; between theth andjth UAVSs, i.e.

wij = Oéd;jﬁ,
whereq, 3 are positive constants.

As already stated, (2.5) is computationally a very diffiquibblem, especially for large, so

we aim to find a sub-optimal formatio& and a positive constant (> 1) such that

A2 (G7)
1< (@) <. (2.6)

1. A2(G*) AND SPHERE PACKING

In this section, we offer a connection betweeG*) and the classical sphere packing problem.
The optimal sphere packing problem can be stated as follimésthe radiusRk* of the smallest
sphere that contains identical spheres of radiys We note that the optimal sphere packing
problem reduces to the optimal circle packing problem whercansider finding a formation in
a two-dimensional space. The optimal sphere packing pmolitelf is a famous open problem,
but is known to be manageable for relatively smallIn particular, solutions are known to
the optimal circle packing problem for < 20 (see [9], [13]) and these are sufficient for our
UAV application purposes. Fig. 1 shows a solution to theropticircle packing problem when
n =13.

As each pair of UAVs must be separated by at |@astwe consider each UAV as a sphere of
radiusp and obtain a seemingly tight formation by solving the optisghere packing problem.
Our main goal here is to show how close the correspondinghgfapto the optimal sphere
packing is to the optimal (tightest) formatiai* that maximizes\,(G), whereG € G* (k €
{2,3} andn > 2). For this purpose, we start with a lower bound oiiGy).

Theorem 3.1:

Ao(Gy) > an (27°)(R* — p)~°.
Proof: Recall from (2.5) that

ij

We note thatG is alwayscomplete in that w;; # 0 for a finite d;;. However, the problem under consideration is still

nontrivial. See [11].



Fig. 1. A solution to the optimal circle packing problem when= 13

Sincew;; = ad;” andd; < 2(R* — p),
M (Go) = a2(R = p) ">y Eyy.
ij

The fact thatzij y"E;;y = n for anyy € Y proves the claim. [ |
This lower bound result is useful when the solution to theiropt sphere packing problem
provides only the value of?*, not actualG,. Once GG, is known, one can directly compute
Ao(Gs), instead of using the lower bound result.

Lemma 3.2: If Gy, G» € GF satisfyw' < w? for all ij, wherew( is the edge weight on
edgee;; of graphG. Then, A\2(G1) < Ao (Ga).

Proof: In (2.4), suppose; andy, are the vectors that yielth (G1) and )y (G,), respectively.

Then

)\2(G2) - sz EZJyQ >Zw Ezyy2

> Zw Ewyl _)‘Q(Gl)

The proof of the following result adopts a similar proof tathlused in [3].
Lemma 3.3: For a graphG; € G¥, let G, be the graph formed by removirfgvertices and all

adjacent edges to the removed vertices fréGmThen

A2 (Gy) > Xo(G) — 0a(2p) 7



Proof: First obtainGG; by removing a vertex; and all adjacent edges tg@ from G. Then
define a new grapld; by reinserting the deleted edges framwith edge weighi(2p) 7. We

note that for a graph ig*, a(2p)~" is the maximum edge weight because of (2.3). Then
o Lo, +a(2p) I —a(2p)~P1

“| 01T (- 1)
where! is the identity matrix with appropriate dimensiongff is the eigenvector corresponding
to A\2(G1), then

Le, { 331 ] = [M2(Gh) + a(2p) 7] { 331 ] :

which implies that\,(G1) + «(2p)? is a nonzero eigenvalue df;, and thus
X2 (Gh) < Ao(Gy) + a(2p) 77,
By Lemma 3.2, we have
Xa2(G) < Ma(Gh) < Xa(Gh) + a(2p) 7.

The claim follows by iteratively applying the above argume@riimes. [ |
Lemma 3.4: For a graphG € G*, suppose that there exists a vertexsuch that the edge

weightw,;; <@ forall j (j =1,2,...,n, j #1). Then,

Ao (G) < On.
Proof: Recalling the definition (2.4) of,(G), lety = —e;/+/n(n — 1) in the righthand
side of (2.5), where; is a vector of ones except for thth entry which is equal ta — n. Note
that the vector-e;//n(n — 1) belongs to the sey. Then,

M(G) <> winlel Bjrer) <0 el Eye; = .
ik k(1)

This leads to the following upper bound 0s(G) for any G € G*.
Theorem 3.5: For a graphG; € G~

A2(G) < afn — [n/2])(V2R*/2) = p) ™7 + afn/2](2p) .
Proof: For a graphG(V,€) € G*, we consider a sphere (i = 1,2,...,n) with centre

v; € V and radiusp. We then consider the smallest sph&re¢hat contains all such spheres



and suppose the radius 8fis R. Clearly there exists at least osgtouchingS, and let us call
the touching poinp. We then consider another sphese (respectively,S;) with centrep and
radiusR/Q (respectively,R), where R = /2R, as seen in Fig. 2. We note that the intersected
region ofS and$S,, i.e. SN'S,, has a diametérof 2R. Thus, the construction & implies that
there exists at least ong such that the set; N (S\int(S N S,)) is not empty, whereA\B
denotes the difference between two s&tendB, andint(A) the interior of a sefA. In fact, if
the sets; N (S\int(SNS,)) was empty, one could construs such thatS NS, has a smaller
diameter € 2R), and this contradicts the fact thétis the smallest sphere containigg. . .,s,.
We now prove the claim for two cases: at lefsf2]| spheres; such that; € S\int(SNS;)
orv; € int(SNS;), where[z] is the least integer greater thanFor the first case, we consider
the graphG(V, €) that is obtained by removinfy: /2] verticesy, from G, where they, include

all the vertices contained imt(S N'S;) excepty;. Then, by Lemma 3.3,
A2(G) < Xo(G) + [n/2]e(2p) 7.

On the other hand, note that; — vy|| > (R/2) — p = (V2R/2) — p, wherel’ € V (I £4). In

view of Lemma 3.4, we have
X(G) < (n—[n/2])a((V2R/2) — p)~°.

The claim then follows from the fact thdt* < R.

For the second case, one can obtain the same result by leftipigy the similar role ag;
in the first case. This time we consider the grapfV, £) that is obtained by removing /2]
verticesy; from G, where they; include all the vertices contained #\int(S N'S;) exceptu,,
and note thatjv; — vy || > (R/2) — p = (V2R/2) — p, wherel’ € V (I # j). m

Our main result is a simple combination of Theorems 3.1 abdw8th R* = kp (k > 2).

Corollary 3.6:
A2(G”)
B WieN
n n K — g
| 7121(%_1)%(1_ [ 221) <¢2§(H/2i)1)
= (3.7)

2The diameter of a set (regiod) is the maximum distance between two elements (pointgA.in



Fig. 2. Construction of spheres, S; andS»

The lower boundy on the ratio of\,(G*) to \y(Gs) is a function of only two parameters,
(£ and k, and becomes large as the two parameters do likewise. ThiBesnthat the upper
bound (3.7) is valid only if the communication strength betw two UAVs decays slowly with
the distance between the two UAVs, i#.is small. From the known values a@t* in [1] for
k=2 and3 < n < 20, we tabulate the values of for p = 1 and 5 € {1,2,3} in Table
1. However, as addressed before, we could directly compyt@,) and improvey, instead of
using the lower bound result given in Theorem 3.1. In otherdspif \2(G;) = ans, we have

(G (n—[n/2])((V26/2) = 1) 7P + [n/2]277
Ao (Gs) T nsp”
= Vs (3.8)

We first note thaty, = 1 when g = 0 and thusn, = n, i.e. every pair of UAVs have perfect
communication regardless of the distance between themndéimeros, we tabulate the values
of v, in Table Il for p = 1 and variousk, n and 3. The values in Table Il are based on the
same(G, given in [1] whosern, are tabulated in Table Ill. Table II clearly shows thatis
certainly better thany and valid for largers, although it is still observed that, increases as
(5 does likewise. Note that smaller is likely to induce smallery, because it makes a graph

more complete. Fig. 3, a pictorial version of Table Il fér= 1 and 2, suggests that fof = 1



TABLE |

THE VALUES OF K AND v FORk = 2,3 <n <20,p=1AND § € {1,2,3}

K 2.154 | 2.414 | 2.701| 3.000 | 3.000 | 3.304
v (B=1) | 2240 | 2.707 | 2.516 | 2.784 | 2.671 | 2.876
v (B=2) | 7.377| 9.707 | 7.328 | 8.363 | 7.739 | 8.600
v (8=3) | 29.65| 33.42 | 23.86| 26.70 | 24.03 | 26.62

K 3.613 | 3.813| 3.923 | 4.029 | 4.236 | 4.328
v (B=1) | 2.946 | 3.065| 3.092 | 3.153 | 3.234 | 3.279
v (8=2) | 8815| 9.457 | 9.597 | 9.955| 10.50 | 10.76
v (B=3) | 26.79| 29.37 | 29.89 | 31.48 | 34.00 | 35.29

n 15 16 17 18 19 20

K 4521 | 4.615| 4.792 | 4.863 | 4.863 | 5.122
v (B=1) | 3.374| 3.405| 3.502 | 3.516 | 3.534 | 3.633
v (B=2)| 11.41| 11.64 | 12.36| 12.48 | 12.61 | 13.44
v (B=3) | 38.65| 39.92 | 43.93| 44.72| 45.40 | 50.56

vs 1S below 2.5 for n up to 20 and, in particular, for3 = 2 ~, assumes the minimum value
of 3.8697 at n = 7. In order for a practical interpretation of this result, wensider a circle
packing solution forn = 7, as shown in Fig. 4. If the parametess o« and 5 are chosen as
10 (m), 20 and 2, respectively, one can easily expect that some paingonfcontacting UAVS
may lose their communication links because the correspgncbmmunication strengths can be
almost100 times weaker than the maximum possible strength (=1). Hewehe sphere packing
approach guarantees that the formation induced from tlséeqgiracking solution is at most less
than four times asose as the true optimal (two-dimensional) formation.

Another useful interpretation of (3.8) is that, € G* can serve as a certificate that allows
every graphG € G* to be quantitatively compared 6* € G*. Namely, if \o(G) = an, we
have

M(G) (= [n/21)((V2K/2) = 1)~F + [n/2]27° det

A2 (G) np’
Since the upper bound result Theorem 3.5 is for a generahgfag G*, 5 could be further

improved by using an optimality condition o (G*).



TABLE I

THE VALUES OFvs FORp =1,3 <n <20 AND 3 € {1,2,3}

3

w
N
(63}
(o))
~
o]

1.9399 | 2.2426 | 2.0439| 2.2376| 1.9761| 2.1381

5.5300 | 6.0000 | 4.4598 | 5.0175| 3.8697 | 4.3004

DD | @
Il
w [N} —

19.243| 17.456 | 10.834 | 10.957| 7.4354 | 8.0550

N
©

10 11 12 13 14

2.1992 | 2.2373| 2.2024 | 2.2024| 2.2559 | 2.2708

44074 | 4.4991| 4.2889 | 4.2727| 4.4394 | 4.4948

D@
Il
W (N | =

7.9213 | 8.0064 | 7.2205| 7.1455| 7.4328| 7.5649

15 16 17 18 19 20

3

2.2886 | 2.3356| 2.3154 | 2.3970| 2.3488| 2.4231

4.5535| 4.7444 | 4.6316| 5.0089 | 4.7679 | 5.1148

7.6761 | 8.1247| 7.7384| 8.7919| 8.0595| 9.0182

D@
Il
W N | =

TABLE Il

THE VALUES OF 1), FORkE = 2,3 <n < 20AND 3 € {1,2,3}

3

w
N
(63}
(o))
~
o]

1.500 | 1.7071| 1.8090| 1.8660 | 2.3660 | 2.3349

0.7500 | 0.7500| 0.6910| 0.6250 | 0.8750 | 0.7530

0.3750| 0.3384| 0.2795| 0.2284| 0.3534| 0.2699

DR | @
Il
w () =

3
(]

10 11 12 13 14

2.3066 | 2.4349| 2.6415| 2.8327| 2.8845| 3.0373

0.6590 | 0.6641| 0.7200| 0.7617| 0.7337| 0.7561

D | @
Il
W (N | =

0.2132| 0.2060| 0.2278| 0.2377| 0.2193| 0.2214

15 16 17 18 19 20

3

3.1400 | 3.2258| 3.3901| 3.4167 | 3.6997| 3.6374

0.7577| 0.7506 | 0.7886| 0.7512| 0.8416| 0.7732

D@
Il
W | N =

0.2163| 0.2080 | 0.2212| 0.1985| 0.2320 | 0.2001
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Fig. 4. A solution to the optimal circle packing problem wher= 7

IV. AN APPLICATION: OPTIMAL SCHEDULES FOR THEAIRBORNE REFUELLING OF

MULTIPLE UAV'S FROM A SINGLE TANKER

In this section, we consider the optimal airborne refugliproblem for multiple UAVs and a
single tanke?. To be precise, we are interested in the optimal refuellifgedale forn UAVS and
a single tanker such that (i) all involved UAVs maintain il separation between neighbouring

UAVs; (ii) the finally served UAV’s waiting time is minimisedand (iii) the UAVs fly in tight

3There should be many other examples for which the proposeefspacking heuristic can be applied. As one of anonymous
reviewers suggests, one can imagine a group of mobile agérith desire to rendezvous in order to exchange information
before re-deploying. Since each agent may occupy physpzaes one may consider the proposed sphere-packing hedioist

the rendezvous formation for efficient information exchang



formation which facilitates communication between UAVeotighout the refuelling process. The
refuelling scheduling problem can be viewed as a variartt@hultiple aircraft landing problem,
although a tanker associated with the former is dynamic aesgx to a static landing strip (or
an airport) associated with the latter. As a result, one ggmaach the refuelling problem using
the way the multiple aircraft landing problem has been hashdissues (i) and (ii) are extensively
studied in the literature. For example, one can refer to aeleent survey [12] for aircraft conflict
resolution and a recent paper [20] on aircraft landing salweg. More closely related to our
application, we note two works on satellite constellatiftily and multiple UAV refuelling [24].

We note, however, that most of the scheduling-related warkhe refuelling problem and
similar contexts neglect or treat the collision avoidarssie (i) in a trivial manner. It seems to
be implicitly assumed that once a UAV (or aircraft) knowsstto be served (or should land),
each waiting UAV (or aircraft) flies or rotates along a fixedeedimensional path, e.g. a circular
orbit, whilst maintaining a minimum separation with the ettJAVs. For instance, for a single
tanker andn UAVsS z;(t) (at positionsz; and timet), one can consider — 1 circular orbits
concentric to the tanker. Each orbit has a distinct radiua @bnstant multiple oRp, where
|zi(t) — x;(t)|| > 2p for everyt andi, j € {1,2,...,n} (i # j), and contains exactly one UAV
constantly rotating along it. This so-called multiple-b®@gpproach is clearly optimal in terms of
the issues (i) and (ii), as long as all waiting UAVs simultangly transfer down to their next
orbit whenever the tanker starts refuelling a new UAV. Hogrewe note that this multiple-orbit
approach is feasible only if all waiting UAVs maintain perffecommunication between each
other. Furthermore, it is desirable to reduce the numberlatin order for UAVS not to spend
too much fuel rotating around large orbits.

The communication issue (iii) becomes more necessarysmihitiple UAV refuelling context.
Typical UAV missions in which no human operators are invdlage performed in an uncertain
environment, and therefore it is absolutely essential domhmunication between UAVs is as
secure as possible. As an example, UAVs must have the capalfildeciding which UAV
should be served first based on the amount of fuel remainiogfaster decision making, it is
desired that the distance between each pair of UAVs is mrathiOn the other hand, each UAV
is required to maintain clear connections with as many oth®&rs as possible, in case it loses
one (or more) of the connections for some reason. For theg®mges, we incorporate the tight

formation flying concept into the previous orbit model toales all the aforementioned three



issues.

Our improved orbit approach is briefly sketched as follows. st define a two-dimensional
plane P containing the tanker and all the UAVs. The plai®e contains a single orbiO
surrounding the tanker, and all waiting UAVs form the twaorénsional formatiort7, (€ G2 ),
obtained by solving the optimal sphere packing problem, ratate together alon@®. A UAV
leaving the formatiortz to be refuelled uses the space ab®\eAfter refuelling the UAV leaves
the tanker using the space bel®v We assume that UAVs are capable of changing to another
formation G, (€ G%) whenever the number of UAVs in formation changesitoin this way,

one can resolve all the three issues (i), (i) and (iii) eéfidly.

V. CONCLUDING REMARKS

We have introduced a method for finding a tight formation waigd by sphere packing.
We have interpreted the tightest formatiofi in the context of the graph Laplaciaty-, and
have derived an analytical upper bound on the ratmf the second smallest eigenvalue Igf-
to that of L, obtained by solving the simpler sphere packing problem. Waved thaty is
relatively small when the communication strength between UAVs decays slowly with the
distance between the two UAVs. This result implies thatcan serve as a certificate that allows
every graph to be quantitatively compared®6. The tight formation result can then be used to

determine a strategy for the refuelling of multiple UAVs.
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